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Preface 


This collection is intended for use with a Co- 
requisite course, pairing a concurrent MAT 1023 - 
College Algebra (TCCN MAT 1314) with an NCBO 
(Non-Course Based Option) support course. This 
book is designed to supplement the MAT materials 
and provide a free, opensource option for students 
to reference in the NCB support course. 


The arrangement of materials within the modules is 
structured to support the Lessons covered in the 
MAT course. As a result the sequence may appear 
odd compared to a traditional developmental math 
textbook. 


This book utilizes topics from modules in OpenStax 
PreAlgebra, Intermediate Algebra, and College 
Algebra collections. This collection is intended for 
developmental students taking a Co-requisite course 
in math intended for a stem degree pathway. 


Coverage and Scope 


By design, the support course in our Co-requisite 
model emphasizes "Just-in-time" support of topics 
discussed in the related math course. It is not meant 
to be a complete review of all topics from earlier 
developmental math courses like Elementary or 


Intermediate Algebra. As a result, each chapter is 
arranged to review only those topics needed to 
understand concepts discussed in the specific math 
course chapter it supports. The material is presented 
as a sequence of modules tied to Lesson chapters of 
the MAT 1023 course. I.e. Module 1 supports 
section 1.1 of MAT 1023. The order of topics was 
carefully planned to support progression throughout 
the course (by providing foundational concepts 
related to the Lesson Topics, and/or previewing 
material for Lessons), and to facilitate a thorough 
understanding of each concept. 


Chapter 1: Pre-knowledge Concepts 

Chapter 1 reviews arithmetic operations with 
fractions, decimals and real numbers, and 
concepts of exponents, radicals, polynomials, 
and rational expresssions to give the student a 
solid base that will support their study of 
algebra. 

Chapter 2: Equations and Inequalities 

In Chapter 2, students will review topics 
related to graphing basics, linear equations, 
complex numbers and other types of equations. 
Chapter 3: Functions and Graphs 

Chapter 3 covers the basics of Functions, slope, 
and transformations/composition of functions. 
Chapter 4: Polynomial Functions 

Chapter 4 covers Quadratic and Polynomial 
functions, as well as introduces polynomial 
division. 


Chapter 5: Exponential and Logarithmic 
Functions 

In Chapter 5, students learn concepts related to 
working with logs and exponential functions. 
Chapter 6: Systems of Equations 

In Chapter 6, students learn about the basics of 
systems of linear equations and inequalities. 


All chapters incorporate multiple topics, the titles of 
which can be viewed in the Topics Covered box at 
the start of each module. 
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Foundations 
This module provides a review of those topics 
needed prior to the start of the semester. 


Topics Covered in this Module 

In case you missed something in class, or just want 
to review a specific topic covered in this Module, 
here is a list of topics covered: 


. Identify Counting Numbers and Whole 
Numbers [link] 

. Use Variables and Algebraic Symbols [link] 

. Use Negatives and Opposites [link] 

. Add and Subtract Integers [link] 

. Multiply and Divide Integers [link] 

. Identify Multiples [link] 

. Use Common Divisibility Tests [link] 

. Find all the Factors of the Given Number 
link] 

. Fraction Basics [link] 

. Multiply and Divide Fractions [link] 

. Add, Subtract Fraction [link] 

. Decimal Basics [link] 

. Solve Equations, Subtraction and Addition 
link] 

. Solve Equations, Multiplication and Division 
link] 

. Percents Basics [link] 


16. Key Concepts [link] 


Identify Counting Numbers and Whole 
Numbers 


Learning algebra is similar to learning a language. 
You start with a basic vocabulary and then add to it 
as you go along. You need to practice often until the 
vocabulary becomes easy to you. The more you use 
the vocabulary, the more familiar it becomes. 


Algebra uses numbers and symbols to represent 
words and ideas. Let’s look at the numbers first. The 
most basic numbers used in algebra are those we 
use to count objects: 1,2,3,4,5,... and so on. These 
are called the counting numbers. The notation “...” 
is called an ellipsis, which is another way to show 
“and so on”, or that the pattern continues endlessly. 
Counting numbers are also called natural numbers. 


Doing the Manipulative Mathematics activity 
Number Line-Part 1 will help you develop a better 


understanding of the counting numbers and the 
hole numbers. 


Counting numbers and whole numbers can be 
visualized on a number line as shown in [link]. 


The point labeled 0 is called the origin. The points 
are equally spaced to the right of 0 and labeled with 
the counting numbers. When a number is paired 
with a point, it is called the coordinate of the point. 


The discovery of the number zero was a big step in 
the history of mathematics. Including zero with the 
counting numbers gives a new set of numbers called 
the whole numbers. 


hole Numbers 
The whole numbers are the counting numbers and 
Zero. 


0,1 ,52,3,4,0-+. 

We stopped at 5 when listing the first few counting 
mumbers and whole numbers. We could have 
written more numbers if they were needed to make 


the patterns clear. 


Which of the following are © counting 
numbers? © whole numbers? 


0,1453;5.2,15,105 
Solution 
@ The counting numbers start at 1, so 0 is 


not a counting number. The numbers 
3,15,and105 are all counting numbers. 


© Whole numbers are counting numbers 
and 0. The numbers 0,3,15,and105 are 
whole numbers. 


The numbers 14 and 5.2 are neither counting 
numbers nor whole numbers. We will discuss 
these numbers later. 


Use Variables and Algebraic Symbols 


Greg and Alex have the same birthday, but they 
were born in different years. This year Greg is 20 
years old and Alex is 23, so Alex is 3 years older 
than Greg. When Greg was 12, Alex was 15. When 
Greg is 35, Alex will be 38. No matter what Greg’s 
age is, Alex’s age will always be 3 years more, right? 


In the language of algebra, we say that Greg’s age 
and Alex’s age are variable and the three is a 
constant. The ages change, or vary, so age is a 
variable. The 3 years between them always stays the 
same, so the age difference is the constant. 


In algebra, letters of the alphabet are used to 
represent variables. Suppose we call Greg’s age g. 
Then we could use g+3 to represent Alex’s age. See 
[link]. 
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Letters are used to represent variables. Letters often 
used for variables are x,y,a,b,andc. 


ariables and Constants 
A variable is a letter that represents a number or 


quantity whose value may change. 
A constant is a number whose value always stays 
the same. 


To write algebraically, we need some symbols as 
well as numbers and variables. There are several 
types of symbols we will be using. In Whole 
Numbers, we introduced the symbols for the four 
basic arithmetic operations: addition, subtraction, 
multiplication, and division. We will summarize 
them here, along with words we use for the 
operations and the result. 


Operation Notation Say: The result 


e 
410 
EUVecce 


Addition a+b aplusb the sum of a 
and h 


uUuL1liuw vv 


Subtraction a—b aminusb the 
difference of 
e-andb 


Multiplicatiom-b,(a)(b), | atimesb The product 


a) yu vy wi U ULL 
Division a~+b,a/ a divided by The quotient 
b,ab,ba b of a and b 


In algebra, the cross symbol, x, is not used to show 
multiplication because that symbol may cause 
confusion. Does 3xy mean 3 x y (three times y) or 
3-x-y (three times xtimesy)? To make it clear, use « 
or parentheses for multiplication. 


We perform these operations on two numbers. When 
translating from symbolic form to words, or from 
words to symbolic form, pay attention to the words 
of or and to help you find the numbers. 


* The sum of 5 and 3 means add 5 plus 3, which 
we write as 5+ 3. 

* The difference of 9 and 2 means subtract 9 
minus 2, which we write as 9 — 2. 

* The product of 4 and 8 means multiply 4 times 
8, which we can write as 4:8. 

* The quotient of 20 and 5 means divide 20 by 5, 
which we can write as 20 +5. 


When two quantities have the same value, we say 
they are equal and connect them with an equal sign. 


Equality Symbol 


a= bis readais equal tob 
The symbol = is called the equal sign. 


An inequality is used in algebra to compare two 
quantities that may have different values. The 
number line can help you understand inequalities. 
Remember that on the number line the numbers get 
larger as they go from left to right. So if we know 
that b is greater than a, it means that b is to the 
right of a on the number line. We use the symbols 
“<” and “>” for inequalities. 


Inequality 
a<b is read a is less than b 
a is to the left of b on the number line 


a>b is read a is greater than b 
a is to the right of b on the number line 


The expressions a< banda>b can be read from left- 
to-right or right-to-left, though in English we usually 

read from left-to-right. In general, 

a<bis equivalent tob>a.For example,7 <11lis equivalent t 


When we write an inequality symbol with a line 
under it, such as a<b, it means a< b or a=b. We 
read this a is less than or equal to b. Also, if we put 
a Slash through an equal sign, ~, it means not 
equal. 


We summarize the symbols of equality and 
inequality in [link]. 
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Symbols < and > 
The symbols < and > each have a smaller side 


and a larger side. 

smaller side < larger side 

larger side > smaller side 

The smaller side of the symbol faces the smaller 
number and the larger faces the larger number. 


Translate from algebra to words: 


@20<35 


®114#15-3 
©9>10+2 
@x+2<10 


Solution 
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20 is less than or equal to 35 


: 
1 is not equal to 15 minus 3 


O>10+2 

9 is greater than 10 divided by 2 
x4+2<10 

x plus 2 is less than 10 


Grouping symbols in algebra are much like the 
commas, colons, and other punctuation marks in 
written language. They indicate which expressions 
are to be kept together and separate from other 
expressions. [link] lists three of the most commonly 
used grouping symbols in algebra. 
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Here are some examples of expressions that include 
grouping symbols. We will simplify expressions like 
these later in this section. 
8(14-—8)21—3[2+4(9 —8)]24 + {13 —2[1(6—5)+4]} 
The number line shows the location of positive and 
negative numbers. The numbers on a number line 
increase in value going from left to right and 

decrease in value going from right to left. All the 
marked numbers are called integers. The opposite of 

3 18 = 3, 


Use Negatives and Opposites 


Our work so far has only included the counting 
numbers and the whole numbers. But if you have 
ever experienced a temperature below zero or 
accidentally overdrawn your checking account, you 
are already familiar with negative numbers. 
Negative numbers are numbers less than 0. The 
negative numbers are to the left of zero on the 
number line. See [link]. 


The arrows on the ends of the number line indicate 
that the numbers keep going forever. There is no 
biggest positive number, and there is no smallest 
negative number. 


Is zero a positive or a negative number? Numbers 
larger than zero are positive, and numbers smaller 
than zero are negative. Zero is neither positive nor 
negative. 


Consider how numbers are ordered on the number 
line. Going from left to right, the numbers increase 
in value. Going from right to left, the numbers 
decrease in value. See [link]. 


Doing the Manipulative Mathematics activity 
‘Number Line-part 2” will help you develop a 
better understanding of integers. 


Remember that we use the notation: 


a < b (read “a is less than b”) when a is to the left 
of b on the number line. 


a > b (read “a is greater than b”) when a is to the 
right of b on the number line. 


Now we need to extend the number line which 
showed the whole numbers to include negative 
numbers, too. The numbers marked by points in 
[link] are called the integers. The integers are the 
numbers ...—3,—2,—1,0,1,2,3... 


Order each of the following pairs of numbers, 
using < or >:@14_6® -1_9© -1_ 
—4@ 2_ —20. 


Solution 


It may be helpful to refer to the number line 
shown. 


@ 14_614>6 
14 is to the right of 6 
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© —-1 9-1<9 
— 1 is to the left of 9 
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© —l_ -4-1>-4 
— 1 is to the right of 
— 4 on the number 
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@® 2. —202>-20 
2 is to the right of — 
on the number line. 


You may have noticed that, on the number line, the 
negative numbers are a mirror image of the positive 
numbers, with zero in the middle. Because the 
numbers 2 and —2 are the same distance from zero, 
they are called opposites. The opposite of 2 is — 2, 
and the opposite of — 2 is 2. 


Opposite 
The opposite of a number is the number that is the 


Same distance from zero on the number line but on 
the opposite side of zero. 


[link] illustrates the definition. 


Sometimes in algebra the same symbol has different 
meanings. Just like some words in English, the 
specific meaning becomes clear by looking at how it 
is used. You have seen the symbol “—” used in three 
different ways. 

10 —4Between two numbers, it indicates the 
operation ofsubtraction.We 

read10 — 4as“10minus4.” — 8In front of a number, it 
indicates anegativenumber.We read — 8as “negative 
eight.” — xIn front of a variable, it indicates 
theopposite.We read — xas “the opposite 

ofx.” —(—2)Here there are two“ — signs. The one in 
the parentheses tells us the number isnegative2.The 
one outside the parentheses tells us to take 
theoppositeof— 2.We read —(— 2)as “the opposite of 


: 99 
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10-4 Between two numbers, it 
indicates the operation of 
subtraction. 

We read 10—4 as "10 


. 
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—8 In front of a number, it 
indicates a negative 
number. 

We read —8 as "negative 
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—x In front of a variable, it 
indicates the opposite. We 
read —x as "the opposite 


PR 
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—(-2) Here there are two "—" 
signs. The one in the 
parentheses tells us the 
number is negative 2. The 
one outside the 
parentheses tells us to 
take the opposite of — 2. 
We read —(—2) as "the 
opposite of negative two." 


Opposite Notation 
—a means the opposite of the number a. 
The notation —a is read as “the opposite of a.” 


Find: @ the opposite of 7 © the opposite of 
—10 © —(-6). 


Solution 


@ —7 is the same 
distance from 0 as 7 


The opposite of 7 is 
ley L 

® 10 is the same 

distance from 0 as 


op 
The opposite of — 10 is 
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© —(—6) 


The opposite of —(—6) 
is — 6. 


Our work with opposites gives us a way to define 
the integers. The whole numbers and their opposites 
are called the integers. The integers are the 
numbers ... —3, —2,—1,0,1,2,3... 


po 


Integers 
The whole numbers and their opposites are called 
the integers. 


The integers are the numbers 
a ae oe Oe er 


When evaluating the opposite of a variable, we must 
be very careful. Without knowing whether the 
variable represents a positive or negative number, 
we don’t know whether —x is positive or negative. 
We can see this in [link]. 


Evaluate @ —x, when x=8 © —x, when x= 
=o: 


Solution 
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Write the opposite of 8 
=e. 


Add adn Subrtract Integers 


So far, we have only used the counting numbers and 
the whole numbers. 
Counting numbers1,2,3... Whole numbers0,1,2,3.... 


Our work with opposites gives us a way to define 
the integers. The whole numbers and their 
opposites are called the integers. The integers are 
the numbers ...—3,—2,—1,0,1,2,3... 


Integers 
The whole numbers and their opposites are called 


the integers. 
The integers are the numbers 
ee Oe oe 


Most students are comfortable with the addition and 
subtraction facts for positive numbers. But doing 
addition or subtraction with both positive and 
negative numbers may be more challenging. 


We will use two color counters to model addition 
and subtraction of negatives so that you can 
visualize the procedures instead of memorizing the 
rules. 


We let one color (blue) represent positive. The other 
color (red) will represent the negatives. 


If we have one positive counter and one negative 
counter, the value of the pair is zero. They form a 
neutral pair. The value of this neutral pair is zero. 


We will use the counters to show how to add: 
5+3-54+(-3)-54+35+(-3) 


The first example, 5+ 3, adds 5 positives and 3 
positives—both positives. 


The second example, —5+(-—3), adds 5 negatives 
and 3 negatives—both negatives. 


When the signs are the same, the counters are all 
the same color, and so we add them. In each case 
we get 8—either 8 positives or 8 negatives. 


So what happens when the signs are different? Let’s 
add —5+3 and 5+(-—3). 


When we use counters to model addition of positive 
and negative integers, it is easy to see whether there 
are more positive or more negative counters. So we 
know whether the sum will be positive or negative. 


Add: @ —1+(-4) © -—1+5 ©1+4(—5). 


ES 2S | 
1 negative plus 
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positives, so the sum is 
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negative. 


We will continue to use counters to model the 
subtraction. Perhaps when you were younger, you 
read “5—3” as “5 take away 3.” When you use 
counters, you can think of subtraction the same 
way! 


We will use the counters to show to subtract: 
5-3 -—5-(-3) -5-35-(-3) 


The first example, 5—3, we subtract 3 positives 
from 5 positives and end up with 2 positives. 


In the second example, —5—(-—3), we subtract 3 
negatives from 5 negatives and end up with 2 
negatives. 


Each example used counters of only one color, and 
the “take away” model of subtraction was easy to 


apply. 


What happens when we have to subtract one 
positive and one negative number? We'll need to use 
both blue and red counters as well as some neutral 
pairs. If we don’t have the number of counters 
needed to take away, we add neutral pairs. Adding a 
neutral pair does not change the value. It is like 
changing quarters to nickels—the value is the same, 
but it looks different. 


Let’s look at —5—3 and 5—(-—3). 
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Subtract: @ 3-1 ® —3-(-1) © -3-1@ 
3-(-1). 
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Have you noticed that subtraction of signed numbers 
can be done by adding the opposite? In the last 
example, —3-—1 is the same as —3+(-—1) and 


3—(-—1) is the same as 3+1. You will often see this 
idea, the Subtraction Property, written as follows: 


Subtraction Property 

a—b=a+(-—b) 

Subtracting a number is the same as adding its 
opposite. 


Simplify: ® 13-8 and 13+(—8) © —17-9 
and —17+(-—9) © 9-(—15) and 9+15 @ 
—7—(-—4) and —7+4. 


@ 
13 —8and13+(-—8) Subtract.55 


© 
—17-—9and-—17+(-—9Q) Subtract. — 26 — 26 


© 
9—(-—15)and9+ 15 Subtract.2424 


@® 
—7—(-—4)and—7 +4 Subtract.—3-3 


What happens when there are more than three 
integers? We just use the order of operations as 
usual. 


Simplity::7—(—4— 3) — 9: 


7 —(—4-—3)—9 Simplify inside the 
parentheses first.7 —(— 7) — 9 Subtract left to 
right.14—9 Subtract.5 


Multiply and Divide Integers 


Since multiplication is mathematical shorthand for 
repeated addition, our model can easily be applied 
to show multiplication of integers. Let’s look at this 
concrete model to see what patterns we notice. We 
will use the same examples that we used for 
addition and subtraction. Here, we will use the 
model just to help us discover the pattern. 


We remember that a-b means add a, b times. Here, 
we are using the model just to help us discover the 


pattern. 


The next two examples are more interesting. What 
does it mean to multiply 5 by — 3? It means subtract 
5,3 times. Looking at subtraction as “taking away”, 
it means to take away 5, 3 times. But there is 
nothing to take away, so we start by adding neutral 
pairs on the workspace. 


In summary: 
5°3=15—5(3) = —155(—3)= —15(—5)(—3)=15 


Notice that for multiplication of two signed 
numbers, when the: 

signs are thesame, the product ispositive. signs 
aredifferent, the product isnegative. 


What about division? Division is the inverse 
operation of multiplication. So, 15+3=5 because 
5:°3=15. In words, this expression says that 15 can 
be divided into 3 groups of 5 each because adding 
five three times gives 15. If you look at some 
examples of multiplying integers, you might figure 
out the rules for dividing integers. 
5°3=15s0o15+3=5—5(3)= —15so—15+3=—5 
(—5)(—3)=15s015 +(—3)= —5 5(—3)= —15so 
—15+(-3)=5 


Division follows the same rules as multiplication 
with regard to signs. 


Multiplication of Signed Numbers 
For multiplication of two signed numbers: 


Sane Signs Proauct LAaimpic i 
Two positives Positive 7-4 =28 —8(—6) | 48 


: OAS 
Tarn naaatitrac Dacititra 
Esme a pure eae c as 


La Oe © ee a ae 2 Pe Prey & Ther oee 21 
PJILICLOCLIL ois > FLUUULL LA ailipic 


Positive - Negative 7(-9)= 
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Multiply or divide: @ —100+(—4) © 76 © 
4(-8) @ —27+3. 


® 
—100+(-—4) Divide, with signs that arethe 
same the quotient is positive.25 


® 
7-6 Multiply, with same signs.42 


© 
4(—8) Multiply, with different signs. — 32 


@ 
— 27 + 3 Divide, with different signs,the 
quotient is negative. —9 


When we multiply a number by 1, the result is the 


same number. What happens when we multiply a 
number by — 1? Let’s multiply a positive number 
and then a negative number by — 1 to see what we 
get. 

—1-4—1(—3)Multiply. — 43 —4is the opposite 
of4.3is the opposite of — 3. 


Each time we multiply a number by — 1, we get its 
opposite! 


Multiplication by —1 
—la=-a 
Multiplying a number by — 1 gives its opposite. 


Multiply: @ —1:7 ® —1(-11). 


Solution 


@ —1:7 —7 —7is the 
Multiply, noting that opposite of7. 
the signs are different 


so the product is 


negative. 

©) —1(-11) 11 11is the 
Multiply, noting that opposite of—11. 

the signs are the same 

so the product is 

positive. 


Identify Multiples of a Number 


The numbers 2, 4, 6, 8, 10, 12 are called multiples 
of 2. A multiple of 2 can be written as the product 
of a counting number and 2. 


Similarly, a multiple of 3 would be the product of a 
counting number and 3. 


We could find the multiples of any number by 


continuing this process. 
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Multiple of a Number 


A number is a multiple of n if it is the product of a 
counting number and n. 


Another way to say that 15 is a multiple of 3 is to 
say that 15 is divisible by 3. That means that when 
we divide 3 into 15, we get a counting number. In 
fact, 15+3 is 5, so 15 is 5:3. 


Use Common Divisibility Tests 


Another way to say that 375 is a multiple of 5 is to 
say that 375 is divisible by 5. In fact, 375 +5 is 75, 
so 375 is 5:75. Notice in [link] that 10,519 is nota 
multiple 3. When we divided 10,519 by 3 we did 
not get a counting number, so 10,519 is not 
divisible by 3. 


Divisibility 
If a number m is a multiple of n, then we say that 


m is divisible by n. 


Since multiplication and division are inverse 
operations, the patterns of multiples that we found 
can be used as divisibility tests. [link] summarizes 
divisibility tests for some of the counting numbers 
between one and ten. 


--2 -£L2£124_- Mea 
wavavswanaty 2evww 
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2 if the last digit is 
0-2,4,6,er8 
3 if the sum of the digits is 
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5 if-thelast-digit-ie-5-or-0 

6 if divisible by both 2 and 
Q 

10 if the last digit is 0 


Determine whether 1,290 is divisible by 
2,3,5,and10. 


Solution 


[link] applies the divisibility tests to 1,290. In 


the far right column, we check the results of 
the divisibility tests by seeing if the quotient is 
a whole number. 


Divisible Test Divisible? Check 

hx, 9 

Lea / econ 

2 Is last digit yes 1290 +2=64 
0,2,4,6,018? 


Vane 


3 Issumof yes 1290 +3=43 
digits 
divisible 
by3? 
1+2+9+0=112 


Vane 


L&dVe 


5 Is last digit yes 1290+5=25 
5-or-0?-Yus: 

10 Is last digit yes 1290+10=1]39 
0? Yes. 


Thus, 1,290 is divisible by 2,3,5,and10. 


Determine whether 5,625 is divisible by 
2,3,5,and10. 


Solution 


[link] applies the divisibility tests to 5,625 and 
tests the results by finding the quotients. 


Divisible Test Divisible? Check 


her 9 


wy cece 


2 Is last digit no 5625 +2=281/2.5 
0,2,4,6,01S? 
Ae: 

3 Issumof yes 5625 +3=1875 
digits 
divisible 
by3? 
otG+2+o—1s 


Vane 


Lh &Ve 


5 Is last digit yes 5625+5=1125 


is 5 or 0? 
Vac 


Lh&Ve 


10 Is last digit no 5625 + 10 =542.5 
0? No. 


Thus, 5,625 is divisible by 3 and 5, but not 2, 


or 10. 


Find all the Factors of the Given Number 


There are often several ways to talk about the same 
idea. So far, we’ve seen that if m is a multiple of n, 
we can say that m is divisible by n. We know that 
72 is the product of 8 and 9, so we can say 72 isa 
multiple of 8 and 72 is a multiple of 9. We can also 
say 72 is divisible by 8 and by 9. Another way to 
talk about this is to say that 8 and 9 are factors of 
72. When we write 72 = 8-9 we can say that we have 
factored 72. 


Factors 


If a-b=m, then aandb are factors of m, and m is the 
product of aandb. 


In algebra, it can be useful to determine all of the 


factors of a number. This is called factoring a 
number, and it can help us solve many kinds of 
problems. 


Doing the Manipulative Mathematics activity 
“Model Multiplication and Factoring” will help you 


develop a better understanding of multiplication 
and factoring. 


For example, suppose a choreographer is planning a 
dance for a ballet recital. There are 24 dancers, and 
for a certain scene, the choreographer wants to 
arrange the dancers in groups of equal sizes on 
stage. 


In how many ways can the dancers be put into 
groups of equal size? Answering this question is the 
same as identifying the factors of 24. [link] 
summarizes the different ways that the 
choreographer can arrange the dancers. 


Number of Dancers per Total Dancers 


Cunmin.]8 Cunwin 
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What patterns do you see in [link]? Did you notice 
that the number of groups times the number of 
dancers per group is always 24? This makes sense, 
since there are always 24 dancers. 


You may notice another pattern if you look carefully 
at the first two columns. These two columns contain 
the exact same set of numbers—but in reverse order. 
They are mirrors of one another, and in fact, both 
columns list all of the factors of 24, which are: 
1,2,3,4,6,8,12,24 


We can find all the factors of any counting number 
by systematically dividing the number by each 
counting number, starting with 1. If the quotient is 
also a counting number, then the divisor and the 
quotient are factors of the number. We can stop 
when the quotient becomes smaller than the divisor. 


Find all the factors of a counting number. 


Divide the number by each of the counting 
numbers, in order, until the quotient is smaller 
than the divisor. 


¢ If the quotient is a counting number, the 
divisor and quotient are a pair of factors. 

¢ If the quotient is not a counting number, the 
divisor is not a factor. 


List all the factor pairs. Write all the factors in 
order from smallest to largest. 


Find all the factors of 72. 
Solution 


Divide 72 by each of the counting numbers 
starting with 1. If the quotient is a whole 
number, the divisor and quotient are a pair of 
factors. 


The next line would have a divisor of 9 and a 
quotient of 8. The quotient would be smaller 
than the divisor, so we stop. If we continued, 
we would end up only listing the same factors 
again in reverse order. Listing all the factors 
from smallest to greatest, we have 


1,2,3,4,6,8,9,12,18,24,36,and72 


Additional Online Resources 


Divisibility Rules 


Factors 

Ex 1: Determine Factors of a Number 
Ex 2: Determine Factors of a Number 
Ex 3: Determine Factors of a Number 


In the circle, 23 of the circle is shaded—2 of the 3 


equal parts. 


Fraction Basics 


A fraction is a way to represent parts of a whole. 
The fraction 23 represents two of three equal parts. 
See [link]. In the fraction 23, the 2 is called the 
numerator and the 3 is called the denominator. 
The line is called the fraction bar. 


Fraction 

A fraction is written ab, where b +0 and 

a is the numerator and b is the denominator. 

A fraction represents parts of a whole. The 
denominator b is the number of equal parts the 
whole has been divided into, and the numerator a 
indicates how many parts are included. 


Fractions that have the same value are equivalent 
fractions. The Equivalent Fractions 


Property allows us to find equivalent fractions and 


also simplify fractions. 


Equivalent Fractions Property 


If a, b, and c are numbers where b 0,c 0, 
then ab=a:cbc and a:cb-c=ab. 


A fraction is considered simplified if there are no 
common factors, other than 1, in its numerator and 
denominator. 


For example, 


23 is simplified because there are no common 
factors of 2 and 3. 


1015 is not simplified because 5 is a common 
factor of 10 and 15. 


We simplify, or reduce, a fraction by removing the 
common factors of the numerator and denominator. 
A fraction is not simplified until all common factors 
have been removed. If an expression has fractions, it 
is not completely simplified until the fractions are 
simplified. 


Sometimes it may not be easy to find common 
factors of the numerator and denominator. When 


this happens, a good idea is to factor the numerator 
and the denominator into prime numbers. Then 
divide out the common factors using the Equivalent 
Fractions Property. 


How To Simplify a Fraction 


Simplify: — 315770. 


Simplify: — 69120. 


— 2340 


We now summarize the steps you should follow to 
simplify fractions. 


Simplify a fraction. 


Rewrite the numerator and denominator to show 
the common factors. 

If needed, factor the numerator and denominator 
into prime numbers first. Simplify using the 
Equivalent Fractions Property by dividing out 
common factors. Multiply any remaining factors. 


Multiply Divide Fractions 


Many people find multiplying and dividing fractions 
easier than adding and subtracting fractions. 


To multiply fractions, we multiply the numerators 
and multiply the denominators. 


Fraction Multiplication 


If a, b, c, and d are numbers where b #0, and d~0, 


To multiply fractions, multiply the numerators and 
multiply the denominators. 


When multiplying fractions, the properties of 
positive and negative numbers still apply, of course. 
It is a good idea to determine the sign of the product 
as the first step. In [link], we will multiply negative 
and a positive, so the product will be negative. 


When multiplying a fraction by an integer, it may be 
helpful to write the integer as a fraction. Any 
integer, a, can be written as al. So, for example, 
3=31. 


Multiply 9 t25(— 20x): 


The first step is to find the sign of the product. 
Since the signs are the same, the product is 
positive. 


Determine the sign of 
the product. The 

si 
are the same, so the 


A . eo, 
nradi1nt 10 nNnNo1t.tTA8 
Ptveure to pyvitive. 
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Write 20x as a fracticn. 


Multiply. 


Rewrite 20 to show the 
common factor 5 
an ut. 


Simplify. 


Multiply: 113(— 9a). 


Multiply: 137(—14b). 


Now that we know how to multiply fractions, we 
are almost ready to divide. Before we can do that, 
we need some vocabulary. The reciprocal of a 
fraction is found by inverting the fraction, placing 
the numerator in the denominator and the 
denominator in the numerator. The reciprocal of 23 
is 32. Since 4 is written in fraction form as 41, the 
reciprocal of 4 is 14. 


To divide fractions, we multiply the first fraction by 
the reciprocal of the second. 


Fraction Division 
If a, b, c, and d are numbers where b #0,c #0, and 


To divide fractions, we multiply the first fraction 


by the reciprocal of the second. 


We need to say b#0, c#0, and d~0, to be sure we 
don’t divide by zero! 


Rindithe quotient. 7 bs. (= 1427): 


7 .({.14 
—13— LS) 


To divide, multiply the 
first fraction by 


the 


Determine the sign of’ 


the product, and 
a 


Ts 
Rewrite showing 


co rs. 


Remove common 
factors. 


Simplify. 


Divide: — 727 + (— 3536). 


Divide, 514 (523); 


The numerators or denominators of some fractions 
contain fractions themselves. A fraction in which the 
numerator or the denominator is a fraction is called 
a complex fraction. 


Complex Fraction 


A complex fraction is a fraction in which the 
numerator or the denominator contains a fraction. 


Some examples of complex fractions are: 
6733458x256 


To simplify a complex fraction, remember that the 
fraction bar means division. For example, the 
complex fraction 3458 means 34+ 58. 


Simplify: x2xy6. 


x2xy6 Rewrite as division.x2 + xy6 Multiply 


the first fraction by the reciprocal of the 
second.x2-6xy Multiply.x-62-xy Look for 
common factors.x-3-22-x-y Divide common 
factors and simplify.3y 


Simplify: a8ab6. 


Add Subtract Fractions 


When we multiplied fractions, we just multiplied 
the numerators and multiplied the denominators 
right straight across. To add or subtract fractions, 
they must have a common denominator. 


Fraction Addition and Subtraction 
If a, b, and c are numbers where c <0, then 
ac + bc=a+ bcandac — be=a-— be 


To add or subtract fractions, add or subtract the 
mumerators and place the result over the common 
denominator. 


The least common denominator (LCD) of two 
fractions is the smallest number that can be used as 
a common denominator of the fractions. The LCD of 
the two fractions is the least common multiple 


(LCM) of their denominators. 


Least Common Denominator 
The least common denominator (LCD) of two 


fractions is the least common multiple (LCM) of 
their denominators. 


After we find the least common denominator of two 
fractions, we convert the fractions to equivalent 
fractions with the LCD. Putting these steps together 
allows us to add and subtract fractions because their 
denominators will be the same! 


How to Add or Subtract Fractions 


Add: 71l2+513. 


Addi7 12 Wiis: 


7960 


Add: 1315+1720. 


10360 


Add or subtract fractions. 
Do they have a common denominator? 


* Yes—go to step 2. 
¢ No—rewrite each fraction with the LCD (least 
common denominator). 


© Find the LCD. 
© Change each fraction into an equivalent 
fraction with the LCD as its denominator. 


Add or subtract the fractions. Simplify, if possible. 


We now have all four operations for fractions. [link] 
summarizes fraction operations. 
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Add the numerators and Subtract the numerators 

place the sum over the and place the difference 

common denominator. over the common 
denominator. 

To multiply or divide 

fractions, an LCD is NOT 

needed. 

To add or subtract 

fractions, an LCD is 

needed. 


When starting an exercise, always identify the 
operation and then recall the methods needed for 
that operation. 


Simplify: @ 5x6—310 © 5x6-310. 


First ask, “What is the operation?” Identifying 
the operation will determine whether or not 
we need a common denominator. Remember, 
we need a common denominator to add or 
subtract, but not to multiply or divide. 


@ 

What is the operation? The operation is 
subtraction. Do the fractions have a common 
denominator? No.5x6 — 310 Find the LCD 
of6and10The LCD is 30. 

6=2:310=2:5 LCD = 2:3-5LCD = 30 
Rewrite each fraction as an equivalent fraction 
With the LCD. 5x: 565 — 3'310:3* 25x20 —930 
Subtract the numerators and place 
thedifference over the common 
denominators.25x — 930 Simplify, if 
possible.There are no common factors.The 
fraction is simplified. 


® 

What is the operation? 
Multiplication.25x6-310 To multiply 
fractions,multiply the numeratorsand multiply 
the denominators.25x:36:10 Rewrite, showing 
common factors.Remove common 
factors.5x-32-3-2:5 Simplify.x4 


Notice, we needed an LCD to add 25x6 — 310, 
but not to multiply 25x6-310. 


Simplify: ®@ 3a4—89 © 3a4:89. 


@ 27a—3236 © 2a3 


Simplify: ®@4k5—16 © 4k5-16. 


@ 24k—530 © 2k15 


Decimal Basics 


To add or subtract decimals, we line up the decimal 
points. By lining up the decimal points this way, we 
can add or subtract the corresponding place values. 
We then add or subtract the numbers as if they were 
whole numbers and then place the decimal point in 
the sum. 


dd or subtract decimals. 


Determine the sign of the sum or difference. Write 
the numbers so the decimal points line up 


vertically. Use zeros as placeholders, as needed. 
dd or subtract the numbers as if they were whole 

numbers. Then place the 

decimal point in the answer under the decimal 

points in the given numbers. Write the sum or 

difference with the appropriate sign. 


Add or subtract: @ —23.5—41.38 ® 


14.65 — 20. 


@ 

— 23.5 — 41.38 The difference will be negative. 
To subtract, we add thenumerals. Write the 
numbers so the decimal points lineup 
vertically.23.5+41.38 Put O asa 
placeholder after the 5 
in23.5.Remember,510=50100s00.5 = 0.50.23.50 
Add the numbers as if they were whole 
numbers.Then place the decimal point in the 
sum.23.50+41.38 _ 64.88 Write the result 
with the correct sign. — 23.5 — 41.38 = — 64.88 


© 

14.65 — 20 The difference will be negative. To 
subtract, wesubtract 14.65 from 20. Write the 
numbers so the decimal points line 
upvertically.20—14.65_____ Remember, 20 is a 


whole number, so place thedecimal point after 
the 0. Put in zeros to the right as 
placeholders.20.00—14.65____— Subtract and 
place the decimal point in the answer. 


99110101020.00 — 14.65 5.35 Write 
the result with the correct sign.14.65 — 20 = 
Slob ors, 


Add or subtract: ® —4.8—11.69 ©9.58-—10. 


@ —16.49 ® —0.42 


When we multiply signed decimals, first we 
determine the sign of the product and then multiply 
as if the numbers were both positive. We multiply 
the numbers temporarily ignoring the decimal point 
and then count the number of decimal points in the 
factors and that sum tells us the number of decimal 
places in the product. Finally, we write the product 
with the appropriate sign. 


Multiply decimals. 


Determine the sign of the product. Write in vertical 
format, lining up the numbers on the right. 
Multiply the numbers as if they were whole 


numbers, temporarily ignoring the decimal points. 
Place the decimal point. The number of decimal 
places in the product is the sum of 

the number of decimal places in the factors. Write 
the product with the appropriate sign. 


Multiply: (—3.9)(4.075). 


(—3.9)(4.075) 
The signs are differert. The product will be 
The product negative. 
will be negative. 
Write in vertical 


format, lining up the 
a 


Multiply. 


Add the number of 
decimal places in 


Be i iia 
The signs are the (—3.9)(4.075) = 
different, so the — 15.8925 


product is negative. 


Multiply: — 4.5(6.107). 


— 27.4815 


Often, especially in the sciences, you will multiply 
decimals by powers of 10 (10, 100, 1000, etc). If 
you multiply a few products on paper, you may 
notice a pattern relating the number of zeros in the 
power of 10 to number of decimal places we move 
the decimal point to the right to get the product. 


Multiply a decimal by a power of ten. 


Move the decimal point to the right the same 
number of places as the 

number of zeros in the power of 10. Add zeros at 
the end of the number as needed. 


Multiply: 5.63 by ® 10 ® 100 © 1000. 


By looking at the number of zeros in the 
multiple of ten, we see the number of places 
we need to move the decimal to the right. 


@ 


There is 1 zera 
in 10, so move 


th ] 
po ce to 


tha viaht 
tLe 11 Ht. 


56.3 


There are 2 zeroes in 
100, so move the 
de t 2 places 


tn 
by wTrre tI 6ri 


There are 3 zeroes in 
1,000, so move the 
de 3 place 


te LLiw Se) eee 

A zero must be addecl 

to the end. 
5,630 


Just as with multiplication, division of signed 
decimals is very much like dividing whole numbers. 
We just have to figure out where the decimal point 
must be placed and the sign of the quotient. When 
dividing signed decimals, first determine the sign of 
the quotient and then divide as if the numbers were 
both positive. Finally, write the quotient with the 
appropriate sign. 


We review the notation and vocabulary for division: 


We'll write the steps to take when dividing decimals 
for easy reference. 


Divide decimals. 


Determine the sign of the quotient. Make the 
divisor a whole number by “moving” the decimal 
point all the way to the right. “Move” the decimal 
point in the dividend the same number of places— 
adding zeros as needed. Divide. Place the decimal 
point in the quotient above the decimal point in 


the dividend. Write the quotient with the 
appropriate sign. 


Divide: —25.65+(—0.06). 


Remember, you can “move” the decimals in 
the divisor and dividend because of the 
Equivalent Fractions Property. 


ie] A GW aa) ee 
B21 eS © ee Ee 
The signs are the sarre. The quotient is 


. 
o1tatrr 


Make the divisor a 
whole number by 
“moving” the 
decimal point all the 


TATA awht 
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vv (es)/ w t1iwv LLSBttre 
“Move” the decimal 
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th 
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LULL Vi piaerrre. 
Divide. 

Place the decimal point 


Write the quotient with 


the appropriate sign. 


The illustration shows a model of an equation with 
one variable. On the left side of the workspace is an 
unknown (envelope) and three counters, while on 
the right side of the workspace are eight counters. 
The illustration shows a model for solving an 
equation with one variable. On both sides of the 


workspace remove three counters, leaving only the 
unknown (envelope) and five counters on the right 
side. The unknown is equal to five counters. The 
illustration shows a model for the equation x +3=8. 


Solve Equations Subtraction and Addition 
Property of Equality 


We are going to use a model to clarify the process of 
solving an equation. An envelope represents the 
variable — since its contents are unknown — and each 
counter represents one. We will set out one 
envelope and some counters on our workspace, as 
shown in [link]. Both sides of the workspace have 
the same number of counters, but some counters are 
“hidden” in the envelope. Can you tell how many 
counters are in the envelope? 


What are you thinking? What steps are you taking 
in your mind to figure out how many counters are 
in the envelope? 


Perhaps you are thinking: “I need to remove the 3 
counters at the bottom left to get the envelope by 
itself. The 3 counters on the left can be matched 


with 3 on the right and so I can take them away 
from both sides. That leaves five on the right—so 
there must be 5 counters in the envelope.” See 
[link] for an illustration of this process. 


What algebraic equation would match this 
situation? In [link] each side of the workspace 
represents an expression and the center line takes 
the place of the equal sign. We will call the contents 
of the envelope x. 


Let’s write algebraically the steps we took to 
discover how many counters were in the envelope: 


First, we took away three 
from each side. 


Then we were left with 
five. 


Check: 


Five in the envelope plus three more does equal 
eight! 
5+3=8 


Our model has given us an idea of what we need to 
do to solve one kind of equation. The goal is to 
isolate the variable by itself on one side of the 
equation. To solve equations such as these 
mathematically, we use the Subtraction Property 
of Equality. 


Subtraction Property of Equality 
For any numbers a, b, and c, 
Ifa=b,thena—c=b-—c 


When you subtract the same quantity from both 
sides of an equation, you still have equality. 


Doing the Manipulative Mathematics activity 
“Subtraction Property of Equality” will help you 


develop a better understanding of how to solve 
equations by using the Subtraction Property of 
Equality. 


Let’s see how to use this property to solve an 
equation. Remember, the goal is to isolate the 
variable on one side of the equation. And we check 
our solutions by substituting the value into the 
equation to make sure we have a true statement. 


Solve: y+ 37 = —13. 


Solution 


To get y by itself, we will undo the addition of 
37 by using the Subtraction Property of 
Equality. 


——— 
Subtract 37 
from each side 
to 
addition. 


Simplify. 


Check: 


Substitute y =: 
— 50 


Since y= —50 makes y+37= —13 a true 
statement, we have the solution to this 
equation. 


Solve: x +19= — 27. 


What happens when an equation has a number 
subtracted from the variable, as in the equation x 
—5=8? We use another property of equations to 
solve equations where a number is subtracted from 
the variable. We want to isolate the variable, so to 
‘undo’ the subtraction we will add the number to 
both sides. We use the Addition Property of 
Equality. 


Addition Property of Equality 
For any numbers a, b, and c, 


Ifa=b,thena+c=b+c 
When you add the same quantity to both sides of 
an equation, you still have equality. 


In [link], 37 was added to the y and so we 
subtracted 37 to ‘undo’ the addition. In [link], we 
will need to ‘undo’ subtraction by using the 
Addition Property of Equality. 


Solve: a— 28 = — 37. 


Solution 


Add 28 to each 


side to ‘undo’ 
(), Co eee 


LLL 


Simplify. 


Substitute a=: 
—9 


= Sa 

| Df = — hs vv | 
The solution to 
a—28= — 37 is 
a= -9. 


Solve: n—61 = —75. 


Solve: x —58 = 34. 


Solution 


Use the 
Addition 
Pr 
Ta 
Equarity. 
Find the LCD 
to add the 
fr 


7 


right 


Simplify. 


Check: 


Substitute 
x=118. 


Subtract. 


Simplify. 


The solution to 
x—58=34 is 


<r. 


The next example will be an equation with 
decimals. 


Solve: n—0.63 = — 4.2. 


Solution 


ee eee. SO eee, es 
Use the 
Addition 


1 


Lanaiolitxr 
py ecsity . 


Add. 


Solve: c— 0.93 = — 4.6. 


The illustration shows a model of an equation with 


one variable multiplied by a constant. On the left 
side of the workspace are two instances of the 
unknown (envelope), while on the right side of the 
workspace are six counters. The illustration shows a 
model of the equation 2x = 6. 


Solve Equations with Multiplication and 
Division Property 


You may have noticed that all of the equations we 
have solved so far have been of the form x+a=b or 
x—a=b. We were able to isolate the variable by 
adding or subtracting the constant term on the side 
of the equation with the variable. Now we will see 
how to solve equations that have a variable 
multiplied by a constant and so will require division 
to isolate the variable. 


Let’s look at our puzzle again with the envelopes 
and counters in [link]. 


In the illustration there are two identical envelopes 
that contain the same number of counters. 


Remember, the left side of the workspace must 
equal the right side, but the counters on the left side 
are “hidden” in the envelopes. So how many 
counters are in each envelope? 


How do we determine the number? We have to 
separate the counters on the right side into two 
groups of the same size to correspond with the two 
envelopes on the left side. The 6 counters divided 
into 2 equal groups gives 3 counters in each group 
(since 6+2=3). 


What equation models the situation shown in 
[link]? There are two envelopes, and each contains 
x counters. Together, the two envelopes must 
contain a total of 6 counters. 


If we divide both sides of 


the equation by 2, as we 
cif ne envelopes 


an eniwiuntara 
CALA VYVULILOL U5 


we get: 


We found that each envelope contains 3 counters. 
Does this check? We know 2:3=6, so it works! 
Three counters in each of two envelopes does equal 
six! 


This example leads to the Division Property of 
Equality. 


The Division Property of Equality 

For any numbers a, b, and c, and c~0, 

Ifa = b,thenac = be 

When you divide both sides of an equation by any 
non-zero number, you still have equality. 


Doing the Manipulative Mathematics activity 
“Division Property of Equality” will help you 
develop a better understanding of how to solve 
equations by using the Division Property of 


Equality. 


The goal in solving an equation is to ‘undo’ the 
operation on the variable. In the next example, the 
variable is multiplied by 5, so we will divide both 
sides by 5 to ‘undo’ the multiplication. 


Solve: 5x = — 27. 


Solution 


To isolate x, 
“undo” the 


m 
Axes 
vyve 


Divide to 
‘undo’ the 


™m 


Simplify. 


I 


Check: 


Substitute 
— 275 for x. 


Since this is a 
true statement, 
X= —=—275 

is the solution 
to 5x= —27. 


Solve: 3y = — 41. 


Consider the equation x4=3. We want to know 
what number divided by 4 gives 3. So to “undo” the 
division, we will need to multiply by 4. The 
Multiplication Property of Equality will allow us 


to do this. This property says that if we start with 
two equal quantities and multiply both by the same 
number, the results are equal. 


The Multiplication Property of Equality 

For any numbers a, b, and c, 

Ifa = b,thenac = be 

If you multiply both sides of an equation by the 
same number, you still have equality. 


Solve: y—7= — 14. 


Solution 


Here y is divided by —7. We must multiply by 
— 7 to isolate y. 


| 14 | 
a ee 
Multiply bott. 


si 


Multiply. 


Simplify. 


Check: y —7= 
—14 
Substitute 
y=98. 


Divide. 


Solve: a—7= — 42. 


Solve: —n=9. 


Solution 


Remember —n 
is equivalent to 
a _ 
Divide both 
sides by —1. 


Divide. 


Notice that 
there are two 
other ways to 
solve —n=9. 
We can also 
solve this 
equation by 
multiplying 
both sides by 
—1 and also by 
taking the 


opposite of 


hath aidaa 
WVVLLL JIULVe 


Check: 


Substitute n =: 
—9, 


Simplify. 


Solve: 34x=12. 


Solution 


Since the product of a number and its 
reciprocal is 1, our strategy will be to isolate x 
by multiplying by the reciprocal of 34. 


Multiply by tie 
reciprocal of 
34 


Reciprocals 
multiply to 1. 


Multiply. 


Notice that we 
could have 
divided both 
sides of the 
equation 

34x = 12 by 34 
to isolate x. 
While this 
would work, 
most people 
would find 
multiplying by 
the reciprocal 


anacatnr 


Substitute 
<— Ge 


In the next example, all the variable terms are on 
the right side of the equation. As always, our goal in 
solving the equation is to isolate the variable. 


Solve: 815= — 45x. 


Solution 


a Pe 
Multiply by tie 


reciprocal of 


RWEETAN P72 A 
Reciprocals 


Solve: 56= — 83r. 


Subtraction Property of EqualityAddition Property 
of Equality For any real numbersa,b,andc,For any 
real numbersa,b,andc, ifa=b,thena—c=b 


—c.ifa=b,thena+c=b-+c. Division Property of 
EqualityMultiplication Property of Equality For any 
mumbersa,b,andc,andc ~ 0,For any 
mumbersa,b,andc, ifa=b,thenac = bc.ifa=b, 

thenac = be. 

When you add, subtract, multiply, or divide the 
Same quantity from both sides of an equation, you 
still have equality. 


Among every 100 community college students, 57 
are female. 


Basics of Percents 


How many cents are in one dollar? There are 100 
cents in a dollar. How many years are in a century? 
There are 100 years in a century. Does this give you 
a clue about what the word “percent” means? It is 
really two words, “per cent,” and means per one 
hundred. A percent is a ratio whose denominator is 
100. We use the percent symbol %, to show percent. 


Percent 
A percent is a ratio whose denominator is 100. 


According to data from the American Association of 
Community Colleges (2015), about 57% of 
community college students are female. This means 
57 out of every 100 community college students are 
female, as [link] shows. Out of the 100 squares on 
the grid, 57 are shaded, which we write as the ratio 
57100. 
[missing resource: 
CNX_BMath_Figure_06_01_001.jpg] 


Similarly, 25% means a ratio of 25100,3% means a 
ratio of 3100 and 100% means a ratio of 100100. In 
words, "one hundred percent" means the total 100% 
is 100100, and since 100100 = 1, we see that 100% 
means 1 whole. 


According to the Public Policy Institute of 
California (2010),44% of parents of public 


school children would like their youngest child 
to earn a graduate degree. Write this percent 
as a ratio. 


Solution 


The amount we want 44% 


tn AaAnitrart ia AANA 
ty eviliveit iv rors7Ue 


Write the percent as a 44100 
ratio. Remember that 


percent means per 100. 


Write the percent as a ratio. 


According to a survey, 89% of college students 
have a smartphone. 


In 2007, according to a U.S. Department of 
Education report, 21 out of every 100 first- 
time freshmen college students at 4-year 
public institutions took at least one remedial 
course. Write this as a ratio and then as a 


percent. 


Solution 


The amount we want 21 out of 100 
to convert is 21 out of 


100. 

Write -as-a-ratic. 21100 
Convert the 21 per 100 21% 
to percent. 


Write as a ratio and then as a percent: The 
American Association of Community Colleges 
reported that 62 out of 100 full-time 
community college students balance their 


studies with full-time or part time 
employment. 


62100,62% 


Since percents are ratios, they can easily be 
expressed as fractions. Remember that percent 
means per 100, so the denominator of the fraction is 
100. 


PO 


Convert a percent to a fraction. 


Write the percent as a ratio with the denominator 
100. Simplify the fraction if possible. 


Convert each percent to a fraction: 


@36% 
®125% 


Solution 


AN 
Ww 
2404 
vu" 


Write asaratio with 36100 


LLVALLLILIULY 


Simplify. 925 


(hy) 

wy 
19604 
Loosu 


Write as aratio with 125100 


Simplify. 54 


Convert each percent to a fraction: 


@48% 
®110% 


The previous example shows that a percent can be 
greater than 1. We saw that 125% means 125100, 
or 54. These are improper fractions, and their values 
are greater than one. 


Convert each percent to a fraction: 


@24.5% 
©3313% 


Solution 


AY 

ar 4 
NA EOLA 
aeusu 


Write asaratio with 24.5100 


donominoater TNN 
ALVALLLLLIULUL LUV. 


Clear the decimal by 24.5(10)100(10) 
multiplying numeratoz 
and denominator by 


1 an. 

Multiply 2451900 
Rewrite showing 5495-200 
eommen-facters 

Simplify. 49200 


© 


1204 
3313 70 


Wee as aratio with 3313100 


atnar 1 0, 


dan 

Write the numerator as 1003100 
auiL attipiryvprert SLLULLILV Ile 

Rewrite as fraction 1003 +1001 
division, replacing 160 


with-1001. 

Multiply by the 1003-1100 
reciprocal, 

Simplify. 13 


Convert each percent to a fraction: 


@64.4% 
©6623% 


@161250 
®23 


In Decimals, we learned how to convert fractions to 
decimals. To convert a percent to a decimal, we first 


convert it to a fraction and then change the fraction 
to a decimal. 


Convert a percent to a decimal. 


Write the percent as a ratio with the denominator 
100. Convert the fraction to a decimal by dividing 
the numerator by the denominator. 


Convert each percent to a decimal: 


@6% 
®©78% 


Solution 


Because we want to change to a decimal, we 
will leave the fractions with denominator 100 
instead of removing common factors. 


GN 
YS 


wslv 


Write asaratio with 6100 


minatar 1NN 


GCnCMmi1aLOL LvuUvVe 


Change the fraction to 0.06 
a decimal by dividing 

the numerator by the 
denominator. 


MW) 
wy 
TO04 


47u7v 


Write as aratio with 78100 


minatar 1NN 


GCnOCmi1aTloL LuV. 


Change the fraction to 0.78 
a decimal by dividing 

the numerator by the 
denominator. 


Convert each percent to a decimal: 


@9% 


®©87% 


Convert each percent to a decimal: 


@135% 
©12.5% 


Solution 


(ey) 
YY 


aduwvs/vu 


Write asaratio with 135100 


donominoater TNN 
ALVALLLLLIULUL LUV. 


Change the fraction to 1.35 
a decimal by dividing 

the numerator by the 
denominator. 


Mm) 
NE, 


1 E0OA 
Write as aratio with 12.5100 
denominater-L00. 
Change the fraction to 0.125 
a decimal by dividing 
the numerator by the 
denominator. 


Convert each percent to a decimal: 


@115% 
©23.5% 


Let's summarize the results from the previous 
examples in [link], and look for a pattern we could 
use to quickly convert a percent number to a 
decimal number. 


N22 2-2 4 MW. .+....1 
GFULLCCLIL VMVUCLILIGAL 
04, ANA 

UT UNIV 
TO0A A '79 
rure Ue 
19204 10C 
LOGO Les 
12.5% 0.125 


Do you see the pattern? 


To convert a percent number to a decimal number, 
we move the decimal point two places to the left 
and remove the % sign. (Sometimes the decimal 
point does not appear in the percent number, but 
just like we can think of the integer 6 as 6.0, we can 
think of 6% as 6.0%.) Notice that we may need to 
add zeros in front of the number when moving the 
decimal to the left. 


[link] uses the percents in [link] and shows visually 
how to convert them to decimals by moving the 
decimal point two places to the left. 


Among a group of business leaders, 77% 
believe that poor math and science education 
in the U.S. will lead to higher unemployment 
rates. 


Convert the percent to: @ a fraction © a 
decimal 


Solution 


(ey) 
Y 


Write as a ratio with 
denominator 100. 


OH 
wy 
771NN 


fl vv 


Change the fraction to 0.77 
a decimal by dividing 

the numerator by the 
denominator. 


Convert the percent to: © a fraction and © a 
decimal 


Twitter's share of web traffic jumped 24% 
when one celebrity tweeted live on air. 


Convert the percent to: © a fraction and © a 
decimal 


The U.S. Census estimated that in 2013,44% of 
the population of Boston age 25 or older have 
a bachelor's or higher degrees. 


There are four suits of cards in a deck of cards 
—hearts, diamonds, clubs, and spades. The 
probability of randomly choosing a heart from 
a shuffled deck of cards is 25%. Convert the 
percent to: 


@ a fraction 
®© a decimal 


(credit: Riles32807, Wikimedia Commons) 


Solution 


© 


9E04A 
usu 


Write as aratio with 25100 


Simplify. 14 


® 14 
Change the fraction to 0.25 
a decimal by dividing 

the numerator by the 
denominator. 


Convert the percent to: @ a fraction, and © a 
decimal 


The probability that it will rain Monday is 
30%. 


Convert the percent to: @ a fraction, and © a 


decimal 


The probability of getting heads three times 


when tossing a coin three times is 12.5%. 


@12.5100 
®0.125 


Key Concepts 


Operation Notation 
Addition a+b 


Multiplicatiom-b,(a)(b), 


fa\h alfhy\ 
a) J 


VAY 


Subtraction a—b 


Say: 
aplusb 
atimesb 


aminusb 


The result 


the sum of a 
anda kh 


ulin vv 


The product 


we. 


uUuUuLllu YY 


the 


difference of 
aand-b 
Division a+b,a/ a divided by The quotient 
b,ab,ba b of a and b 
¢ Equality Symbol 


© a=b is read as a is equal to b 
© The symbol = is called the equal sign. 


* Inequality 


© a<bis read ais less than b 
© ais to the left of b on the number line 


© a>b is read a is greater than b 
© ais to the right of b on the number line 


A1W~~L.w.Wf  ATAW4 24s a. 
MALES VIGIL INVWVULALILVII vay 
cay —h mn a 

uiiv 


un" wy 


a 


nna aunl + 
11U 4 aie 
la than h 


CSS Ultcik Lv 


VA 


aww ww 


L 
araatar than h 
é&* VU Ula v 


less than or equal 


m £2 £9 £ 


lA 


at) 
IV 
a 


a is greater than or 
equal to b 


Addition of Positive and Negative Integers 
5+3-—5+(-—3)8— 8both positive,both 
negative,sum positivesum negative 
—5+35+(-—3)-—22different signs,different 
signs,more negativesmore positivessum 
negativesum positive 

Property of Absolute Value: |n| =0 for all 
numbers. Absolute values are always greater 
than or equal to zero! 

Subtraction of Integers 
5—3-5-—(—3)2—25positivesSnegativestake 
away 3positivestake away3negatives2 positives2 
negatives — 5— 35 —(— 3)— 885negatives, want 
to5positives, want 
tosubtract3positivessubtract3negativesneed 
neutral pairsneed neutral pairs 

Subtraction Property: Subtracting a number is 
the same as adding its opposite. 


Win-rs nt hitlia 
Div lati f 1 S55 


A 


om 


10 


hana ita Aixnashtlia 1--- 


if the last digit is 0, 2, 4, 


A&B nanrQ 


V9 vi VW 


if the sum of the digits is 
div noihla hx, 9 


¥VyLVULUVIW vy 3 


1m 
ia Tawi AU VUivV iviviwu wy 


if tha lact Aiait ia Enver A 


dL -LL 1LUVDLE Mi6it lu vvii VW 


if divisible by both 2 and 


2 
ou 


if the last digit is 0 


¢ Factors If a_b=m, then a and b are factors of 


m, and m is the product of a and b. 
Find all the factors of a counting number. 


Divide the number by each of the counting 
numbers, in order, until the quotient is smaller 
than the divisor. 


1. If the quotient is a counting number, the 
divisor and quotient are a pair of factors. 

2. If the quotient is not a counting number, 
the divisor is not a factor. 


List all the factor pairs. Write all the factors in 
order from smallest to largest. 


Determine if a number is prime. 


Test each of the primes, in order, to see if it is a 
factor of the number. Start with 2 and stop 


when the quotient is smaller than the divisor or 
when a prime factor is found. If the number has 
a prime factor, then it is a composite number. If 
it has no prime factors, then the number is 
prime. 


Equivalent Fractions Property 

If a, b, and c are numbers where b~0,c +0, 
then 

ab = a:cb-canda:cbc = ab. 

How to simplify a fraction. 


Rewrite the numerator and denominator to 
show the common factors. 

If needed, factor the numerator and 
denominator into prime numbers first. Simplify 
using the Equivalent Fractions Property by 
dividing out common factors. Multiply any 
remaining factors. 


Fraction Multiplication 

If a, b, c, and d are numbers where b=~0, and 
d=0, then 

ab-cd = acbd. 

To multiply fractions, multiply the numerators 
and multiply the denominators. 

Fraction Division 

If a, b, c, and d are numbers where b#0,c #0, 
and d=~0, then 

ab +cd=ab-de. 

To divide fractions, we multiply the first 


fraction by the reciprocal of the second. 
Fraction Addition and Subtraction 

If a, b, and c are numbers where c <0, then 
ac + be=a+bcandac — be =a—be. 

To add or subtract fractions, add or subtract 
the numerators and place the result over the 
common denominator. 

Placement of Negative Sign in a Fraction 
For any positive numbers a and b, 
—ab=a—b=-—ab. 

How to simplify complex fractions. 


Simplify the numerator. Simplify the 
denominator. Divide the numerator by the 
denominator. Simplify if possible. 


Expressions, Real Numbers (P1) 
By the end of this section, you will be able to: 


Simplify expressions with absolute value 
Understand order of operations 

Identify liketerms 

Evaluate expressions with integers 
Understand real vs irrational numbers 
Understand Identity and Inverse 

Use properties of real numbers 


This Module supports section P1 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


i 


Simplify Expressions with Absolute Value 
[link] 


. Expressions and Order of Operations [link] 
. Evaluate Expressions with Integers [link] 

. Identify and Combine Like Terms [link] 

. Properties of Real Numbers [link] 

. Identity, Inverse, and Zero Properties [link] 
. Distributive Property [link] 

. Key Concepts [link] 


The number line shows the location of positive and 
negative numbers. The opposite of 3 is — 3. The 
numbers 5 and —5 are 5 units away from 0. 


Simplify Expressions with Absolute Value 


For more on the number line, refer to the Pre- 
knowledge Module [link]. 


A negative number is a number less than 0. The 
negative numbers are to the left of zero on the 
number line. See [link]. 


You may have noticed that, on the number line, the 
negative numbers are a mirror image of the positive 
numbers, with zero in the middle. Because the 
numbers 2 and —2 are the same distance from zero, 
each one is called the opposite of the other. The 
opposite of 2 is —2, and the opposite of —2 is 2. 


po 


Opposite 
The opposite of a number is the number that is the 


Same distance from zero on the number line but on 
the opposite side of zero. 


[link] illustrates the definition. 


Opposite Notation 
—ameans the opposite of the numbera The 
notation — ais read as “the opposite ofa.” 


We saw that numbers such as 3 and — 3 are 
opposites because they are the same distance from 0 
on the number line. They are both three units from 
0. The distance between 0 and any number on the 
number line is called the absolute value of that 
number. 


bsolute Value 
The absolute value of a number is its distance 


from 0 on the number line. 
The absolute value of a number n is written as |n| 
and |n|=0 for all numbers. 

bsolute values are always greater than or equal to 


Zero. 


For example, 
—5is 5 units away from 0, so| —5|=5. 5 is 5 units 
away from 0, so|5|=5. 


[link] illustrates this idea. 


The absolute value of a number is never negative 
because distance cannot be negative. The only 
number with absolute value equal to zero is the 
number zero itself because the distance from 0 to 0 
on the number line is zero units. 


In the next example, we’ll order expressions with 
absolute values. 


Fill in <,>, or = for each of the following 
pairs of numbers: 


@ |—5|_-—|-—5| ® 8_—|—8| © -—9_-|-9| 
@— © 16)a\- 16. 


® 
| —5|_—|—5]| Simplify.5_—5 Order.5> —5 | 
Solel 5) 


© 
8 _—|—8| Simplify.8_—8 Order.8>—8 8> 
==] 


© 
—9 —|-9| Simplify.—9_—9 Order.—9= —9 
-9=-|-9| 


@ 
—(—16)_|—16| Simplify.16_16 Order.16 =16 
~(-16)=|-16| 


Fill in <,>, or = for each of the following 
pairs of numbers: 


Gi 90 |= S| 28=|21@ = 818 @ 
Sealer 


We now add absolute value bars to our list of 
grouping symbols. When we use the order of 
operations, first we simplify inside the absolute 
value bars as much as possible, then we take the 
absolute value of the resulting number. 


Grouping Symbols 
Parentheses()Braces{} Brackets[]Absolute value] | 


In the next example, we simplify the expressions 
inside absolute value bars first just like we do with 
parentheses. 


Simplify: 24 — |19—3(6— 2). 


24 —|19—3(6—2)| Work inside parentheses 
first: subtract 2 from 6.24 — |19 —3(4)| 
Multiply 3(4).24—|19-—12] Subtract inside the 


absolute value bars.24 —|7| Take the absolute 
value.24 — 7 Subtract.17 


Simplify:19 —|11—4(3-—1)]. 


Simplify Expressions and Order of 
Operations 


What is the difference in English between a phrase 
and a sentence? A phrase expresses a single thought 
that is incomplete by itself, but a sentence makes a 
complete statement. A sentence has a subject and a 
verb. In algebra, we have expressions and equations. 


n expression is a number, a variable, or a 
combination of numbers and variables using 
operation symbols. 


ExpressionWordsEnglish Phrase3 + 53 plus 5the 
sum of three and fiven— 1nminus onethe difference 
ofnand one6-76 times 7the product of six and 
sevenxyxdivided byythe quotient ofxandy 


An equation is two expressions linked by an equal 
sign. When you read the words the symbols 
represent in an equation, you have a complete 
sentence in English. The equal sign gives the verb. 
EquationEnglish Sentence3 + 5 = 8The sum of three 
and five is equal to eight.n— 1=14nminus one 
equals fourteen.6-7 = 42The product of six and seven 
is equal to forty-two.x = 53xis equal to fifty-three.y 
+ 9=2y —3yplus nine is equal to twoyminus three. 


To simplify an expression means to do all the 
math possible. For example, to simplify 42+1 we 
would first multiply 4-2 to get 8 and then add the 1 
to get 9. A good habit to develop is to work down 
the page, writing each step of the process below the 
previous step. The example just described would 
look like this: 

42+18+19 


By not using an equal sign when you simplify an 
expression, you may avoid confusing expressions 
with equations. 


Simplify an Expression 


To simplify an expression, do all operations in 
the expression. 


We’ve introduced most of the symbols and notation 
used in algebra, but now we need to clarify the 
order of operations. Otherwise, expressions may 
have different meanings, and they may result in 
different values. 


For example, consider the expression 4+ 3-7. Some 
students simplify this getting 49, by adding 4+ 3 
and then multiplying that result by 7. Others get 25, 
by multiplying 3-7 first and then adding 4. 


The same expression should give the same result. So 
mathematicians established some guidelines that are 
called the order of operations. 


Use the order of operations. 


Parentheses and Other Grouping Symbols 


¢ Simplify all expressions inside the parentheses 
or other grouping symbols, working on the 
innermost parentheses first. 


Exponents 
¢ Simplify all expressions with exponents. 
Multiplication and Division 
¢ Perform all multiplication and division in 
order from left to right. These operations have 


equal priority. 


ddition and Subtraction 


* Perform all addition and subtraction in order 
from left to right. These operations have equal 
priority. 


Students often ask, “How will I remember the 

order?” Here is a way to help you remember: Take 

the first letter of each key word and substitute the 

silly phrase “Please Excuse My Dear Aunt Sally”. 
ParenthesesPleaseExponentsExcuseMultiplicationDivision\ 


It’s good that “My Dear” goes together, as this 
reminds us that multiplication and division have 
equal priority. We do not always do multiplication 
before division or always do division before 
multiplication. We do them in order from left to 
right. 


Similarly, “Aunt Sally” goes together and so reminds 


us that addition and subtraction also have equal 
priority and we do them in order from left to right. 


Simplify: 18 +6+ 4(5 — 2). 


Parentheses? Yes, 
subtract first. 


Pennnantad AIn 
HApPV1iTiityo.s Lv. 


Multiplication or 


. ee 
dAixriaitnn) Vac 
ULV EVIEVIte LUV. 


Divide first because we 
multiply and divide l2ft 
a Eel 


tn 
WU SESS 


Any other 
multiplication or 


. ee 
Aixniacinn) Vaa 
ULViVLVIlte LUV 


Multiply. 


Any other 


multiplication of 
Aixrniciand NIn 


MALVELVDEVAILe LWYUe 


Any addition or 


. 
onhteantian) Vac 
VUVLLULLLULIL. LUD. 


Add. 


Simplify: 70 + 10+ 4(6— 2). 


When there are multiple grouping symbols, we 
simplify the innermost parentheses first and work 
outward. 


Simplity: 5-- 23-- 3/6—3(4— 2). 


Are there any 
parentheses (or other 
er 


Vac 


Lvve 


Focus on the 
parentheses that are 


ine Ce ee 


Reanaleata 
VLULIAL LV 


Continue inside the 
brackets and multiply. 
me)» 33 ) QTE cy | 
el Ed en IES 
Continue inside the 
brackets and subtract. 


The expression inside 
the brackets requires 
no further 


Cathteant 
WUYLLULLe 


“ce . 
ceimnlifinaatian 
visti prsr1TUuuiis. 


Are there any 
exponents? Yes. 

¢; ee 
Ser at tinier tail einai 
Is there any 


multiplication or 


. ee 
Aixniainn) Vaa 
ULVEVEVILte LUV 


Multiply. 


Is there any addition of 


Hteantinn? Vac 


ou al 
VUYVLLULLIVIIL. Lvve 


Add. 


Add. 


Simplify: 9+ 53 —[4(9+3)]. 


Simplify: @ (—2)4 © — 24. 


Notice the difference in parts (a) and (b). In 
part (a), the exponent means to raise what is 
in the parentheses, the — 2 to the 4th power. In 
part (b), the exponent means to raise just the 2 
to the 4th power and then take the opposite. 


@ 


(— 2)4 Write in expanded form.(—2)(—2)(-— 2) 
(— 2) Multiply.4(— 2)(— 2) Multiply. — 8(— 2) 
Multiply.16 


® 

— 24 Write in expanded form. — (2:2:2:2) We 
are asked to find the opposite of24. Multiply. 
— (4-2-2) Multiply. — (8-2) Multiply. — 16 


The last example showed us the difference between 
(—2)4 and — 24. This distinction is important to 
prevent future errors. The next example reminds us 
to multiply and divide in order left to right. 


Simplify: © 8(—9)+(—2)3 ® —30+2+(-3) 
(7). 


@ 


8(— 9) (2 )> Expomenisuitst-o( —9).( 1) 
Multiply. —72 +(—8) Divide.9 


® 

— 30+2+(-—3)(—7) Multiply and divide left 
tosight. so dividedirst:— ls — a) <7 
Multiply. —15+21 Add.6 


Po 


Idetnify and Combine Like Terms 


Algebraic expressions are made up of terms. What 
do you think 3x+6x would simplify to? If you 
thought 9x, you would be right! 


We can see why this works by writing both terms as 
addition problems. 


Add the coefficients and keep the same variable. It 
doesn’t matter what x is. If you have 3 of something 
and add 6 more of the same thing, the result is 9 of 
them. For example, 3 oranges plus 6 oranges is 9 
oranges. We will discuss the mathematical 
properties behind this later. 


‘Term 


A term is a constant or the product of a constant 
and one or more variables. 


Examples of terms are 7,y,5x2,9a, and b5. 


Coefficient 


The coefficient of a term is the constant that 
multiplies the variable in a term. 


Think of the coefficient as the number in front of 
the variable. The coefficient of the term 3x is 3. 
When we write x, the coefficient is 1, since x= 1-x. 
Some terms share common traits. When two terms 
are constants or have the same variable and 
exponent, we say they are like terms. 

Look at the following 6 terms. Which ones seem to 
have traits in common? 

5x7n243x9n2 

We say, 

7 and 4 are like terms. 


5x and 3x are like terms. 


n2 and 9n2 are like terms. 


po 


Combine Like Terms 

Terms that are either constants or have the same 
variables raised to the same powers are called like 
terms. 


Identify like terms. Rearrange the expression so 
like terms are together. Add or subtract the 
coefficients and keep the same variable for each 
group of like terms. 


If there are like terms in an expression, you can 
simplify the expression by combining the like terms. 
We add the coefficients and keep the same variable. 
Simplify.4x + 7x + xAdd the coefficients. 12x 


How To Combine Like Terms 


SLND ee ale) cee at ee 
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Evaluate Variable Expressions with 
Integers 


In the last few examples, we simplified expressions 
using the order of operations. Now we'll evaluate 
some expressions—again following the order of 
operations. To evaluate an expression means to 
find the value of the expression when the variable is 


replaced by a given number. 


Evaluate an Expression 
To evaluate an expression means to find the 


value of the expression when the variable is 
replaced by a given number. 


To evaluate an expression, substitute that number 
for the variable in the expression and then simplify 
the expression. 


Evaluate when x=4: @ x2 © 3x © 2x2+3x 
+8. 


BAY LBL 
Use 

definition 

of i 


awnanant 
VaApvireiie 


Simplify. 


Use definitioti 
of exponent. 


Simplify. 


ie ra PV ee 

YxIar- WV 

bo) ew BB, 
Follow the order of 
operations. 


Evaluate when x=3, @ x2 © 4x © 3x2+ 4x 
+1. 


Remember that to evaluate an expression means to 
substitute a number for the variable in the 
expression. Now we can use negative numbers as 
well as positive numbers. 


Evaluate 4x2 — 2xy + 3y2 when x=2,y= —1. 


Simplify 
exponents. 


Multiply. 


This chart shows the number sets that make up the 
set of real numbers. 


Properties of Real Numbers 


We have already described numbers as counting 
numbers, whole numbers, and integers. What is the 
difference between these types of numbers? 
Difference could be confused with subtraction. How 
about asking how we distinguish between these 
types of numbers? 

Counting numbers1,2,3,4.,..... Whole 
numbers0O,1,2,3,4,.... Integers.... —3, — 2, —1,0,1,2,3, 


What type of numbers would we get if we started 
with all the integers and then included all the 
fractions? The numbers we would have form the set 
of rational numbers. A rational number is a 


number that can be written as a ratio of two 
integers. 


In general, any decimal that ends after a number of 
digits (such as 7.3 or — 1.2684) is a rational 
number. We can use the place value of the last digit 
as the denominator when writing the decimal as a 
fraction. The decimal for 13 is the number 0.3-. The 
bar over the 3 indicates that the number 3 repeats 
infinitely. Continuously has an important meaning 
in calculus. The number(s) under the bar is called 
the repeating block and it repeats continuously. 


Since all integers can be written as a fraction 
whose denominator is 1, the integers (and so 
also the counting and whole numbers. are 
rational numbers. 


Rational Number 
A rational number is a number that can be 
ritten both as a ratio of integerspq, where p and q 


are integers and q~0, and as a decimal that stops or 
repeats. 
Its decimal form stops or repeats. 


Are there any decimals that do not stop or repeat? 
Yes! The number x (the Greek letter pi, pronounced 


“pie”), which is very important in describing circles, 
has a decimal form that does not stop or repeat. We 
use three dots (...) to indicate the decimal does not 

stop or repeat. 

w= 3.141592654... 


The square root of a number that is not a perfect 
square is a decimal that does not stop or repeat. 


Irrational Number 
An irrational number is a number that cannot be 
written as the ratio of two integers. I.e. A number 


whose decimal form does not stop or repeat cannot 
be written as a fraction of integers. We call this an 
irrational number. 


Let’s summarize a method we can use to determine 
whether a number is rational or irrational. 


Rational or Irrational 
If the decimal form of a number 


* repeats or stops, the number is a rational 


number. 
* does not repeat and does not stop, the number is 


an irrational number. 


We have seen that all counting numbers are whole 
numbers, all whole numbers are integers, and all 
integers are rational numbers. The irrational 
numbers are numbers whose decimal form does not 
stop and does not repeat. When we put together the 
rational numbers and the irrational numbers, we get 
the set of real numbers. 


Real Number 


A real number is a number that is either rational 
or irrational. 


Later in this course we will introduce numbers 
beyond the real numbers. [link] illustrates how the 
number sets we’ve used so far fit together. 


Does the term “real numbers” seem strange to you? 
Are there any numbers that are not “real,” and, if 
so, what could they be? Can we simplify — 25? Is 
there a number whose square is — 25? 

Q2= — 25? 


None of the numbers that we have dealt with so far 
has a square that is — 25. Why? Any positive 
number squared is positive. Any negative number 
squared is positive. So we say there is no real 
number equal to — 25. The square root of a negative 
number is not a real number. 


Given the numbers — 7,145,8,5,5.9, — 64, list 
the @ whole numbers © integers © rational 
numbers @ irrational numbers © real 
numbers. 


@ Remember, the whole numbers are 0,1,2,3, 
..., SO 8 is the only whole number given. 


© The integers are the whole numbers and 
their opposites (which includes 0). So the 
whole number 8 is an integer, and —7 is the 
opposite of a whole number so it is an integer, 
too. Also, notice that 64 is the square of 8 so 
—64= —8. So the integers are — 7,8, and 

— 64. 


© Since all integers are rational, then —7,8, 
and — 64 are rational. Rational numbers also 
include fractions and decimals that repeat or 
stop, so 145 and 5.9 are rational. So the list of 
rational numbers is —7,145,8,5.9, and — 64. 


@ Remember that 5 is not a perfect square, so 
5 is irrational. 


© All the numbers listed are real numbers. 


Using Commutatitve and Associative Properties 
The order we add two numbers doesn’t affect the 
result. If we add 8+ 9 or 9+8, the results are the 
same—they both equal 17. So, 8+9=9+8. The 
order in which we add does not matter! 


Similarly, when multiplying two numbers, the order 
does not affect the result. If we multiply 9-8 or 8-9 
the results are the same—they both equal 72. So, 
9-8 = 8:9. The order in which we multiply does not 
matter! 


These examples illustrate the Commutative 
Property. 


Commutative Property 
of AdditionIfaandbare real numbers, thena+b=b 
+a. of MultiplicationIfaandbare real numbers, 


thena:b = b-a. 
When adding or multiplying, changing the order 
gives the same result. 


The Commutative Property has to do with order. We 
subtract 9—8 and 8—9, and see that 9-88-49. 
Since changing the order of the subtraction does not 
give the same result, we know that subtraction is not 
commutative. 


Division is not commutative either. Since 
12+3243-+12, changing the order of the division 
did not give the same result. The commutative 
properties apply only to addition and multiplication! 
Subtraction and division are not commutative. 


When adding three numbers, changing the grouping 
of the numbers gives the same result. For example, 
(7+8)+2=7+(8+2), since each side of the 
equation equals 17. 


This is true for multiplication, too. For example, 
(5:13)-3 = 5-(13-3), since each side of the equation 
equals 5. 


These examples illustrate the Associative Property. 


Associative Property 
of AdditionIfa,b,andcare real numbers, then(a 
+b)+c=a+(b+c). of MultiplicationIfa,b,andcare 


real numbers, then(a:b)-c=a-(b:c). 
When adding or multiplying, changing the grouping 
gives the same result. 


The Associative Property has to do with grouping. If 
we change how the numbers are grouped, the result 
will be the same. Notice it is the same three 


numbers in the same order—the only difference is 
the grouping. 


We saw that subtraction and division were not 
commutative. They are not associative either. 
(10-—3)-2410-(38-2)(24+ 4) +2424+(4+2) 
7-—2410—-16+2424+252493412 


When simplifying an expression, it is always a good 
idea to plan what the steps will be. In order to 
combine like terms in the next example, we will use 
the Commutative Property of addition to write the 
like terms together. 


Simplify: 18p+6q+15p+5q. 


18p+6q+15p+5q Use the Commutative 
Property of addition tol18p + 15p+6q+5q 
reorder so that like terms are together. Add 
like terms. 23p— 11g 


Simplify: 23r+14s+9r+15s. 


32r+ 29s 


When we have to simplify algebraic expressions, we 
can often make the work easier by applying the 
Commutative Property or Associative Property first. 


Simplify: (513+ 34)+14. 


(513+ 34)+14 Notice that the last 2 terms 


have a commondenominator, so change the 
grouping.513 + (34+ 14) Add in parentheses 
first.513 + (44) Simplify the fraction.513 +1 
Add.1513 Convert to an improper 
fraction.1813 


Identity, Inverse, and Zero Properties 


What happens when we add 0 to any number? 
Adding 0 doesn’t change the value. For this reason, 
we call 0 the additive identity. The Identity 
Property of Addition that states that for any real 
number a,a+O=a and 0+a=a. 


What happens when we multiply any number by 
one? Multiplying by 1 doesn’t change the value. So 
we call 1 the multiplicative identity. The Identity 
Property of Multiplication that states that for any 
real number a,a:1 =a and 1l-a=a. 


Identity Property 
of AdditionFor any real numbera:a+0=a0+a=a 


Ois theadditive identity of MultiplicationFor any 
real numbera:a:1 =al-a=a lis themultiplicative 
identity 


What number added to 5 gives the additive identity, 
0? We know 


We call —a the additive inverse of a. The opposite 
of a number is its additive inverse. A number and its 
opposite add to zero, which is the additive identity. 
This leads to the Inverse Property of Addition that 
states for any real number a,a+(—a)=0. 


What number multiplied by 23 gives the 
multiplicative identity, 1? In other words, 23 times 
what results in 1? We know 


We call 1a the multiplicative inverse of a. The 
reciprocal of a number is its multiplicative inverse. This 
leads to the Inverse Property of Multiplication 
that states that for any real number a,a#0,a-la=1. 


Inverse Property 
of AdditionFor any real numbera,a+(—a)=0 —ais 
theadditive inverseofa A number and 


itsoppositeadd to zero. of MultiplicationFor any 
real numbera,a~0,a'la=1. lais themultiplicative 
inverseofa. A number and itsreciprocalmultiply to 
one. 


The Identity Property of addition says that when we 
add 0 to any number, the result is that same 
number. What happens when we multiply a number 
by 0? Multiplying by 0 makes the product equal 
zero. 


What about division involving zero? What is 0 + 3? 
Think about a real example: If there are no cookies 
in the cookie jar and 3 people are to share them, 
how many cookies does each person get? There are 
no cookies to share, so each person gets 0 cookies. 
So, 0+3=0. 


We can check division with the related 
multiplication fact. So we know 0+3=0 because 
0:3=0. 


Now think about dividing by zero. What is the result 
of dividing 4 by 0? Think about the related 
multiplication fact: 


Is there a number that multiplied by 0 gives 4? 
Since any real number multiplied by 0 gives 0, there 
is no real number that can be multiplied by 0 to 
obtain 4. We conclude that there is no answer to 
4+0 and so we say that division by 0 is undefined. 


Properties of Zero 
Multiplication by Zero: For any real number a, 
a0 = 00-a=OThe product of any number and 0 is 0. 


Division by Zero: For any real number a, a~0 
Oa=OZero divided by any real number, except 
itself, is zero. ais undefinedDivision by zero is 
undefined. 


We will now practice using the properties of 
identities, inverses, and zero to simplify expressions. 


Simplify: —84n+ (—73n)+ 84n. 


— 84n+(—73n)+84n Notice that the first and 
third terms areopposites; use the Commutative 
Property ofaddition to re-order the terms. 

— 84n+ 84n+(— 73n) Add left to 

right.0 + (— 73n) Add. —73n 


Simplify: —27a+(— 48a) + 27a. 


Now we will see how recognizing reciprocals is 
helpful. Before multiplying left to right, look for 
reciprocals—their product is 1. 


Simplify: 715-823-157. 


715°823:157 Notice the first and third termsare 
reciprocals, so use the CommutativeProperty 
of multiplication to re-order 


thefactors.715-157-823 Multiply left to 
right.1-823 Multiply.823 


The next example makes us aware of the distinction 
between dividing 0 by some number or some 
number being divided by 0. 


Simplify: @ On+5, where n¥ —5 © 10-—3p0, 
where 10—3p 0. 


@ 
On+5 Zero divided by any real number except 
itself is 0.0 


® 
10 —3p0 Division by 0 is undefined.undefined 


Simplify: © Om+7, where m# —7 © 


18—6c0, where 18— 6c ~0. 


@ 0 ® undefined 


Distributive Property 


Suppose that three friends are going to the movies. 
They each need $9.25—that’s 9 dollars and 1 
quarter—to pay for their tickets. How much money 
do they need all together? 


You can think about the dollars separately from the 
quarters. They need 3 times $9 so $27 and 3 times 1 
quarter, so 75 cents. In total, they need $27.75. If 
you think about doing the math in this way, you are 
using the Distributive Property. 


Distributive Property 


Ifa,b,andcare real numbers, thena(b+ c)=ab+ac (b 
+c)a=ba+ca a(b—c)=ab-—ac (b—c)a=ba—ca 


In algebra, we use the Distributive Property to 
remove parentheses as we simplify expressions. 


Simplify: 3(x+ 4). 


3(x + 4) Distribute.3-x + 3-4 Multiply.3x +12 


Simplify: 4(x+ 2). 


Some students find it helpful to draw in arrows to 
remind them how to use the Distributive Property. 
Then the first step in [link] would look like this: 


Simplify: 8(38x + 14). 


Distribute. 


Multiply. 


Simplify: 6(56y + 12). 


Using the Distributive Property as shown in the next 
example will be very useful when we solve money 
applications in later chapters. 


Simplify: 100(0.3 + 0.25q). 


Distribute. 


Multiply. 


When we distribute a negative number, we need to 
be extra careful to get the signs correct! 


Simplify: —11(4—3a). 


— 11(4-3a) Distribute. —11-4—(-—11):3a 


Multiply. — 44 —(— 33a) Simplify. —44+33a 


Notice that you could also write the result as 
33a—44. Do you know why? 


In the next example, we will show how to use the 
Distributive Property to find the opposite of an 
expression. 


Simplify: —(y +5). 


—(y+5) Multiplying by—1results in the 
Gpposite._1¢y 4-5) Disitipute. — ly) a 
Simplify. —y+(—5) Simplify.—y—5 


Simplify: —(x— 4). 


There will be times when we'll need to use the 
Distributive Property as part of the order of 
operations. Start by looking at the parentheses. If 
the expression inside the parentheses cannot be 
simplified, the next step would be multiply using the 
Distributive Property, which removes the 
parentheses. The next two examples will illustrate 
this. 


Simplify: 8 — 2(x +3) 


We follow the order of operations. 
Multiplication comes before subtraction, so we 
will distribute the 2 first and then subtract. 


8 — 2(x+3) Distribute.8 — 2:x — 2:3 
Multiply.8 — 2x —6 Combine like terms. — 2x 
+2 


Simplify: 44x — 8) — (x +3). 


4(x — 8) —(x+3) Distribute.4x —32-—x-3 


Combine like terms.3x — 35 


All the properties of real numbers we have used in 
this chapter are summarized here. 


Commutative Property 
When adding or multiplying, changing the order 
gives the same result 


of additionIfa,bare real numbers, thena+ b=b+a of 
KH 


multinlinatinnifa harn vranal nssmbhara thana.h — 
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Associative Property 
When adding or multiplying, changing the grouping 
gives the same result. 


of additionIfa,b,andcare real numbers, then(a 


+b)+c=a+(b+c) of hugh em asa 
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Distributive propery = 


Ifa,b,andcare real numbers, thena(b+c)=ab+ac (b 
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Identity Property 


of additionFor any real numbera:a+ 0=a Ois 
theadditive identityO + a=a of multiplicationFor any 
real numbera:a‘1 =a lis themultiplicative 
identityl-a=a 


Inverse Property 


of additionFor any real numbera,a+(—a)=0 —ais 
theadditive inverseofa A number and itsoppositeadd 
to zero. of multiplicationFor any real 

numbera,a ~ 0a'la=1 lais themultiplicative 
inverseofa A number and itsreciprocalmultiply to 


ann 
Vile 


Properties of Zero 

For any real numbera,a-0 = 0 0-a=0 For any real 
numbera,a ~ 0,0a=0 For any real numbera,aOis 
undefined 


Key Concepts 


* Opposite Notation 
—ameans the opposite of the numbera The 
notation — ais read as “the opposite ofa.” 

¢ Absolute Value 


The absolute value of a number is its distance 
from 0 on the number line. 

The absolute value of a number n is written as | 
n| and |n| =0 for all numbers. 

Absolute values are always greater than or 
equal to zero. 

Grouping Symbols 

Parentheses()Braces{} Brackets[] Absolute 
value] | 

Subtraction Property 

a—b=a+(—b) 

Subtracting a number is the same as adding its 
opposite. 

Multiplication and Division of Signed 
Numbers 

For multiplication and division of two signed 
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* Two negatives Positive 
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+ Negative and positive Negative 


If the signs are different, the result is negative. 
Multiplication by —1 
—la=-a 


Multiplying a number by —1 gives its opposite. 
How to Use Integers in Applications. 


Read the problem. Make sure all the words and 
ideas are understood Identify what we are 
asked to find. Write a phrase that gives the 
information to find it. Translate the phrase to 
an expression. Simplify the expression. 
Answer the question with a complete sentence. 


Commutative Property 
When adding or multiplying, changing the order 
gives the same result 


of additionIfa,bare real numbers, thena+b=b-+a of 


multinlinatinnlfa hasan vranal nsamhbhara thana.h — hb. a 
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Associative Property 
When adding or multiplying, changing the grouping 
gives the same result. 


of additionIfa,b,andcare real numbers, then(a 


+b)+c=a+(b+c) of multiplicationIfa,b,andcare 


peut Thuliuwciv, tare vy a ua Ww “Ly 


Distributive Property 


Ifa,b,andcare real numbers, ee +c)=ab+ac (b 
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Identity Property 


of additionFor any real numbera:a+ 0=a Ois 
theadditive identityO + a=a of multiplicationFor any 
real numbera:a-1 =a lis themultiplicative 


ida x71 are —_— oO 
identif-la —a 


Inverse Property 


of additionFor any real numbera,a+(—a)=0 —ais 
theadditive inverseofa A number and itsoppositeadd 
to zero. of multiplicationFor any real 

numbera,a ~ 0a'la=1 lais themultiplicative 
inverseofa A number and itsreciprocalmultiply to 


ann 
Vile 


Properties of Zero 

For any real numbera,a-0 = 0 0-a=O For any real 
numbera,a = 0,0a=0 For any real numbera,aOis 
undefined 


Practice Makes Perfect 
Simplify Expressions with Absolute Value 


In the following exercises, fill in <,>, or = for 
each of the following pairs of numbers. 


2 Thee 7 


®6_—|-6| 
©) 11.11 
@ —(-13)__—]-13| 


@a@>®>+>O>@> 


OS ]2 || 2 
Or2i2 i109) 
© |-3|_—3 


@ |-—19|__ —(-19) 


@=@O=0O>@= 
In the following exercises, simplify. 


|15—7|—|14-6 


18—|12—4(4-1)+3] 


15 


25—[10=—(3=—12}] 


In the following exercises, evaluate each expression. 


y +(—14) when 
@ y= -—33 © y=30 


@ —47 © 16 


(x+y)2 when 
x=—-3,y=14 


121 


9a—2b—8 when 
a= -—6andb=-3 


—56 


Use Integers in Applications 


In the following exercises, solve. 


Temperature On January 15, the high 
temperature in Anaheim, California, was 84’. 


That same day, the high temperature in 
Embarrass, Minnesota, was — 12°. What was the 
difference between the temperature in Anaheim 
and the temperature in Embarrass? 


96° 


Football On the first down, the Chargers had 
the ball on their 25-yard line. On the next three 
downs, they lost 6 yards, gained 10 yards, and 
lost 8 yards. What was the yard line at the end 
of the fourth down? 


Ak 


Checking Account Mayra has $124 in her 
checking account. She writes a check for $152. 
What is the new balance in her checking 
account? 


— $28 


Glossary 


absolute value 
The absolute value of a number is its distance 


from O on the number line. 


integers 
The whole numbers and their opposites are 
called the integers. 


negative numbers 
Numbers less than 0 are negative numbers. 


opposite 
The opposite of a number is the number that 
is the same distance from zero on the number 
line but on the opposite side of zero. 


Exponents and Scientific Notation (P2) 
By the end of this section, you will be able to: 


* Round Decimals 

¢ Simplify expressions using the properties for 
exponents 

* Use the definition of a negative exponent 

¢ Use scientific notation 


This Module supports section P2 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Rounding Decimals [link] 


. Simplify Expressions Using Properties of 
Exponents [link] 

. Use the Definition of Negative Exponent [link] 

. Summary of Exponent Rules [link] 

. Using Scientific Notation [link] 

. Key Concepts [link] 


Round Decimals 


Decimals are another way of writing fractions whose 
denominators are powers of ten. 

0.1=110is “one tenth” 0.01=1100is “one 
hundredth” 0.001 = 11000is “one thousandth” 
0.0001 =110,000is “one ten-thousandth” 


Just as in whole numbers, each digit of a decimal 

corresponds to the place value based on the powers 
of ten. [link] shows the names of the place values to 
the left and right of the decimal point. 


When we work with decimals, it is often necessary 
to round the number to the nearest required place 
value. We summarize the steps for rounding a 
decimal here. 


Locate the given place value and mark it with an 
arrow. Underline the digit to the right of the place 
value. Is the underlined digit greater than or equal 
to 5? 


* Yes: add 1 to the digit in the given place 
value. 

* No: do not change the digit in the given place 
value 


Rewrite the number, deleting all digits to the right 
of the rounding digit. 


Round 18.379 to the nearest @ hundredth © 


tenth © whole number. 


Round 18.379. 


@ to the nearest hundredth 


Locate the hundredths 
place with an arrow. 


Underline the digit tc 
the right of the given 


Te PS 
Because 9 is greater 


than or equal to 5, acd 


1 
th 
Rewrite the number, 

deleting all digits to 

th 

right of the rounding 


Aicit 
U161t- 


Notice that the deleted 


digits were NOT 
a 


® to the nearest tenth 


Locate the tenths place 
with an arrow. 


ae 
Underline the digit tc 
the right of the 


gl 


eS 
Because 7 is greater 


than or equal to 5 
az 


SS a 
Rewrite the number, 


deleting all digits to 


bh 


eaundina Aiait 
2UULIUILIG U1B1l. 


Notice that the deleted 


digits were NOT 
a 


© to the nearest whole number 


Locate the ones place 
with an arrow. 


Underline the digit tc 
the right of the 


gl 


Ls 
Since 3 is not greater 


than or equal to 5 
rs 


a ST 
Rewrite the number, 


deleting all digits to 


ha 


roaundina Aiacit 
2UULIUILIG U1B1l. 


Round 6.582 to the nearest ® hundredth © 


tenth © whole number. 


Round 15.2175 to the nearest @ thousandth 
® hundredth © tenth. 


@ 15.218 © 15.22 
© 152 


Simplify Expressions Using the Properties 
for Exponents 


Remember that an exponent indicates repeated 
multiplication of the same quantity. For example, in 
the expression am, the exponent m tells us how many 
times we use the base a as a factor. 


Let’s review the vocabulary for expressions with 
exponents. 


Exponential Notation 


a"=— exponent a” means multiply a, m times 


t 


base av"=araea-.....° a 
Lf 


m factors 


This is read a to the mth power. 
In the expression am, the exponent m tells us how 
many times we use the base a as a factor. 


When we combine like terms by adding and 
subtracting, we need to have the same base with the 
same exponent. But when you multiply and divide, 
the exponents may be different, and sometimes the 
bases may be different, too. 


First, we will look at an example that leads to the 
Product Property. 


What does this mean? 


Notice that 5 is the sum of the exponents, 2 and 3. 
We see x2:x3 is x2 +3 or x5. 


The base stayed the same and we added the 
exponents. This leads to the Product Property for 
Exponents. 


Product Property for Exponents 

If a is a real number and m and n are integers, then 
am-an=am-+n 

To multiply with like bases, add the exponents. 


Simplify each expression: @ y5-y6 © 2x-23x 
© 2a7-3a. 


lus? _e 17° 
——r 2 
Use the Product 
Property, am:an=am 
iy | 


Simplify. 
yr 


® 


Use the Product 
Property, am-an=am 
a 

Simplify. 


© 


Rewrite, a=al. 


Use the Commutative 
Property and 
us Cea uct 


Property, am-an=am 
Simplify. 
oo 


@ 


Add the exponents, 


since bases are the 
——— 


vu 


Simplify. 


Simplify each expression: 


@ b9-b8 © 42x-4x © 3p5-4p © x6-x4-x8. 


® b17 © 43x © 12p6 
@ x18 


Simplify each expression: 


@ x12-x4 © 10:10x © 2z:6z7 @ b5-b9-b5. 


@® x16 © 10x+1 © 1228 
@ b19 


Now we will look at an exponent property for 
division. As before, we’ll try to discover a property 
by looking at some examples. 


Wu1LoLUe AVAL anu AGAY 


What do XXX'X'XX'X X*XX'X'X 
+h atirmaann') 

Lette ALLWUULIL, 

Use the X°X'X'X'KX'X XX: 1xX'x'x 
Equivalent 

Fractions 

Dranartrr 

AR L VE ty e 

Simplify. x3 1x 


Notice, in each case the bases were the same and we 
subtracted exponents. We see x5x2 is x5—2 or x3. 
We see x2x3 is or 1x. When the larger exponent was 
in the numerator, we were left with factors in the 
numerator. When the larger exponent was in the 
denominator, we were left with factors in the 
denominator--notice the numerator of 1. When all 
the factors in the numerator have been removed, 
remember this is really dividing the factors to one, 
and so we need a 1 in the numerator. xx=1. This 
leads to the Quotient Property for Exponents. 


Quotient Property for Exponents 
If ais a real number, a#0O, and m and n are 


integers, then 
aman =am—n,m>nandaman=lan—m,n>m 


Simplify each expression: @ x9x7 © 31032 © 


b8b12 @© 7375. 


To simplify an expression with a quotient, we 
need to first compare the exponents in the 
numerator and denominator. 


@ 


Since 9>7, there are 
more factors of x in tie 
n11 ator 

a : 

Use Quotient Property, 
aman=am-—n. 


Simplify. 


® 


Since 10> 2, there are 
more factors of 3 in the 
N11 ator 

Use Quotient Property, 
aman =am-—n. 


Simplify. 


Notice that when the larger exponent is in the 
numerator, we are left with factors in the 
numerator. 


© 


Since 12>8, there are 
more factors of b in the 
de eevee. 

Dt 


Use Quotient Property, 
aman=lan—m. 


a 
Simplify. 


Since 5>3, there are 
more factors of 3 in the 
de 1inator. 

_ 


Use Quotient Property, 
aman=lan—m. 


— 
Simplify. 


a 
7 
Simplify. 


Notice that when the larger exponent is in the 
denominator, we are left with factors in the 
denominator. 


Simplify each expression: @ x15x10 © 61465 
© x18x22 @ 12151230. 


@ x5 © 69 © 1x4 
@ 11215 


A special case of the Quotient Property is when the 
exponents of the numerator and denominator are 
equal, such as an expression like amam. We 
know,xx = 1, for any x(x #0) since any number 
divided by itself is 1. 


The Quotient Property for Exponents shows us how 
to simplify amam. when m>n and when n<m by 
subtracting exponents. What if m=n? We will 
simplifyamam in two ways to lead us to the 
definition of the Zero Exponent Property. In 
general, for a0: 


We see amam simplifies to a0 and to 1. So a0=1. 
Any non-zero base raised to the power of zero 
equals 1. 


Zero Exponent Property 
If a is a non-zero number, then a0=1. 


If a is a non-zero number, then a to the power of 
zero equals 1. 
Any non-zero number raised to the zero power is 1. 


In this text, we assume any variable that we raise to 
the zero power is not zero. 


Simplify each expression: @ 90 © no. 


The definition says any non-zero number 
raised to the zero power is 1. 


@ 


90 Use the definition of the zero exponent.1 


® 


nO Use the definition of the zero exponent.1 


To simplify the expression n raised to the zero 
power we just use the definition of the zero 
exponent. The result is 1. 


Simplify each expression: @ 110 © qO. 


Use the Definition of a Negative Exponent 


We saw that the Quotient Property for Exponents 
has two forms depending on whether the exponent 
is larger in the numerator or the denominator. What 
if we just subtract exponents regardless of which is 
larger? 


Let’s consider x2x5. We subtract the exponent in the 
denominator from the exponent in the numerator. 
We seex2x5 Is X2—5 orx—3. 


We can also simplify x2x5 by dividing out common 
factors: 


This implies that x -3=1x3 and it leads us to the 
definition of a negative exponent. If n is an integer 
and a~0, then a—n=1an. 


Let’s now look at what happens to a fraction whose 
numerator is one and whose denominator is an 
integer raised to a negative exponent. 


la—n Use the definition of a negative exponent,a 
—n=1lan.11lan Simplify the complex fraction.1-an1 
Multiply.an 


This implies 1a—n=an and is another form of the 
definition of Properties of Negative Exponents. 


Properties of Negative Exponents 


If n is an integer and a~0, then a—n=1an or la 
—n=an. 


The negative exponent tells us we can rewrite the 


expression by taking the reciprocal of the base and 
then changing the sign of the exponent. 


Any expression that has negative exponents is not 
considered to be in simplest form. We will use the 
definition of a negative exponent and other 
properties of exponents to write the expression with 
only positive exponents. 


For example, if after simplifying an expression we 
end up with the expression x — 3, we will take one 
more step and write 1x3. The answer is considered 
to be in simplest form when it has only positive 
exponents. 


Simplify each expression: @ x—5 © 10-3 © 


ly—4 @ 13-2. 


@ 
x —5 Use the definition of a negative 
exponent,a—n=1an.1x5 


® 
10—3 Use the definition of a negative 
exponent,a —n=1an.1103 Simplify.11000 


© 


ly —4 Use the property of a negative 
exponent, la—n=an.y4 


@ 
13—2 Use the property of a negative 
exponent, la—n=an.32 Simplify.9 


Simplify each expression: @ z—3 © 10-7 © 
1p—8 © 14-3. 


@ 1z3 © 1107 © p8 @ 64 


Suppose now we have a fraction raised to a negative 
exponent. Let’s use our definition of negative 
exponents to lead us to a new property. 


(34) — 2 Use the definition of a negative exponent,a 
—n=1an.1(34)2 Simplify the denominator.1916 
Simplify the complex fraction.169 But we know 
that169is(43)2. This tells us that(34) — 2 =(43)2 


To get from the original fraction raised to a negative 
exponent to the final result, we took the reciprocal 
of the base—the fraction—and changed the sign of 


the exponent. 


This leads us to the Quotient to a Negative Power 
Property. 


Quotient to a Negative Power Property 
If a and b are real numbers, a~0,b~0 and n is an 


Simplify each expression: @ (57)—2 © 
(=xy) =: 


@ 

(57) — 2 Use the Quotient to a Negative 
Exponent Property,(ab) —n=(ba)n.Take the 
reciprocal of the fraction and change the sign 
of the exponent.(75)2 Simplify.4925 


® 

(—xy)—3 Use the Quotient to a Negative 
Exponent Property,(ab) —n=(ba)n.Take the 
reciprocal of the fraction and change the sign 
of the exponent.( — yx)3 Simplify. — y3x3 


Simplify each expression: @ (23)—4 © 
(—mn)-—2. 


@ 8116 © n2m2 


Now that we have negative exponents, we will use 
the Product Property with expressions that have 
negative exponents. 


Simplify each expression: @ z—5:z—3 © 


(m4n—3)(m—5n—-2) © (2x—6y8)( —5x5y 
— 3). 


@ 

z—5z—3 Add the exponents, since the bases 
are the same.z—5—3 Simplify.z—8 Use the 
definition of a negative exponent.1z8 


® 

(m4n — 3)(m—5n-— 2) Use the Commutative 

Property to get likebases together.m4m — 5-n 
— 2n—3 Add the exponents for each base.m 


—1n—5 Take reciprocals and change the signs 
of the exponents.1m1-:1n5 Simplify.1mn5 


© 

(2x — 6y8)(— 5x5y — 3) Rewrite with the like 
bases together. 2( — 5)-(x — 6x5)-(y8y — 3) 
Multiply the coefficients and add the 
exponentsof each variable. — 10-x—1-y5 Use 
the definition of a negative exponent,a 
—n=1lan.—10-1x-y5 Simplify. — 10y5x 


Simplify each expression: 


@ z—42-—5 © (p6q—2)(p—9q—-1) © Gu 


— 5v7)(—4u4v— 2). 


® 129 © 1p3q3 © —12v5u 


Now let’s look at an exponential expression that 
contains a power raised to a power. See if you can 
discover a general property. 


(x2)3 What does this mean?x2:x2:x2 


How many factors 
altogether? 


So we have 


Notice the 6 is the product of the exponents, 2 and 3. 
We see that (x2)3 is x2°3 or x6. 


We multiplied the exponents. This leads to the 
Power Property for Exponents. 


Power Property for Exponents 

If a is a real number and m and n are integers, then 
(am)n=am-n 

To raise a power to a power, multiply the 
exponents. 


Simplify each expression: @ (y5)9 © (44)7 © 
(y3)6(y5)4. 


Use the Power 
Property, (am)n=am_n. 
leg?" >] 


Simplify. 


© 


Use the Power 
Property. 

L__ 
Simplify. 

ae 


© 
(y3)6(y5)4 Use the Power Property.y18-y20 
Add the exponents.y38 


Simplify each expression: @ (b7)5 © (54)3 © 
(a4)5(a7)4. 


@ b35 © 512 © a48 


We will now look at an expression containing a 
product that is raised to a power. Can you find this 
pattern? 


(2x)3 What does this mean?2x:2x-2x We group the 
like factors together.2-2:2-x-x-x How many factors of 
2 and ofx23-x3 


Notice that each factor was raised to the power and 
(2x)3 is 23-x3. 


The exponent applies to each of the factors! This 
leads to the Product to a Power Property for 
Exponents. 


Product to a Power Property for Exponents 
If a and b are real numbers and m is a whole 


To raise a product to a power, raise each factor to 
that power. 


Simplify each expression: ® (— 3mn)3 © 
(—4a2b)0 © (6k3)—2 @ (5x-—3)2. 


Use Power of a Product 
Property, 
(- 1... 


G4 pg FFL ilies 


Simplify. 


® 

(—4a2b)0 Use Power of a Product Property, 
(ab)m = ambm.(— 4)0(a2)0(b)0 Simplify.1-1-1 
Multiply.1 


© 

(6k3) —2 Use the Product to a Power Property, 
(ab)m = ambm.(6) — 2(k3) — 2 Use the Power 
Property,(am)n = am-n.6 — 2k —6 Use the 
Definition of a negative exponent,a 
—n=1an.162-1k6 Simplify.136k6 


@ 

(5x — 3)2 Use the Product to a Power Property, 
(ab)m = ambm.52(x — 3)2 Simplify.25-x — 6 
Rewritex — 6using,a—n= 1an.25:1x6 
Simplify.25x6 


Simplify each expression: @ (2wx)5 © 
(—11pq3)0 © (2b3)—4 @ (8a—4)2. 


@ 32w5x5 ® 1 © 116b12 
@ 64a8 


Now we will look at an example that will lead us to 
the Quotient to a Power Property. 


(xy)3 This meansxy-xy-xy Multiply the 
fractions.x-x:xy-y‘'y Write with exponents.x3y3 


Notice that the exponent applies to both the 
numerator and the denominator. 


We see that (xy)3 is x3y3. 


This leads to the Quotient to a Power Property for 
Exponents. 


Quotient to a Power Property for Exponents 
If a and b are real numbers, b~0, and m is an 


To raise a fraction to a power, raise the numerator 
and denominator to that power. 


Simplify each expression: 


® (b3)4 © (kj) —3 © (2xy2z)3 @ (4p — 3q2)2. 


= 
Use Quotient to a 


Power Property, 
(a =ambm. 
=m 


Simplify. 


® 


a 
Raise the numerator 


and denominator to the 
po 
Use the definition of 


| exponent. 


— 
Multiply. 


© 

(2xy2z)3 Use Quotient to a Power Property, 
(ab)m = ambm.(2xy2)3z3 Use the Product to a 
Power Property,(ab)m = ambm.8x3y6z3 


@ 

(4p — 3q2)2 Use Quotient to a Power Property, 
(ab)m = ambm.(4p — 3)2(q2)2 Use the Product 
to a Power Property,(ab)m = ambm.42(p 

— 3)2(q2)2 Simplify using the Power Property, 
(am)n =am-n.16p — 6q4 Use the definition of 
negative exponent.16q4-1p6 Simplify.16p6q4 


Simplify each expression: 


@ (p10)4 © (mn)—7 ©(3ab3c2)4 @ (3x 
= PAS) Be 


@ p410000 © n7m7 
© 81a4b12c8 @ 27x6y9 


Simplify each expression: 


@ (—2q)3 © (wx)-—4 © (xy33z2)2 @ (2m 


— 2n—2)3. 


@ —8q3 © x4w4 © x2y69z4 


@ 8n6m6 


We now have several properties for exponents. Let’s 
summarize them and then we’ll do some more 
examples that use more than one of the properties. 


Summary of Exponent Properties 
If a and b are real numbers, and m and n are 
integers, then 
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Simplify each expression by applying several 
properties: 


@ (3x2y)4(2xy2)3 © (x3)4(x— 2)5(x6)5 © 
Cxv2xgy— 2) Clo xy oxo — 1) ie 


@ 

(3x2y)4(2xy2)3 Use the Product to a Power 
Property,(ab)m = ambm.(34x8y4)(23x3y6) 
Simplify.(81x8y4)(8x3y6) Use the 
Commutative Property.81:8-x8-x3-y4-y6 
Multiply the constants and add the 
exponents.648x1ly10 


® 

(x3)4(x — 2)5(x6)5 Use the Power Property, 
(am)n = am-n.(x12)(x — 10)(x30) Add the 
exponents in the numerator.x2x30 Use the 
Quotient Property,aman = lan —m.1x28 


© 

(xy2xsy —2)2( oxy 3oxsy — 1) — 1) Simplity 
inside the parentheses first. 

(2y4x2)2(12y4x2) —1 Use the Quotient to a 
Power Property,(ab)m =ambm. 

(2y4)2(x2)2(1 2y4) — 1(x2) — 1 Use the Product 
to a Power Property, 

(ab)m = ambm.4y8x4-12 —ly —4x—2 
Simplify.4y412x2 Simplify.y43x2 


Simplify each expression: 


@ (c4d2)5(3cd5)4 © (a—2)3(a2)4(a4)5 © 
Gxy 2x27 —3)20 xy — 3x52) — 2 


@ 81c24d30 © 1al18 
© y15 


Use Scientific Notation 


Working with very large or very small numbers can 


be awkward. Since our number system is base ten 
we can use powers of ten to rewrite very large or 

very small numbers to make them easier to work 

with. Consider the numbers 4,000 and 0.004. 


Using place value, we can rewrite the numbers 
4,000 and 0.004. We know that 4,000 means 
4x 1,000 and 0.004 means 4 x 11,000. 


If we write the 1,000 as a power of ten in 
exponential form, we can rewrite these numbers in 
this way: 


A MNN Avw1 nnn Av1Nn2Q 
pen bgvyvvyv vn tUY 


Igvuvv 


0.004 4x11,000 41103 4x10-3 


When a number is written as a product of two 
numbers, where the first factor is a number greater 
than or equal to one but less than ten, and the 
second factor is a power of 10 written in 
exponential form, it is said to be in scientific 
notation. 


Scientific Notation 


A number is expressed in scientific notation when 


it is of the form 
aX 10nwherel <a< 10andnis an integer. 


It is customary in scientific notation to use as the x 
multiplication sign, even though we avoid using this 
sign elsewhere in algebra. 


If we look at what happened to the decimal point, 
we can see a method to easily convert from decimal 
notation to scientific notation. 


In both cases, the decimal was moved 3 places to 
get the first factor between 1 and 10. 


The power of 10 is positive when the number is 
larger than 1: 4,000=4 x 103 


The power of 10 is negative when the number is 
between 0 and 1: 0.004=4x10-—3 


To convert a decimal to scientific notation. 


Move the decimal point so that the first factor is 
greater than or equal to 1 but less than 10. Count 
the number of decimal places, n, that the decimal 
point was moved. Write the number as a product 
with a power of 10. If the original number is. 


* greater than 1, the power of 10 will be 10n. 
* between 0 and 1, the power of 10 will be 
iC San. 


Check. 


Write in scientific notation: @ 37,000 © 
0.0052. 


The original number, 37,000 
37,000, is greater than 
1 


so we will have a 
nnoitiwta naAtaATAY anf 1 


Je See vue ia VVNL VL Ve 


Move the decimal 
point to get 3.7, a 
n 


mn 
WeEeULVVEeLLLE £2 CLLILE LWVe 


Count the number of 
decimal places the 


po 


TATNA matad 
VVCiD LILY VL 


Write as a product with 
a power of 10. 


The original number, 0.0052 
0.0052, is between 0 
and 1 so we will have a 


naantitnsa FAMTATNY af 1 
riw Hcrtive [EASA NSS wi AV, 


Move the decimal 


point to get 5.2, a 
n 
bhotweoon 1 Tn 


an 
VVREeLLL L ULI LVe 


Count the number of 


decimal places the 
a 


TFATNG MHNIT 


Write as a product with 
a power of 10. 


Write in scientific notation: @ 96,000 © 
0.0078. 


@ 9.6x104 © 7.8x10-—3 


Write in scientific notation: @ 48,300 © 
0.0129. 


@ 4.83 x 104 


® 1.29x10-—2 


How can we convert from scientific notation to 
decimal form? Let’s look at two numbers written in 
scientific notation and see. 

9.12 x 1049.12 x 10—4 9.12 x 10,0009.12 x 0.0001 
91,2000.000912 


If we look at the location of the decimal point, we 
can see an easy method to convert a number from 
scientific notation to decimal form. 


In both cases the decimal point moved 4 places. 
When the exponent was positive, the decimal moved 
to the right. When the exponent was negative, the 
decimal point moved to the left. 


Convert scientific notation to decimal form. 


Determine the exponent, n, on the factor 10. Move 
the decimal n places, adding zeros if needed. 


¢ If the exponent is positive, move the decimal 
point n places to the right. 

* If the exponent is negative, move the decimal 
point |n| places to the left. 


Check. 


Convert to decimal form: @ 6.2 x 103 © 
—8.9x 10-2. 


Determine the 


exponent, n, on the 
fantar 11 


AULLYL LVe 


Tha awnnanant ic 2 
2d VCApPULiLite 10 Ue 


Since the exponent is 
positive, move the 


mn tha viaht 
Ly ULL 116110. 


Add zeros as needed 
for placeholders. 
EE “Gio | 0) o 


Determine the The exponent is — 2. 


exponent, n, on the 
fantar 11 


LULELVL LVe 


Since the exponent is 
negative, move the 
de ES 


tn 
w 


Add zeros as needed 
for placeholders. 


LLL LO LLe 


Convert to decimal form: @ 1.3 x 103 © 
—1.2x10—-4. 


@ 1,300 © —0.00012 


Convert to decimal form: @ —9.5x104 © 
7.5X10-2. 


@ —950,000 © 0.075 


When scientists perform calculations with very large 
or very small numbers, they use scientific notation. 
Scientific notation provides a way for the 
calculations to be done without writing a lot of 
zeros. We will see how the Properties of Exponents 
are used to multiply and divide numbers in 
scientific notation. 


Multiply or divide as indicated. Write answers 
in decimal form: @ (—4x105)(2x 10-7) © 
9x 1033:.x 10—Z. 


@ 

(—4x105)(2 x 10—7) Use the Commutative 
Property to rearrange the factors. 

— 4-2:105:10 —7 Multiply. — 8 x 10 —2 Change 
to decimal form by moving the decimal 
twoplaces left. —0.08 


© 
9 x 1039 x 10— 2 Separate the factors, 


rewriting as the product of 
twofractions.93 x 10310 — 2 Divide.3 x 105 
Change to decimal form by moving the 
decimal fiveplaces right.300,000 


Multiply or divide as indicated. Write answers 
in decimal form: 


@ (—3x105)(2 x 10-8) © 8x1024x10-2. 


@ —0.006 ® 20,000 


Multiply or divide as indicated. Write answers 
in decimal form: 


@;(-3x10-—2)(3x 10-1) © 
8x 1042x10-1. 


@ —0.009 ® 400,000 


Access these online resources for additional 
instruction and practice with using multiplication 
properties of exponents. 


* Exponential Notation 

* Properties of Exponents 

¢ Zero Exponent 
Simplify Exponent Expressions 
Quotient Rule for Exponents 
Scientific Notation 
Converting to Decimal Notation 


Key Concepts 


Exponential Notation 


This is read a to the mth power. 

In the expression am, the exponent m tells us 
how many times we use the base a as a factor. 
Product Property for Exponents 

If a is a real number and m and n are integers, 
then 

am-an=am+n 

To multiply with like bases, add the exponents. 
Quotient Property for Exponents 

If ais a real number, a~0, and m and n are 
integers, then 

aman = am —n,m>nandaman=1lan—m,n>m 
Zero Exponent 


© If ais a non-zero number, then a0=1. 

© If ais a non-zero number, then a to the 
power of zero equals 1. 

© Any non-zero number raised to the zero 
power is 1. 


Negative Exponent 


© Ifnis an integer and a~0, then a—n=1an 
or la—n=an. 


Quotient to a Negative Exponent Property 
If a,b are real numbers, a~0,b~0O and n is an 
integer, then 

(ab) —n=(ba)n 

Power Property for Exponents 

If ais a real number and m,n are integers, then 
(am)n=am-n 

To raise a power to a power, multiply the 
exponents. 

Product to a Power Property for Exponents 
If a and b are real numbers and m is a whole 
number, then 

(ab)m =ambm 

To raise a product to a power, raise each factor 
to that power. 

Quotient to a Power Property for Exponents 
If a and are real numbers, b #0, and m is an 
integer, then 

(ab)m =ambm 

To raise a fraction to a power, raise the 
numerator and denominator to that power. 
Summary of Exponent Properties 

If a and b are real numbers, and m and n are 
integers, then 
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Quotient to a Negative (ab)—n=(ba)n 
Exponent 


Scientific Notation 

A number is expressed in scientific notation 
when it is of the form 

aX 10nwherel <a<10andnis an integer. 
How to convert a decimal to scientific 
notation. 


Move the decimal point so that the first factor 
is greater than or equal to 1 but less than 10. 
Count the number of decimal places, n, that the 
decimal point was moved. Write the number as 
a product with a power of 10. If the original 
number is. 


© greater than 1, the power of 10 will be 
10n. 

© between 0 and 1, the power of 10 will be 
10=n, 


Check. 


How to convert scientific notation to 
decimal form. 


Determine the exponent, n, on the factor 10. 
Move the decimal n places, adding zeros if 
needed. 
© If the exponent is positive, move the 
decimal point n places to the right. 
© If the exponent is negative, move the 
decimal point |n| places to the left. 


Check. 


Practice Makes Perfect 


Simplify Expressions Using the Properties for 
Exponents 


In the following exercises, simplify each expression 
using the properties for exponents. 


@ d3-d6 © 45x:-49x © 2y-4y3 @ w-w2-w3 


@ d9 © 414x © 8y4 @ w6 


mx'm3 


mx+3 


@ x18x3 © 51253 © q18q36 @ 102103 


@ x15 © 59 © 1q18 @ 110 


® p21p7 © 41644 © bb9 @ 446 


@ p14 © 412 © 1b8 @ 145 


@ 200 © bo 


@1®1 


@ —270 ® —(270) 


@-1©-1 


Use the Definition of a Negative Exponent 


In the following exercises, simplify each expression. 


@a-2@® 10-3 © 1lc-5 @ 13-2 


@ 1a2 ® 11000 © c5 @9 


@ (49)—3 © (—uv)—-5 


@ 72964 © —v5u5 


@ (-—5)-2 © —5-2 © (-15)-2 @ 
=(15)=2 


@ 125 © 125 © 25 @ —25 


In the following exercises, simplify each expression 
using the Product Property. 


@ b4b—8 ® (w4x—5)(w— 2x-— 4) 
© (—6c— 3d9)(2c4d—5) 


@ 1b4 © w2x9 © —12cd4 


pap=2p-—4 


Ip 


In the following exercises, simplify each expression 
using the Power Property. 


@ (m4)2 © (103)6 © (x3)—4 


@ m8 © 1018 © 1x12 


@ (y3)x © (5x)y © (q6)-8 


@ y3x ® 5xy © 1q48 


In the following exercises, simplify each expression 
using the Product to a Power Property. 


@ (—3xy)2 © (6a)0 © (5x2)-—2 @ (—4y—3)2 


@ 9x2y2 © 1 © 125x4 
@ 16y6 


® (—5ab)3 © (—4pq)0 © (—6x3)—2 @ (3y 
~4)2 


@ —125a3b3 © 1 © 136x6 @ 9y8 


In the following exercises, simplify each expression 
using the Quotient to a Power Property. 


@ (p2)5 © (xy)—6 © (2xy2z)3 @ (4p —3q2)2 


@ p532 © y6x6 © 8x3y6z3 
@ 16p6q4 


@® (a3b)4 © (54m) —2 © (3a-2b3c3)-2 @ 
(p-1q4r-4)2 


@ a481b4 © 16m225 © a4c49b6 © g8r8p2 


In the following exercises, simplify each expression 
by applying several properties. 


@ (5t2)3(3t)2 © (t2)5(t — 4)2(t3)7 
© (2Qxy2x3y — 2)2(12xy3x3y—1)-1 


@ 1125t8 © 1t19 © y43x2 


@ (m2n)2(2mn5)4 © (—2p 
— 2)4(3p4)2(— 6p3)2 


@ 16m8n22 © 4p6 


Mixed Practice 


In the following exercises, simplify each expression. 


@ 7n—1 ® (7n)—1 © (—7n)—-1 


@® 7n © 17n © —17n 


(x2)4-(x3)2 


x14 


(2m6)3 


8m18 


(10x2y)3 


1,000x6y3 


(23x2y)3 


827x6y3 


(8a3)2(2a)4 


1,024a10 


(3m2n)2(2mn5)4 


144m8n22 


G— 2j5j4)3 


1j3 


(— 10n — 2)3(4n5)2(2n8)2 


— 4000n12 


Use Scientific Notation 


In the following exercises, write each number in 
scientific notation. 


@ 340,000 © 0.041 


@ 34x 104 © 41x10-3 


In the following exercises, convert each number to 


decimal form. 


@ —8.3x102 © 3.8x10-—2 


@ —830 © 0.038 


@ 1.6x1010 © 8.43 x 10-6 


@ 16,000,000,000 
® 0.00000843 


In the following exercises, multiply or divide as 
indicated. Write your answer in decimal form. 


@ (2x 102)(1 x 10—4) © 5x10—21 10-10 


@ 0.02 ® 500,000,000 


@® (3.5x10—4)(1.6 x 10-2) © 
8x 1064x10-1 


@ 0.0000056 © 20,000,000 


Writing Exercises 


Use the Product Property for Exponents to 
explain why xx =x2. 


Explain why —53=(—5)3 but —54#(-—5)4. 


When you convert a number from decimal 
notation to scientific notation, how do you 
know if the exponent will be positive or 
negative? 


Answers will vary. 


Glossary 


Product Property 
According to the Product Property, a to the m 
times a to the n equals a to the m plus n. 


Power Property 
According to the Power Property, a to the m 
to the n equals a to the m times n. 


Product to a Power 
According to the Product to a Power 
Property, a times b in parentheses to the m 
equals a to the m times b to the m. 


Quotient Property 
According to the Quotient Property, a to the 
m divided by a to the n equals a to the m 
minus n as long as a is not zero. 


Zero Exponent Property 
According to the Zero Exponent Property, a to 
the zero is 1 as long as a is not zero. 


Quotient to a Power Property 
According to the Quotient to a Power 
Property, a divided by b in parentheses to the 
power of m is equal to a to the m divided by b 
to the m as long as b is not zero. 


Properties of Negative Exponents 
According to the Properties of Negative 
Exponents, a to the negative n equals 1 
divided by a to the n and 1 divided by a to 
the negative n equals a to the n. 


Quotient to a Negative Exponent 
Raising a quotient to a negative exponent 
occurs when a divided by b in parentheses to 
the power of negative n equals b divided by a 
in parentheses to the power of n. 


Radicals and Exponents (P3) 
By the end of this section, you will be able to: 


¢ Simplify expressions with roots 

¢ Add, subtract, multiply, divide roots 

* Simplify variable expressions with roots 

* Use Properties of Exponents to simplify roots 


This Module supports section P3 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


. Simplify Expressions with Roots [link] 

. Product Property to Simplify Roots [link] 
. Quotient Property to Simplify Roots [link] 
. Add, Subtract Square Roots [link] 

. Rationalize Denominators [link] 

. Simplify Expressions with Nth Roots [link] 
. Product Rule with Nth Roots [link] 

. Quotient Rule with Nth Roots [link] 

. Rational Exponents in aln form [link] 

. Rational Exponents in amn form [link] 

. Key Concepts [link] 
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Simplify Expressions with Roots 


Remember that when a real number n is multiplied 
by itself, we write n2 and read it ‘n squared’. This 
number is called the square of n, and n is called the 
square root. For example, 

132is read “13 squared”169 is called thesquareof 
13, since132= 16913 is asquare rootof 169 


Square and Square Root of a number 
Square 


Ifn2 =m,thenmis thesquareofn. 
Square Root 
Ifn2 =m,thennis asquare rootofm. 


Notice (—13)2 = 169 also, so —13 is also a square 
root of 169. Therefore, both 13 and —13 are square 
roots of 169. 


So, every positive number has two square roots— 
one positive and one negative. What if we only 
wanted the positive square root of a positive 
number? We use a radical sign, and write, m, which 
denotes the positive square root of m. The positive 
square root is also called the principal square root. 


We also use the radical sign for the square root of 


zero. Because 02 =0, 0=0. Notice that zero has only 
one square root. 


Square Root Notation 
mis read “the square root 
ofm” .Ifn2 =m,thenn = m,forn=0. 


radical sign —-> ¥m «— radicand 


We know that every positive number has two square 
roots and the radical sign indicates the positive one. 
We write 169= 13. If we want to find the negative 
square root of a number, we place a negative in 
front of the radical sign. For example, —169= —13. 


Simplify: © 144 © —289. 


@® 
144Sincel 22 = 144.12 


® 
— 289Since172 = 289and the negative is 


infront of the radical sign. — 17 


Can we simplify — 49? Is there a number whose 
Square is — 49? 
Q2=-49 


Any positive number squared is positive. Any 
negative number squared is positive. There is no 
real number equal to — 49. The square root of a 
negative number is not a real number. 


Simplify: @ —196 ® —64. 


@ 
— 196There is no real number whose square is 
— 196.—196is not a real number. 


© 


— 64The negative is in front of the radical. —8 


Simplify: @ —169 ® —81. 


@ not areal number © —9 


But what if we want to estimate 500? If we simplify 
the square root first, we'll be able to estimate it 
easily. There are other reasons, too, to simplify 
square roots as you'll see later in this c 


Simplified Square Root 


a is considered simplified if a (radicand) has no 
perfect square factors. 


So 31 is simplified. But 32 is not simplified, because 
16 is a perfect square factor of 32. 


Use Product Property to Simplify Square Roots 


The properties we will use to simplify expressions 
with square roots are similar to the properties of 
exponents. We know that (ab)m=ambm. The 
corresponding property of square roots says that 
ab=arb. 


PO 


Product Property of Square Roots 


If a, b are non-negative real numbers, then 
ab = a-banda-b = ab 


We use the Product Property of Square Roots to 
remove all perfect square factors from a radical. We 
will show how to do this in [link]. 


How To Use the Product Property to Simplify a 
Square Root 


Simplify: 50. 


Solution 


Simplify: 48. 


Notice in the previous example that the simplified 
form of 50 is 52, which is the product of an integer 
and a square root. We always write the integer in 
front of the square root. 


Simplify a square root using the product property. 


Find the largest perfect square factor of the 
radicand. Rewrite the radicand as a product using 
the perfect-square factor. Use the product rule to 
rewrite the radical as the product of two radicals. 
Simplify the square root of the perfect square. 


Simplify: 500. 


Solution 


500Rewrite the radicand as a product using 


thelargest perfect square factor.100-5Rewrite 
the radical as the product of 
tworadicals.100-5Simplify.105 


The next example is much like the previous 
examples, but with variables. 


Simplify: x3. 


Solution 


x3Rewrite the radicand as a product using 
thelargest perfect square factor.x2-xRewrite the 
radical as the product of 


tworadicals.x2-xSimplify.xx 


Simplify: 25y5. 


Solution 


25y5Rewrite the radicand as a product using 


thelargest perfect square factor.25y4-yRewrite 
the radical as the product of 
tworadicals.25y4-ySimplify.5y2y 


So we can multiply 3-5 in this way: 
3:53:515 


Even when the product is not a perfect square, we 
must look for perfect-square factors and simplify the 
radical whenever possible. 


Simplify: @ 2:6 © (43)(212). 


Solution 


@ 

2-6Multiply using the Product 
Property.12Simplify the 
radical.4-3Simplify.23 


® 
(43)(212)Multiply using the Product 
Property.836Simplify the 


radical.8-6Simplify.48 


Notice that in (b) we multiplied the 
coefficients and multiplied the radicals. Also, 
we did not simplify 12. We waited to get the 
product and then simplified. 


Simplify: @ (8x3)(3x) © (20y2)(5y3). 


Solution 


@ 
(8x3)(3x)Multiply using the Product 


Property.24x4Simplify the 
radical.4x4-6Simplify.2x26 


® 
(20y2)(5y3)Multiply using the Product 
Property.100y5Simplify the radical.10y2y 


Quotient Property with Roots 


Whenever you have to simplify a square root, the 
first step you should take is to determine whether 


the radicand is a perfect square. A perfect square 
fraction is a fraction in which both the numerator 
and the denominator are perfect squares. 


Simplify: 964. 


Solution 


964Since(38)2 = 96438 


If the numerator and denominator have any 
common factors, remove them. You may find a 
perfect square fraction! 


Simplify: 4580. 


Solution 


4580Simplify inside the radical first. 
Rewriteshowing the common factors of 
thenumerator and 
denominator.5-95:16Simplify the fraction by 


removing commonfactors.916Simplify. 
(34)2 = 91634 


In the last example, our first step was to simplify the 
fraction under the radical by removing common 
factors. In the next example we will use the 
Quotient Property to simplify under the radical. 
We divide the like bases by subtracting their 
exponents, aman=am-—n,a~0. 


Simplify: m6m4. 


Solution 


m6m4Simplify the fraction inside the radical 
first.Divide the like bases by subtracting 
theexponents.m2Simplify.m 


Remember the Quotient to a Power Property? It 
said we could raise a fraction to a power by raising 
the numerator and denominator to the power 
separately. 

(ab)m =ambm,b #0 


We can use a similar property to simplify a square 
root of a fraction. After removing all common 
factors from the numerator and denominator, if the 
fraction is not a perfect square we simplify the 
numerator and denominator separately. 


Quotient Property of Square Roots 

If a, b are non-negative real numbers and b=0, 
then 

ab = abandab = ab 


Simplify: 2164. 


Solution 


2164We cannot simplify the fraction inside 
theradical. Rewrite using the 
quotientproperty.2164Simplify the square root 
of 64. Thenumerator cannot be simplified.218 


We will use the Quotient Property for Exponents, 
aman = am-—n, when we have variables with 
exponents in the radicands. 


Simplify: 27m3196. 


Solution 


Simplify: 45x5y4. 


Solution 


45x5y4We cannot simplify the fraction in 
theradicand. Rewrite using the 
QuotientProperty.45x5y4Simplify the radicals 
in the numerator andthe 


denominator.9x4-5xy2Simplify.3x25xy2 


Simplify: 81d925d4. 


Solution 


81d925d4Simplify the fraction in the 
radicand.81d525Rewrite using the Quotient 
Property.81d525Simplify the radicals in the 
numerator andthe 
denominator.81d4-d5Simplify.9d2d5 


Simplify: 6y52y. 


Solution 


6y52yNeither radicand is a perfect square, 
sorewrite using the quotient property ofsquare 
roots.6y52yRemove common factors in the 
numeratorand 
denominator.2:3-y4-y2-ySimplify.3y4Simplify 
the radical.y23 


We will use the Quotient Property of Square Roots 
‘in reverse’ when the fraction we start with is the 
quotient of two square roots, and neither radicand is 
a perfect square. When we write the fraction in a 
single square root, we may find common factors in 
the numerator and denominator. 


Simplify: 2775. 


Solution 


2775Neither radicand is a perfect square, 
sorewrite using the quotient property ofsquare 
roots.2775Remove common factors in the 
numeratorand 
denominator.3-93-25Simplify.92535 


Add, Subtract Square Roots 


We know that we must follow the order of 
operations to simplify expressions with square roots. 
The radical is a grouping symbol, so we work inside 
the radical first. We simplify 2+7 in this way: 


2+ 7Add inside the radical.9Simplify.3 


So if we have to add 2+ 7, we must not combine 
them into one radical. 
2+742+7 


Trying to add square roots with different radicands 
is like trying to add unlike terms. 


But, just like we can addx + x,we can add3+3. x 
+x=2x3+3=23 


Adding square roots with the same radicand is just 
like adding like terms. We call square roots with the 
same radicand like square roots to remind us they 
work the same as like terms. 


Square roots with the same radicand are called like 
Square roots. 
e add and subtract like square roots in the same 


way we add and subtract like terms. We know that 
3x + 8x is 11x. Similarly we add 3x +8x and the 
result is 11x. 


Think about adding like terms with variables as you 
do the next few examples. When you have like 
radicands, you just add or subtract the coefficients. 
When the radicands are not like, you cannot 
combine the terms. 


Simplify: 22 —72. 


Solution 


22 —72Since the radicals are like, we subtract 
thecoefficients. — 52 


Simplify: 513+ 4134 213. 


Solution 


5134+ 413+ 213Since the radicals are like, we 
add thecoefficients.1113 


Remember that we always simplify square roots by 
removing the largest perfect-square factor. 
Sometimes when we have to add or subtract square 
roots that do not appear to have like radicals, we 
find like radicals after simplifying the square roots. 


Simplify: 20+ 35. 
Solution 


20+ 35Simplify the radicals, when 
possible.4-5 + 3525 + 35Combine the like 
radicals.55 


Just like we use the Associative Property of 
Multiplication to simplify 5(3x) and get 15x, we 
can simplify 5(3x) and get 15x. We will use the 


Associative Property to do this in the next example. 


Simplify: 518 — 28. 


Solution 


518 — 28Simplify the 
radicals.5-9-:2 — 2-4:25:3-2 — 2:2:2152 — 42Combine 
the like radicals.112 


Simplify: 18n5 — 32n5. 


Solution 


18n5 — 32n5Simplify the radicals.9n4-2n 


— 16n4-2n3n22n — 4n22nCombine the like 
radicals. —n22n 


Rationalize Denominators 


Before the calculator became a tool of everyday life, 
approximating the value of a fraction with a radical 
in the denominator was a very cumbersome process! 


For this reason, a process called rationalizing the 
denominator was developed. A fraction with a 
radical in the denominator is converted to an 
equivalent fraction whose denominator is an 
integer. Square roots of numbers that are not perfect 
squares are irrational numbers. When we rationalize 
the denominator, we write an equivalent fraction 
with a rational number in the denominator. 


The process of converting a fraction with a radical 
in the denominator to an equivalent fraction whose 


denominator is an integer is called rationalizing 
the denominator. 


Suppose we need an approximate value for the 
fraction.12A five decimal place approximation 
to2is1.41421.11.41421 Without a calculator, would 
you want to do this division?1.414211.0 


But we can find a fraction equivalent to 12 by 
multiplying the numerator and denominator by 2. 


Now if we need an approximate value, we divide 
21.41421. This is much easier. 


Even though we have calculators available nearly 
everywhere, a fraction with a radical in the 
denominator still must be rationalized. It is not 
considered simplified if the denominator contains a 
square root. 


square root is considered simplified if there are 


* no perfect-square factors in the radicand 
* no fractions in the radicand 


* no square roots in the denominator of a 
fraction 


To rationalize a denominator with a square root, we 
use the property that (a)2 =a. If we square an 
irrational square root, we get a rational number. 


Simplify: @ 43 © 320 © 36x. 


To rationalize a denominator with one term, 
we can multiply a square root by itself. To 
keep the fraction equivalent, we multiply both 
the numerator and denominator by the same 
factor. 


@ 


Multiply both the 
numerator and 
defo: by 3. 


Vv 
Simplify. 


© We always simplify the radical in the 
denominator first, before we rationalize it. 
This way the numbers stay smaller and easier 
to work with. 


a 
The fraction is not a 
perfect square, so 
ine g the 
Or 


aAnaArtrr 


ww 
Simplify the 
denominator. 


[zVv sa 
Multiply the numerator 
and denominator by 55. 


Multiply the numerator 
and denominator by 
6x 


Simplify. 


When the denominator of a fraction is a sum or 
difference with square roots, we use the Product of 
Conjugates pattern to rationalize the denominator. 


Product of Conjugates 
(a—b)(a+b)(2—5)(2+ 5)a2 — b222 —(5)24-5-1 


Simplify: 44+ 2. 


Solution 


ee Le 
Multiply the numerator 
and denominator b 


th 


de 
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Multiply the conjugates 
in the denominator. 


Simplify the 
denominator. 


Simplify the 
denominator. 


Remove common 
factors from the 


We leave the 
numerator in factored 
form to make it easier 
to look for common 
factors after we have 


simplified the 
denominator. 


Simplify: 3u—6. 


Solution 


ee 
Multiply the numerator 


and denominator b 
== 
de 


Se Mel A 
Multiply the conjugates 
in the denominator. 


Simplify the 
denominator. 


Simplify Variable Expressions with Roots 


So far we have only talked about squares and square 
roots. Let’s now extend our work to include higher 
powers and higher roots. 


Let’s review some vocabulary first. 


We write:We say:n2nsquaredn3ncubedn4nto the 
fourth powern5nto the fifth power 


The terms ‘squared’ and ‘cubed’ come from the 
formulas for area of a square and volume of a cube. 


It will be helpful to have a table of the powers of the 
integers from —5 to 5. See [link]. 


Notice the signs in the table. All powers of positive 
numbers are positive, of course. But when we have a 
negative number, the even powers are positive and 
the odd powers are negative. We’ll copy the row 
with the powers of — 2 to help you see this. 


We will now extend the square root definition to 
higher roots. 


nth Root of a Number 
Ifbn = a,thenbis annthroot ofa.The principalnthroot 


ofais writtenan.nis called theindexof the radical. 


Just like we use the word ‘cubed’ for b3, we use the 
term ‘cube root’ for a3. 


We can refer to [link] to help find higher roots. 
43 = 6434=81(-— 2)5= — 32643 =4814=3-325= 
= 


Could we have an even root of a negative number? 
We know that the square root of a negative number 
is not a real number. The same is true for any even 
root. Even roots of negative numbers are not real 
numbers. Odd roots of negative numbers are real 
numbers. 


Properties of an 
When n is an even number and 


* a=O, then an is a real number. 
* a<0O, then an is not a real number. 


When n is an odd number, an is a real number for 
all values of a. 


We will apply these properties in the next two 
examples. 


Simplify: © 643 ® 814 © 325. 


® 
643Since43 = 64.4 


©) 
814Since(3)4 = 81.3 


© 
325Since(2)5 = 32.2 


In this example be alert for the negative signs as 
well as even and odd powers. 


Simplify: © —1253 © 164 © —2435. 


— 1253Since(—5)3= —125.-—5 


© 

— 164Think,(?)4 = —16.No real number 
raisedto the fourth power is negative.Not a 
real number. 


© 
— 2435Since(— 3)5 = — 243.—3 


The odd root of a number can be either positive or 
negative. For example, 


But what about an even root? We want the principal 
root, so 6254=5. 


But notice, 


How can we make sure the fourth root of —5 raised 
to the fourth power is 5? We can use the absolute 
value. |—5|=5. So we say that when n is even 

ann = |a|. This guarantees the principal root is 
positive. 


Simplifying Odd and Even Roots (nth root of 
Perfect nth power) 
For any integer n= 2, 

hen the indexnis oddann = awhen the indexnis 
evenann = |a| 
We must use the absolute value signs when we take 
an even root of an expression with a variable in the 
radical. 


Simplify: @ x2 © n33 © p44 @ y55. 


@) We use the absolute value to be sure to get 


the positive root. 
x2Since the indexnis even,ann = |a|.|x| 


© This is an odd indexed root so there is no 
need for an absolute value sign. 


m33Since the indexnis odd,ann=a.m 
© 
p44Since the indexnis evenann = |a].|p| 


@ 


y55Since the indexnis odd,ann=a.y 


Simplify: © x6 © y16. 


@) 
x6Since(x3)2 = x6.(x3)2Since the indexnis 


evenan = |a|.|x3| 


® 

y16Since(y8)2 = y16.(y8)2Since the indexnis 
evenann = |a|.y8In this case the absolute value 
sign isnot needed asy8is positive. 


Po 


The next example uses the same idea for highter 
roots. 


Simplify: @ y183 © z84. 


@ 
y183Since(y6)3 = y18.(y6)33Sincenis 
odd,ann=a.y6 


® 
z284Since(z2)4 = z8.(z2)44Sincez2is positive, 
we do not need anz2absolute value sign. 


Access this online resource for additional 
instruction and practice with simplifying 
expressions with roots. 


¢ Simplifying Variables Exponents with Roots 
using Absolute Values 


Use Product and Quotient Rule to 
Simplify 


We will simplify radical expressions in a way similar 
to how we simplified fractions. A fraction is 
simplified if there are no common factors in the 
numerator and denominator. To simplify a fraction, 
we look for any common factors in the numerator 
and denominator. 


A radical expression, an, is considered simplified if 
it has no factors of mn. So, to simplify a radical 
expression, we look for any factors in the radicand 
that are powers of the index. 


Simplified Radical Expression 


For real numbers a and m, and n=2, 
anis considered simplified ifahas no factors ofmn 


For example, 5 is considered simplified because 
there are no perfect square factors in 5. But 12 is 
not simplified because 12 has a perfect square factor 
of 4. 


Similarly, 43 is simplified because there are no 


perfect cube factors in 4. But 243 is not simplified 
because 24 has a perfect cube factor of 8. 


To simplify radical expressions, we will also use 
some properties of roots. The properties we will use 
to simplify radical expressions are similar to the 
properties of exponents. We know that (ab)n=anbn. 
The corresponding of Product Property of Roots 
says that abn=an-bn. 


Product Property of nth Roots 

If an and bn are real numbers, and n=2 is an 
integer, then 

abn = an-bnandan-bn = abn 


Simplify: 98. 


Simplify a radical expression using the Product 
Property. 


Find the largest factor in the radicand that is a 
perfect power of the index. Rewrite the radicand as 
a product of two factors, using that factor. Use the 
product rule to rewrite the radical as the product o 
two radicals. Simplify the root of the perfect 
power. 


Simplify: @ x3 © x43 © x74. 


@ 

x3Rewrite the radicand as a product usingthe 
largest perfect square factor.x2-xRewrite the 
radical as the product of 
tworadicals.x2-xSimplify. |x|x 


® 

x43 Rewrite the radicand as a productusing 
the largest perfect cube factor.x3-x3. Rewrite 
the radical as the product of 
tworadicals.x33-x3 Simplify.xx3 


© 

x74Rewrite the radicand as a productusing the 
greatest perfect fourth 
powerx4-x34factor.Rewrite the radical as the 
product of tworadicals.x44-x34Simplify. |x|x34 


Using Quotient Property to Simplify 


Whenever you have to simplify a radical expression, 
the first step you should take is to determine 
whether the radicand is a perfect power of the 
index. If not, check the numerator and denominator 
for any common factors, and remove them. You may 
find a fraction in which both the numerator and the 
denominator are perfect powers of the index. 


Simplify: ® 4580 © 16543 © 5804. 


@ 

4580Simplify inside the radical first.Rewrite 
showing the common factors ofthe numerator 
and denominator.5-95:16Simplify the fraction 
by removingcommon factors.916Simplify. 
Note(34)2 = 916.34 


® 

16543Simplify inside the radical first.Rewrite 
showing the common factors ofthe numerator 
and denominator.2-82:273Simplify the fraction 
by removingcommon factors.8273Simplify. 
Note(23)3 = 827.23 


© 

5804Simplify inside the radical first.Rewrite 
showing the common factors ofthe numerator 
and denominator.5-15-:164Simplify the fraction 
by removingcommon factors.1164Simplify. 
Note(12)4=116.12 


In the next example we will use the Quotient 
Property to simplify under the radical. We divide 
the like bases by subtracting their exponents, 
aman =am-—n,a~0O 


po 


Simplify: @ m6m4 © a8a53 © al0a24. 


@ 

m6m4Simplify the fraction inside the radical 
first.Divide the like bases by subtracting 
theexponents.m2Simplify.|m| 


® 

a8a53Use the Quotient Property of exponents 
tosimplify the fraction under the radical 
first.a33Simplify.a 


© 

al0a24Use the Quotient Property of exponents 
tosimplify the fraction under the radical 
first.a84Rewrite the radicand using 
perfectfourth power factors.(a2)44Simplify.a2 


Remember the Quotient to a Power Property? It said 
we could raise a fraction to a power by raising the 
numerator and denominator to the power 
separately. 

(ab)m =ambm,b #0 


We can use a similar property to simplify a root of a 
fraction. After removing all common factors from 
the numerator and denominator, if the fraction is 


not a perfect power of the index, we simplify the 
numerator and denominator separately. 


Quotient Property of Radical Expressions 

If an and bn are real numbers,b = 0, and for any 
integer n=2 then, 

abn = anbnandanbn = abn 


Simplify the fraction in the radicand, if possible. 
Use the Quotient Property to rewrite the radical as 
the quotient of two radicals. Simplify the radicals 
in the numerator and the denominator. 


How to Simplify the Quotient of Radical 
Expressions 


Simplify: 27m3196. 


Simplify: © —108323 © 96x743x24. 


Solution 


@ 

— 108323Neither radicand is a perfect cube, 
so usethe Quotient Property to write as one 
radical. — 10823Simplify the fraction under 
the radical. —543Rewrite the radicand as a 
product usingperfect cube factors. 
(—3)3:23Rewrite the radical as the product 
of two radicals.( — 3)33-23Simplify. — 323 


© 

96x743x24Neither radicand is a perfect 
fourth power,so use the Quotient Property 
to write as one radical.96x73x24Simplify 
the fraction under the radical.32x54Rewrite 
the radicand as a product usingperfect 
fourth power factors.24x4-2x4Rewrite the 
radical as the product of two radicals. 


(2x)44-2x4Simplify.2|x|2x4 


Simplify Expressions with aln 


Rational exponents are another way of writing 
expressions with radicals. When we use rational 
exponents, we can apply the properties of exponents 
to simplify expressions. 


The Power Property for Exponents says that 
(am)n = am-n when m and n are whole numbers. 
Let’s assume we are now not limited to whole 
numbers. 


Suppose we want to find a number p such that 
(8p)3=8. We will use the Power Property of 
Exponents to find the value of p. 


(8p)3 = 8Multiply the exponents on the 

left.83p = 8Write the exponent 1 on the 
right.83p = 81Since the bases are the same, the 
exponents must be equal.3p = 1Solve forp.p= 13 


So (813)3=8. But we know also (83)3 =8. Then it 
must be that 813 =83. 


This same logic can be used for any positive integer 
exponent n to show that aln=an. 


Rational Exponent aln 


If an is a real number and n=2, then 
aln=an 


The denominator of the rational exponent is the 
index of the radical. 


There will be times when working with expressions 
will be easier if you use rational exponents and 
times when it will be easier if you use radicals. In 
the first few examples, you’ll practice converting 
expressions between these two notations. 


Write as a radical expression: ® x12 © y13 © 


z14. 


We want to write each expression in the form 
an. 


@ 


x12The denominator of the rational exponent 
is 2, sothe index of the radical is 2. We do not 
show theindex when it is 2.x 


© 


y13The denominator of the exponent is 3, so 
theindex is 3.y3 


© 


z14The denominator of the exponent is 4, so 
theindex is 4.24 


Simplify: © 2512 © 6413 © 25614. 


@ 
2512Rewrite as a square root.25Simplify.5 


® 
6413Rewrite as a cube root.643Recognize 64 
is a perfect cube.433Simplify.4 


© 
25614Rewrite as a fourth root.2564Recognize 
256 is a perfect fourth power.444Simplify.4 


Be careful of the placement of the negative signs in 
the next example. We will need to use the property 
a—n= 1an in one case. 


Simplify: ® (—16)14 © —1614 © (16)-14. 


@ 
(—16)14Rewrite as a fourth root. 
— 164(— 2)44Simplify.No real solution. 


© 

— 1614The exponent only applies to the 
16.Rewrite as a fouth root. —164Rewrite 16 
as24. — 244Simplify. — 2 


© 

(16) — 14Rewrite using the propertya 
—n=1an.1(16)14Rewrite as a fourth 
root.1164Rewrite 16 as24.1244Simplify.12 


Simplify Expressions with amn 


We can look at amn in two ways. Remember the 
Power Property tells us to multiply the exponents 
and so (aln)m and (am)1n both equal amn. If we 
write these expressions in radical form, we get 
amn = (aln)m = (an)mandamn = (am)1n=amn 


This leads us to the following definition. 


Rational Exponent amn 
For any positive integers m and n, 
amn = (an)mandamn =amn 


Simplify: © 12523 © 16-32 © 32-25. 


We will rewrite the expression as a radical first 
using the defintion, amn=(an)m. This form 
lets us take the root first and so we keep the 
numbers in the radicand smaller than if we 
used the other form. 


@ 

12523The power of the radical is the 
numerator of the exponent, 2.The index of the 
radical is the denominator of theexponent, 3. 
(1253)2Simplify.(5)225 


© We will rewrite each expression first using a 
—n=1an and then change to radical form. 

16 —32Rewrite usinga —n=1an11632Change 
to radical form. The power of the radical is 
thenumerator of the exponent, 3. The index is 
the denominatorof the exponent, 
2.1(16)3Simplify.143164 


© 


32 — 25Rewrite usinga — n= 1an.13225Change 
to radical form.1(325)2Rewrite the radicand 
as a power.1(255)2Simplify.12214 


Use the Properties of Exponents to Simplify 
Expressions with Rational Exponents 


The same properties of exponents that we have 
already used also apply to rational exponents. We 
will list the Properties of Exponenets here to have 
them for reference as we simplify expressions. 


Properties of Exponents 

If a and b are real numbers and m and n are 
rational numbers, then 

Product Propertyam-an = am + nPower 
Property(am)n =am-nProduct to a 


Power(ab)m = ambmQuotient Propertyaman=am 
—n,a~OZero Exponent 

DefinitionaO = 1,a = OQuotient to a Power 
Property(ab)m = ambm,b ~ ONegative Exponent 
Propertya—n=1lan,a~0 


We will apply these properties in the next example. 


Simplify: @ x12:x56 © (z9)23 © x13x53. 


@ The Product Property tells us that when we 
multiply the same base, we add the exponents. 


x12:x56The bases are the same, so we add 
theexponents.x12 + 56Add the 
fractions.x86Simplify the exponent.x43 


© The Power Property tells us that when we 
raise a power to a power, we multiply the 
exponents. 


(z9)23To raise a power to a power, we 
multiplythe exponents.z9-23Simplify.z6 


© The Quotient Property tells us that when we 
divide with the same base, we subtract the 
exponents. 


X13x53x13x53To divide with the same base, 
we subtractthe 
exponents. 1x53 — 13Simplify.1x43 


ccess these online resources for additional 
instruction and practice with simplifying rational 


exponents. 


¢ Review-Rational Exponents 
* Using Laws of Exponents on Radicals: 
Properties of Rational Exponents 


Key Concepts 
¢ Square Root Notation 


© mis read ‘the square root of m’ 
O Ifn2 = m, thenn=m, for n=0. 


© The square root of m, m, is a positive 
number whose square is m. 

© Simplified Square Root a is considered 
simplified if a has no perfect-square 
factors. 


* Product Property of Square Roots If a, b are 
non-negative real numbers, then 
ab=ab 

¢ Simplify a Square Root Using the Product 
Property To simplify a square root using the 


Product Property: 


Find the largest perfect square factor of the 
radicand. Rewrite the radicand as a product 
using the perfect square factor. Use the product 
rule to rewrite the radical as the product of two 
radicals. Simplify the square root of the perfect 
square. 


* Quotient Property of Square Roots If a, b are 
non-negative real numbers and b~0, then 
ab = ab 


¢ Simplify a Square Root Using the Quotient 
Property To simplify a square root using the 
Quotient Property: 


Simplify the fraction in the radicand, if 
possible. Use the Quotient Rule to rewrite the 
radical as the quotient of two radicals. Simplify 
the radicals in the numerator and the 
denominator. 


* nth Root of a Number 
© If bn=a, then b is an nt root of a. 
© The principal nth root of a is written an. 


© nis called the index of the radical. 


* Properties of an 


© When n is an even number and 


M@ a=0, then an is a real number 
M@ a<0O, then an is not a real number 


© When n is an odd number, an is a real 
number for all values of a. 


¢ Simplifying Odd and Even Roots 
© For any integer n= 2, 


M@ when nis odd ann=a 
M@ when n is even ann=|a| 


© We must use the absolute value signs 
when we take an even root of an 
expression with a variable in the radical. 


¢ Simplified Radical Expression 


© For real numbers a, m and n=2 
an is considered simplified if a has no 
factors of mn 


* Product Property of nth Roots 
© For any real numbers, an and bn, and for 


any integer n=>2 
abn=an-bn and an:-bn=abn 


* How to simplify a radical expression using 
the Product Property 


Find the largest factor in the radicand that is a 
perfect power of the index. 

Rewrite the radicand as a product of two 
factors, using that factor. Use the product rule 
to rewrite the radical as the product of two 
radicals. Simplify the root of the perfect 
power. 


Quotient Property of Radical Expressions 


© If an and bn are real numbers, b~0, and 
for any integer n=2 then, 
abn =anbn and anbn=abn 


* How to simplify a radical expression using 
the Quotient Property. 


Simplify the fraction in the radicand, if 
possible. Use the Quotient Property to rewrite 
the radical as the quotient of two radicals. 
Simplify the radicals in the numerator and the 
denominator. 


* Rational Exponent aln 


© If an is a real number and n= 2, then 
aln=an. 


¢ Rational Exponent amn 


© For any positive integers m and n, 
amn=(an)m and amn=amn 


* Properties of Exponents 


© Ifa b are real numbers and m, n are 
rational numbers, then 


Product Property am-an=am+n 
Power Property (am)n=am-n 
Product to a Power (ab)m =ambm 
Quotient Property aman=am 
—n,a~0 

Zero Exponent Definition a0=1, 
az~0 

Quotient to a Power Property 
(ab)m =ambm,b ~0 

Negative Exponent Property a 
—n=lan,a~0 


Practice Makes Perfect 


Simplify Expressions with Roots 


In the following exercises, simplify. 


@ 64 © —81 


@8©®© —-9 


@ 49 ® —0.01 


@ 23 © —-0.1 


@ —121 © —289 


@ not real number © —17 


@ 2163 © 2564 


@6©4 


@ —83 © —814 © —325 


@ —2@® notreal © —2 


Simplify Variable Expressions with Roots 


In the following exercises, simplify using absolute 
values as necessary. 


@ y44 © m77 


@ |y| Om 


@ 49x2 © —81x18 


@ 7|x| © —9|x9| 


Simplify using Porperties 


y19 


y9y 


36n13 


6n6n 
Use Quotient Property to Simplify 


98p62p2 


26169 


2613 


Add Subtract LIke Roots 


6m — 2m 


4m 


23rs + 3rs — 5rs 


33rs — 5rs 


48+75 


93 
Multiply Roots 


22:614 


247 


(62y)(350y3) 


180y2 


Divide Roots 


20y52y 


y210 


Rationalize Denominator 


L015 


2153 


Rationalize Deonominator 


44427 


l6=123 S11 


Higher Roots 


@ d99 

©) 

[missing resource: 
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@d® 
[missing resource: 
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wl2w23 


w3w3 


4205 — 2205 


2205 


Rational Exponent 


3215 


@ (-—81)14 
® —8114 
© (81)—-14 


@ not real ® -—3 © 13 


@ c14-c58 
® (p12)34 
© r45r95 


@ c78 © p9 © Ir 


Glossary 


square of a number 
If n2 = m, then m is the square of n. 


square root of a number 
If n2 = m, then n is a square root of m. 


Polynomials (P4) 
In this section students will: 


Identify the degree and leading coefficient of 
polynomials. 

Add and subtract polynomials. 

Multiply polynomials. 

Use FOIL to multiply binomials. 

Perform operations with polynomials of several 
variables. 


This Module supports section P4 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


i 


Zz 


3 
4. 


Identify Degree and Leading Coefficient of 
Polynomials [link] 
Add, Subtract Polynomials [link] 


. Multiply Polynomials [link] 


Multiply Polynomials, Distributive 
Property [link] 


. Use FOIL for Multiply Binomials [link] 
. Binomial Squares [link] 

. Polynomials of Several Variables [link] 
. Key Concepts [link] 


Identifying the Degree and Leading 
Coefficient of Polynomials 


We have learned that a term is a constant or the 
product of a constant and one or more variables. A 
monomial is an algebraic expression with one term. 
When it is of the form axm, where a is a constant 
and m is a whole number, it is called a monomial in 
one variable. Some examples of monomial in one 
variable are. Monomials can also have more than 
one variable such as and — 4a2b3c2. 


polynomial—A monomial, or two or more 
algebraic terms combined by addition or 
subtraction is a polynomial. 

monomial—A polynomial with exactly one term is 


called a monomial. 

binomial—A polynomial with exactly two terms is 
called a binomial. 

trinomial—A polynomial with exactly three terms 
is called a trinomial. 


Here are some examples of polynomials. 


Polynomiay + 1 4a2—7ab 4x4+x3 1 8x2 9x 


+2b2 +1 
Menoniiel 4 Sy¥2 —Oxsyl——13adb2e 
Binomial a+7b 4x2—y2 y2—-16 3p3q 
—AADA 
“reo 
Trinomial x2—7x 9m2+2mrmb6k4—ki+8k+3z2-1 
+12 — 8n2 


The degree of a polynomial and the degree of its 
terms are determined by the exponents of the 
variable. A monomial that has no variable, just a 
constant, is a special case. The degree of a 
constant is then 0. In the table above, the example 
of monomial "14" would have a degree of 0. 


The degree of a term is the sum of the exponents 
of its variables. 


The degree of a constant is 0. 
The degree of a polynomial is the highest degree 
of all its terms. 


Let's start by looking at a monomial. The monomial 
8ab2 has two variables a and b. To find the degree 
we need to find the sum of the exponents. The 
variable a doesn't have an exponent written, but 
remember that means the exponent is 1. The 
exponent of b is 2. The sum of the exponents, 1 + 2, 


is 3 so the degree is 3. 


Determine whether each polynomial is a 
monomial, binomial, trinomial, or other 
polynomial. Then, find the degree of each 
polynomial. 


® 7y2—5y+3 © —2a4b2 © 
3x5 — 4x3 -—6x2+x—8 @ 2y—8xy3 © 15 


PolyioiNiah ,effype Degr>e Degree 


of of of 
terms term; polynomial 
@) 7y2— 538 Trinomia] 1,1) 2 
LQ 
&) — 2a//b2t Moncmi4]2 6 
© 3x5 — 4x3 — 6x2 PolynondiaB, 2, 5 
—@ 450 
@ 2y 2 Binonial,4 4 
— Owrx 9 
Set ) wv 
© 15 1 Moncmal 0 


A polynomial, which is a sum of or difference of 
terms, each consist of a variable raised to a 
nonnegative integer power. A number multiplied by 
a variable raised to an exponent, such as the 384 in 
384x, is known as a coefficient. Coefficients can be 
positive, negative, or zero, and can be whole 
numbers, decimals, or fractions. Each product aix 
i, such as 384xw, is a term of a polynomial. If a 
term does not contain a variable, it is called a 
constant. 


The term with the highest degree is called the 
leading term because it is usually written first. The 
coefficient of the leading term is called the leading 
coefficient. When a polynomial is written so that 
the powers are descending, we say that it is in 
standard form. 


Leading coefficient 
Degree 


AX” +..se+ AgX* + AX + Ay 


Leading term 


Polynomials 
polynomial is an expression that can be written 
in the form 


anxnt+...+a2x2+al1lx+a0 
Each real number ai is called a coefficient. The 
number aO that is not multiplied by a variable is 


called a constant. Each product aixi isatermo 
a polynomial. The highest power of the variable 
that occurs in the polynomial is called the degree 
of a polynomial. The leading term is the term with 
the highest power, and its coefficient is called the 
leading coefficient. 


Given a polynomial expression, identify the 
degree and leading coefficient. 


1. Find the highest power of x to determine the 
degree. 

2. Identify the term containing the highest power 
of x to find the leading term. 

3. Identify the coefficient of the leading term. 


Identifying the Degree and Leading 
Coefficient of a Polynomial 


For the following polynomials, identify the 
degree, the leading term, and the leading 
coefficient. 


ees ee Ke 
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1. The highest power of x is 3, so the degree 
is 3. The leading term is the term 
containing that degree, —4x3. The 
leading coefficient is the coefficient of 
that term, —4. 

. The highest power of t is 5, so the degree 
is 5. The leading term is the term 
containing that degree, 5t 5. The 
leading coefficient is the coefficient of 
that term, 5. 

. The highest power of p is 3, so the degree 
is 3. The leading term is the term 
containing that degree, — p3, The 
leading coefficient is the coefficient of 
that term, —1. 


Adding and Subtracting Polynomials 


We can add and subtract polynomials by combining 
like terms, which are terms that contain the same 
variables raised to the same exponents. For example, 
5x2 and —2x2 are like terms, and can be 
added to get 3x 2, but 3x and 3x2 are not like 
terms, and therefore cannot be added. 


Add or subtract: @ 25y2+15y2 © 
Topas — (7 pas): 


@ 
25y2 + 15y2 Combine like terms.40y2 


® 
16pq3 —(—7pq3) Combine like terms.23pq3 


Given multiple polynomials, add or subtract 
them to simplify the expressions. We can think 
of adding and subtracting polynomials as just 
adding and subtracting a series of monomials. Look 
for the like terms—those with the same variables 
and the same exponent. The Commutative Property 
allows us to rearrange the terms to put like terms 
together. 


1. Combine like terms. 
2. Simplify and write in standard form. 


Find the sum:(7y2 — 2y + 9) + (4y2 — 8y —7). 


Identify like terms.(7y2 FS 
+9)+(4y2__—s — 8y__—7) Rewrite without 
the parentheses,rearranging to get the like 
terms together.7y2 + 4y2 oy 
—8y___ _+9-—7 Combine like 
terms-11y2—10y +2 


Adding Polynomials 
Find the sum. 


(12x2 +9x-21 )+(4x3 4+8x2 —5x+20 
) 


4x3 +(12x2 +8x2)+(9x 
— 5x)+(-—21+20) Combine like terms. 4 
Koga Oke te Simplify. 


Analysis 


We can check our answers to these types of 
problems using a graphing calculator. To check, 
graph the problem as given along with the 
simplified answer. The two graphs should be 
equivalent. Be sure to use the same window to 
compare the graphs. Using different windows can 
make the expressions seem equivalent when they 
are not. 


Be careful with the signs as you distribute while 
subtracting the polynomials in the next example. 


Find the difference: (9w2 —7w 
+5)—(2w2-4). 


(9w2—7w+5)-—(2w2-4) Distribute and 
identify like terms.9w2__ — 7w__ 
+5—2w2_____—+ 4 Rearrange the 
terms.9w2 — 2w2 

Combine like terms.7w2 —7w+9 


Subtracting Polynomials 


Find the difference. 


(7x4—-—-x2+6x+1)-(5x3 -2x2 4+3x 
+2) 


7xXx4-5x34+(-x2+2x2)+(6x 
— 3x)+(1-—2) Combine like terms. 7 x 4 —5 
oa G4 Seer Geille bane aye 


nalysis 


Note that finding the difference between two 
polynomials is the same as adding the opposite of 
the second polynomial to the first. 


Multiplying Polynomials 


Since monomials are algebraic expressions, we can 
use the properties of exponents to multiply 
monomials. Review Module 2 if you need to review 
exponent rules. 


Multiply: ® (3x2)(— 4x3) © (56x3y)(12xy2). 


@ 

(3x2)(— 4x3) Use the Commutative Property to 
rearrange the terms.3-(— 4)-x2-x3 Multiply. 

= leon 


® 
(56x3y)(12xy2) Use the Commutative Property 


to rearrange the terms.56:12-x3-x-y-y2 
Multiply.10x4y3 


Multiplying a polynomial by a monomial is really 
just applying the Distributive Property. 


Notice that before combining like terms, you have 
four terms. You multiply the two terms of the first 
binomial by the two terms of the second binomial— 
four multiplications. 


We distributed the p to 
ge 


What if we have (x + 7) 
instead of p? 


Distribute (x + 7). 


Distribute again. 


Combine like terms. 


Multiply: © —2y(4y2+3y—5) © 
3koy(X2/— Sxy + v2): 


en A eS ee 
Distribute. 


Multiply. 
PB Oy + TOY 


® 

59, @ 1 OPAmate).6 Ca") 

Distribute.3x3y-x2 + (3x3y)-(— 8xy) + (3x3y)-y2 
Multiply.3x5y — 24x4y2 + 3x3y3 


Multiplying polynomials is a bit more challenging 
than adding and subtracting polynomials. We must 
use the distributive property to multiply each term 
in the first polynomial by each term in the second 
polynomial. We then combine like terms. We can 
also use a shortcut called the FOIL method when 
multiplying binomials. Certain special products 
follow patterns that we can memorize and use 
instead of multiplying the polynomials by hand each 
time. We will look at a variety of ways to multiply 
polynomials. 


Multiplying Polynomials Using the Distributive 
Property 


To multiply a number by a polynomial, we use the 
distributive property. The number must be 
distributed to each term of the polynomial. We can 
distribute the 2 in 2(x+7) to obtain the equivalent 
expression 2x+14. When multiplying polynomials, 
the distributive property allows us to multiply each 
term of the first polynomial by each term of the 
second. We then add the products together and 


combine like terms to simplify. 


Given the multiplication of two polynomials, 
use the distributive property to simplify the 
expression. 


1. Multiply each term of the first polynomial by 
each term of the second. 

2. Combine like terms. 

3. Simplify. 


Multiplying Polynomials Using the 
Distributive Property 


Find the product. 


(2x+1)(3x2 —-x+4) 


2x(3x2 —x+4)4+1(03x2 -—x+4) 

Use the distributive property. (6x3 -—2x2 
+8x)+(3x2 -x+4) Multiply. 6 x 3 
+( -2x2+3x2)+(8x-—x)+4 

Combine like terms. 6 x 3 + x2 +7x+4 
Simplify. 


Analysis 


We can use a table to keep track of our work, as 
shown in [link]. Write one polynomial across the 
top and the other down the side. For each box in 
the table, multiply the term for that row by the 
term for that column. Then add all of the terms 
together, combine like terms, and simplify. 
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Multiply (b+ 3)(2b2—5b+8) using @ the 
Distributive Property and © the Vertical 


Method. 


Distribute. 


Multiply. 


Combine like 
terms. 


® It is easier to put the polynomial with fewer 
terms on the bottom because we get fewer 
partial products this way. 


Multiply (2b2 —5b+3) 
by.3. 
M 
by 


Add like terms. 


3) 


Using FOIL to Multiply Binomials 


A shortcut called FOIL is sometimes used to find the 
product of two binomials. It is called FOIL because 
we multiply the first terms, the outer terms, the 
inner terms, and then the last terms of each 
binomial. 


First terms 
Last terms 


(ax + b) (cx + d) = acx? + adx + bex + bd 
Inner terms 


Outer terms 


The FOIL method arises out of the distributive 
property. We are simply multiplying each term of 
the first binomial by each term of the second 
binomial, and then combining like terms. 


Given two binomials, use FOIL to simplify the 
expression. 


Step 1. Multiply the First terms. 


first last first last 
Step 2. Multiply the Outer terms. (a+ bc +d) Say it as you multiply! 
inner FOIL 
Step 3. Multiply the Inner terms. outer First 
Step 4. Multiply the Last terms. aloes 


Step 5. Combine like terms, when possible. Last 


Using FOIL to Multiply Binomials 


Use FOIL to find the product. 


(2x-18)(3x+ 3) 


Find the product of the first terms. 


2x — 18 3x +3 2x - 3x = 6x2 


Find the product of the outer terms. 


2x - 18 3x +3 2x - 3 = 6x 


Find the product of the inner terms. 


2x - 18 3x +3 —18 - 3x = -—54x 


Find the product of the last terms. 


2x — 18 3x +3 —18-3= —54 


6x 2 +6x—54x—54 Add the products. 6 x 2 
+ (6x — 54x) — 54 Combine like terms. 6 x 2 
— 48x — 54 Simplify. 


The FOIL method is usually the quickest method for 
multiplying two binomials, but it only works for 
binomials. You can use the Distributive Property to 
find the product of any two polynomials. Another 
method that works for all polynomials is the 
Vertical Method. It is very much like the method 
you use to multiply whole numbers. Look carefully 
at this example of multiplying two-digit numbers. 


Multiply using the Vertical Method: (3y — 1) 
(2y —6). 


Solution 


It does not matter which binomial goes on the 
top. 


Multiply3y — 1by — 6.Multiply3y — 1by 2y.Add 
Wie teem Bap I Pay) Ihe 

1 O0y2 —2 yn _ 6y2—20y + 6partial 
productpartial productproduct 


Notice the partial products are the same as the 
terms in the FOIL method. 


Sum or Difference (aka Difference of Squares or 
Conjugates) 


Another special product is called the difference of 
squares, or Sum and Difference of Two Terms (as 
its called in the Algebra book. A pair of binomials 
that each have the same first term and the same last 
term, but one is a sum and one is a difference is 
called a conjugate pair and is of the form (a—b),(a 
+b). 


Notice how each pair has one sum and one difference. 


Because the sign changes in the second binomial, 
the outer and inner terms cancel each other out, and 
we are left only with the square of the first term 
minus the square of the last term. 


Difference of Squares or Sum and Difference 
When a binomial is multiplied by a binomial with 
the same terms separated by the opposite sign, the 
result is the square of the first term minus the 
square of the last term. 


difference 
| 


a—b)\a+b)=a°—b’ (a-bya+b)=a? |B 


conjugates squares 


Solution 


First, recognize this as a product of conjugates. 
The binomials have the same first terms, and 
the same last terms, and one binomial is a sum 
and the other is a difference. 


It fits the pattern. 


The product is a 
difference of squares. 


Multiply (2x+ 7)(2x—7). 


Binomial (Perfect) Square Trinomials 


Certain binomial products have special forms. When 
a binomial is squared, the result is called a perfect 
square trinomial. We can find the square by 
multiplying the binomial by itself. However, there is 
a special form that each of these perfect square 
trinomials takes, and memorizing the form makes 
squaring binomials much easier and faster. Let’s 
look at a few perfect square trinomials to familiarize 
ourselves with the form. 

(x+5)2 =x2 +10x+25(x-3)2= x2 -6x 
+9 (4x—-1) 2 = 16x 2 —8x+1 


Notice that the first term of each trinomial is the 
square of the first term of the binomial and, 


similarly, the last term of each trinomial is the 
square of the last term of the binomial. The middle 
term is double the product of the two terms. Lastly, 
we see that the first sign of the trinomial is the same 
as the sign of the binomial. 


Perfect Square Trinomials 

When a binomial is squared, the result is the first 
term squared added to double the product of both 
terms and the last term squared. 

(xt+a) 2 =(x+a)(x+a)= x2 +2ax+ a2 

Or 


(a+ by=a@+2ab+bh (a+ by 
(binomial)* (first term) 2(product of terms) (last term) 
(a-b? =@-2ab+b? (a- by ae - 2ab + Bb 


(binomial) (first term) 2(product of terms) (last term) 


Given a binomial, square it using the formula 
for perfect square trinomials. 


1. Square the first term of the binomial. 

2. Square the last term of the binomial. 

3. For the middle term of the trinomial, double 
the product of the two terms. 

4. Add and simplify. 


Multiply: @ (x+5)2 © (2x-3y)2. 


Double their 
product. 


Simplify. 


pattern. 


Ce) 
Simplify. 


Expand (4x—1)2. 


16 x2 —8x+l1l 


Performing Operations with Polynomials 
of Several Variables 


We have looked at polynomials containing only one 
variable. However, a polynomial can contain several 


variables. All of the same rules apply when working 
with polynomials containing several variables. 
Consider an example: 

(a+ 2b)(4a—b-—c) a(4a—b—c)+2b(4a—b-—c) 

Use the distributive property. 4a 2 —ab—ac+8ab 
—2b2 —2bc Multiply. 4a 2 +(—ab+ 8ab)—ac—2 
b 2 —2bc Combine like terms. 4a 2 + 7ab—ac 

— 2be — 2 b 2 Simplify. 


Find the sum: (u2 —6uv + 5v2) + (3u2 + 2uv). 


(u2 —6uv + 5v2) + (3u2 + 2uv) 

Distribute.u2 — 6uv + 5v2 + 3u2 + 2uv 
Rearrange the terms to put like terms 
together.u2 + 3u2 —6uv + 2uv + 5v2 Combine 
like terms.4u2 — 4uv + 5v2 


Multiplying Polynomials Containing 
Several Variables 


Multiply (x+4)(3x—2y+5). 


Follow the same steps that we used to multiply 


polynomials containing only one variable. 
Gx 2y oe a(x — ys) 

Use the distributive property. 3 x 2 —2xy+5x 
+ 12x—8y+20 Multiply. 3x 2 —2xy+ (5x 

+ 12x) —8y+20 Combine like terms. 3 x 2 

— 2xy+17x—8y+20 Simplify. 


Multiply (6x— D@x, 7y— 9): 


6x2 4 Zi 29x yo 


Access these online resources for additional 
instruction and practice with polynomials. 


¢ Adding and Subtracting Polynomials 
* Multiplying Polynomials 
* Special Products of Polynomials 


Key Concepts 


A polynomial is a sum of terms each consisting 
of a variable raised to a non-negative integer 
power. The degree is the highest power of the 
variable that occurs in the polynomial. The 
leading term is the term containing the highest 
degree, and the leading coefficient is the 
coefficient of that term. See [link]. 

We can add and subtract polynomials by 
combining like terms. See [link] and [link]. 
To multiply polynomials, use the distributive 
property to multiply each term in the first 
polynomial by each term in the second. Then 
add the products. See [link]. 

FOIL (First, Outer, Inner, Last) is a shortcut that 
can be used to multiply binomials. See [link]. 
Perfect square trinomials and difference of 
squares are special products. See [link] and 
[link]. 

Follow the same rules to work with 
polynomials containing several variables. See 
[link]. 


— Squares Sum or Difference 
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Middle term is ° There is no middle 
double the product of term. 
the terms 
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Section Exercises 


Algebraic 


For the following exercises, identify the degree of 
the polynomial. 


7X—-2x2 413 


—625a8 +16b4 


x2 +4x+4 


For the following exercises, find the sum or 
difference. 


(12% 2 ax J =( 8 x2"=19)) 


4x2 4+3x+19 


(6w2 +24w+ 24 )—( 3w — 26w+3 ) 


3w24+30w+21 


(11b4 -6b3 +18b2 —4b+8)-(3b3 
+6b2 +3b) 


11b4 —-9b3 +12b2 —7b+8 


For the following exercises, find the product. 


(4x + 2)(6x — 4) 


24x2 —-4x-8 


(6b2 -6)(4b2 —-4) 


24b4 -—48b2 +24 


(9v—11)(11v—9) 


99 v 2 —202v+99 


(8n—4)(n2 +9) 


8n3 —4n2 +72n—36 
For the following exercises, expand the binomial. 


(3y—7) 2 


9y 2 —-42y+49 


(4p+9)2 


16 p 2 +72p+81 


(3y—6) 2 


9y 2 —36y+ 36 
For the following exercises, multiply the binomials. 


(4c+1)(4c-—1) 


16c2 -1 


(4+ 4m)(4-—4m) 


—16m2 +16 


(11q—10)(11q+ 10) 


121 q 2 —100 


For the following exercises, multiply the 
polynomials. 


(4t24+t-7)(4t2—-1) 


L6t4-F4-13' 32 02:17 


(y=2)ty 2—4y=9) 


Vo =67 2 —7 £15 


(4t—5u) 2 


16t2 —40tu+25 u2 


(4r—d )( 6r+7d ) 


24r2 +22rd—7d2 


Real-World Applications 


A developer wants to purchase a plot of land to 
build a house. The area of the plot can be 
described by the following expression: (4x +1) 
(8x—3) where x is measured in meters. 
Multiply the binomials to find the area of the 


plot in standard form. 


32x 2 —4x-—3 m2 


A prospective buyer wants to know how much 
grain a specific silo can hold. The area of the 
floor of the silo is (2x+9)2. The height of 
the silo is 10x+10, where x is measured in 
feet. Expand the square and multiply by the 
height to find the expression that shows how 
much grain the silo can hold. 


Glossary 


binomial 
a polynomial containing two terms 


coefficient 
any realnumber ai ina polynomial in the 
form anxn+...+a2x2+alx+a0 


degree 
the highest power of the variable that occurs 
in a polynomial 


difference of squares 
the binomial that results when a binomial is 
multiplied by a binomial with the same terms, 
but the opposite sign 


leading coefficient 
the coefficient of the leading term 


leading term 
the term containing the highest degree 


monomial 
a polynomial containing one term 


perfect square trinomial 
the trinomial that results when a binomial is 
squared 


polynomial 
a sum of terms each consisting of a variable 
raised to a nonnegative integer power 


term of a polynomial 
any aixi ofapolynomial inthe form an 
xnt+..ta2x2+al1lx+a0 


trinomial 
a polynomial containing three terms 


Factoring Polynomials (P5) 
In this section students will: 


Factor the greatest common factor of a 
polynomial. 

Factor a trinomial. 

Factor by grouping. 

Factor a perfect square trinomial. 

Factor a difference of squares. 

Factor the sum and difference of cubes. 

Factor expressions using fractional or negative 
exponents. 


This Module supports section P5 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1 


. Factoring the Greatest Common Factor of a 


Polynomial [link] 


. Factor by Grouping [link] 

. Factor Difference of Squares [link] 

. Factor Perfect Square Trinomial [link] 

. Factor Sum and Difference of Cubes [link] 

. General Strategy for Factor [link] 

. Factor Expressions with Negative or Fraction 


Exponent [link] 


. Key Concepts [link] 


Greatest Common Factor of a Polynomial 


We have learned how to factor numbers to find the 
least common multiple (LCM) of two or more 
numbers. Now we will factor expressions and find 
the greatest common factor of two or more 
expressions. The method we use is similar to what 
we used to find the LCM. 


Greatest Common Factor 


The greatest common factor (GCF) of two or 
more expressions is the largest expression that is a 
factor of all the expressions. 


Find the greatest common factor of 
ZS Ox Zl aX 


Factor each coefficient 
into primes and write: 


form. 

Circle the common 
factors in each column. 
Bring down the 


PaAmman fantara 
ReVALLLIIVYAl LULLYIVde 


Multiply the factors. 


The GCF of 21x3, 9x2 
and 15x is 3x. 


When we study fractions, we learn that the greatest 
common factor (GCF) of two numbers is the largest 
number that divides evenly into both numbers. For 


instance, 4 is the GCF of 16 and 20 because it is 
the largest number that divides evenly into both 16 
and 20 The GCF of polynomials works the same 
way: 4x is the GCF of 16x and 20 x2 because it is 
the largest polynomial that divides evenly into both 
16x and 20x2. 


When factoring a polynomial expression, our first 
step should be to check for a GCF. Look for the GCF 
of the coefficients, and then look for the GCF of the 
variables. 


Greatest Common Factor 
The greatest common factor (GCF) of 


polynomials is the largest polynomial that divides 
evenly into the polynomials. 


Given a polynomial expression, factor out the 
greatest common factor. 


1 
2 
5) 
4 


. Identify the GCF of the coefficients. 

. Identify the GCF of the variables. 

. Combine to find the GCF of the expression. 

. Determine what the GCF needs to be 
multiplied by to obtain each term in the 
expression. 

5. Write the factored expression as the product o 


the GCF and the sum of the terms we need to 
multiply by. 


We state the Distributive Property here just as you 
saw it in earlier chapters and “in reverse.” 


Distributive Property 

If a, b, and c are real numbers, then 

a(b +c) =ab+acandab+ac=a(b+c) 

The form on the left is used to multiply. The form 
on the right is used to factor. 


So how do you use the Distributive Property to 
factor a polynomial? You just find the GCF of all the 
terms and write the polynomial as a product! 


How to Use the Distributive Property to factor a 
polynomial 


Factor: 8m3 — 12m2n+ 20mn2. 


Factoring the Greatest Common Factor 


FacionG <3 y 3-40 x2 y 2 Zixy, 


First, find the GCF of the expression. The GCF 
of 6,45, and 21 is 3. The GCF of x3,x2, 
and x is x. (Note that the GCF of a set of 
expressions in the form xn_ will always be 
the exponent of lowest degree.) And the GCF 


of y3,y2, and y is y. Combine these to 
find the GCF of the polynomial, 3xy. 


Next, determine what the GCF needs to be 
multiplied by to obtain each term of the 
polynomial. We find that 3xy(2 x 2 y 2)=6x 
3 y 3 ,3xy(15xy)=45 x 2y 2, and 

3xy(7) =21xy. 


Finally, write the factored expression as the 
product of the GCF and the sum of the terms 
we needed to multiply by. 

(Sxy)(2x2y 2 +15xy+7) 


nalysis 


fter factoring, we can check our work by 
multiplying. Use the distributive property to 
confirm that (3xy)(2x 2y 2 +15xy+7)=6x3y3 
EO on ee LY 


Factor x( b 2 —a)+6(b 2 —a) by pulling out 
the GCF. 


Chez aio) 


Factor by Grouping 


Sometimes there is no common factor of all the 
terms of a polynomial. When there are four terms 
we separate the polynomial into two parts with two 
terms in each part. Then look for the GCF in each 
part. If the polynomial can be factored, you will find 
a common factor emerges from both parts. Not all 
polynomials can be factored. Just like some 
numbers are prime, some polynomials are prime. 


How to Factor a Polynomial by Grouping 


Factor by grouping: xy + 3y+2x+6. 


Factor by grouping. 


Group terms with common factors. Factor out the 
common factor in each group. Factor the common 


factor from the expression. Check by multiplying 
the factors. 


Factor by grouping: @ x2+3x-—2x-6 © 
6x2—3x—4x+2. 


@ 

There is no GCF in all four terms.x2 + 3x — 2x 
— 6Separate into two parts.x2 + 3x — 2x 

— 6Factor the GCF from both parts. Be 
carefulwith the signs when factoring the GCF 


fromthe last two terms.x(x + 3) — 2(x+ 3)Factor 
out the common factor.(x + 3)(x — 2)Check on 
your own by multiplying. 


© 

There is no GCF in all four terms.6x2 — 3x — 4x 
+ 2Separate into two parts.6x2 — 3x — 4x 

+ 2Factor the GCF from both parts.3x(2x 

— 1)—2(2x—1)Factor out the common factor. 
(2x — 1)(3x — 2)Check on your own by 
multiplying. 


Factor Trinomials 


Does the order of the factors matter? 


o. Multiplication is commutative, so the order of the 
actors does not matter. 


You have already learned how to multiply binomials 
using FOIL. Now you'll need to “undo” this 
multiplication. To factor the trinomial means to 
start with the product, and end with the factors. 


To figure out how we would factor a trinomial of 
the form x2+bx+c, such as x2+5x-+6 and factor it 
to (x+2)(x+3), let’s start with two general 
binomials of the form (x+m) and (x+n). 


Foil to find the product. 


Factor the GCF from the 
middle terms. 


Our trinomial is of the 
form x2+bx+c. 


This tells us that to factor a trinomial of the form 
x2+bx+c, we need two factors (x+m) and (x+n) 
where the two numbers m and n multiply to c and 
add to b. 


How to Factor a Trinomial of the form x2 + bx 
+C 


Factor: x2+11x+ 24. 


Let’s summarize the method we just developed to 
factor trinomials of the form x2+bx+c. 


Strategy for Factoring Trinomials of the Form 
U-bx ec 
When we factor a trinomial, we look at the signs of 


its terms first to determine the signs of the 
binomial factors. 

2+bx+c(x+m)(x +n)Whencis 
positive,mandnhave the same 
sign. bpositivebnegativem,npositivem,nnegativex2 +x 
+ 6x2 —6x+ 8(x+ 2)(x+ 3)(x — 4)(x — 2)same 
signssame signsWhencis negative,mandnhave 
opposite signs.x2 + x — 12x2—2x—15(x+ 4)(x— 3) 
(x—5)(x+ 3)opposite signsopposite signs 


Notice that, in the case when m and n have 
opposite signs, the sign of the one with the larger 
absolute value matches the sign of b. 


What happens when the leading coefficient is not 1 
and there is no GCF? There are several methods that 


can be used to factor these trinomials. First we will 
use the Trial and Error method. 


Let’s factor the trinomial 3x2+5x+2. 


From our earlier work, we expect this will factor 
into two binomials. 
3x2+5x+ 200 


We know the first terms of the binomial factors will 
multiply to give us 3x2. The only factors of 3x2 are 
1x,3x. We can place them in the binomials. 


Check: Does 1x:3x = 3x2? 


We know the last terms of the binomials will 
multiply to 2. Since this trinomial has all positive 
terms, we only need to consider positive factors. The 
only factors of 2 are 1, 2. But we now have two 
cases to consider as it will make a difference if we 
write 1, 2 or 2, 1. 


Which factors are correct? To decide that, we 


multiply the inner and outer terms. 


Since the middle term of the trinomial is 5x, the 
factors in the first case will work. Let’s use FOIL to 
check. 

(x+1)(3x+ 2)3x2 + 2x+ 3x+ 23x2+5x+27 


Our result of the factoring is: 
3x2+5x+2(x+ 1)(3x+ 2) 


How to Factor a Trinomial Using Trial and 
Error 


Factor completely using trial and error: 


OV 2G eevee 


Factor trinomials of the form ax2+bx+c using 
trial and error. 


Write the trinomial in descending order of degrees 
as needed. Factor any GCF. Find all the factor pairs 
of the first term. Find all the factor pairs of the 
third term. Test all the possible combinations of the 


Remember, when the middle term is negative and 
the last term is positive, the signs in the binomials 
must both be negative. 


Factor completely using trial and error: 
6b2—13b+5. 


The trinomial is 
already in descending: 
6b 13h 5 | 


nr 
wv. 


Find the factors of the 
first term. 


Find the factors of the 
last term. Consider tke 


Si 9, 


is positive its factors 
must both be 

positive or both be 
negative. The 
coefficient of the 
middle term is 
negative, so we use the 
negative factors. 


Consider all the combinations of factors. 
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(2b—5)(3b—1) 6b2—+7b-+-5 


The correct factors are those whose productis 
the original trinomial.(2b — 1)(3b —5)Check by 


multiplyine:-(2b—1)(3b—5)6b2— 10b— 3b 
+ 56b2 —13b+5/Y 


When we factor an expression, we always look for a 
greatest common factor first. If the expression does 

not have a greatest common factor, there cannot be 
one in its factors either. This may help us eliminate 

some of the possible factor combinations. 


Factor completely using trial and error: 
18x2 — 37xy + 15y2. 


The trinomial is 
already in descending: 
18x" — 3/xv + 15V 


nr 
wv. 


Find the factors of the 
first term. 


ax ox 
Find the factors of the 


las 18x° — 37xy + 15ythe 


sige Pa 
Sims & = aad 
the coefficient of the 
middle 


term is negative, we 
use the negative 
factors. 


Consider all the combinations of factors. 


The correct factors are those whose product 
isthe original trinomial.(2x — 3y)(9x 

— 5y)Check by multiplying:(2x — 3y)(9x 

— by) 1Gx2— 10xy — 27 xy by 218x237 xy 
+ 15y2V 


Don’t forget to look for a GCF first and remember if 


the leading coefficient is negative, so is the GCF. 


Factor completely using trial and error: 
— 10y4—55y3 — 60y2. 


Notice the greatest 


common factor, so 
£5 


au — 


Factor the trinomial. 


Consider all the combinations. 


The correct factors are those whose productis 
the original trinomial. Remember to 
includethe factor — 5y2. — 5y2(y + 4)(2y 

+ 3)Check by multiplying: — 5y2(y + 4)(2y 
fo) = ayo 2y 24 6y + oy 

+ 12)—10y4— 55y3 — 60y2V¥ 


Factor Difference of Squares 


Do you remember the Difference of Squares from 
the last module? A difference of squares is a perfect 
square subtracted from a perfect square. Recall that 
a difference of squares can be rewritten as factors 
containing the same terms but opposite signs 
because the middle terms cancel each other out 
when the two factors are multiplied. 


Differences of Squares 


A difference of squares can be rewritten as two 
factors containing the same terms but opposite 
signs. 

a2 — b2 =(a+b)(a—b) 


Step 1.Does the binomial fit the pattern?a2 — b2Is 
this a difference?___—___ Are the first and last 
terms perfect squares?Step 2.Write them as 
squares.(a)2 — (b)2Step 3.Write the product of 
conjugates.(a—b)(a+ b)Step 4.Check by 


multiplying. 


Factor: 144x2 — 49y2. 


144x2 — 49y2Is this a difference of squares? 
Yes.(12x)2 —(7y)2Factor as the product of 
conjugates.(12x — 7y)(12x + 7y)Check by 
multiplying.(12x — 7y)(12x 

+7y)144x2 —49y2/V 


Factoring a Difference of Squares 


Factor 9x 2 —25. 


Notice that 9x 2 and 25 are perfect squares 
because 9x 2 = (3x) 2 and 25= 52. The 


polynomial represents a difference of squares 
and can be rewritten as (3x +5)(3x-— 5). 


As always, you should look for a common factor 
first whenever you have an expression to factor. 
Sometimes a common factor may “disguise” the 
difference of squares and you won’t recognize the 
perfect squares until you factor the GCF. 


Factor: 48x4y2 — 243y2. 


48x4y2 — 243y2Is there a GCF? Yes,3y2— 
factor it out!3y2(16x4 — 81)Is the binomial a 
difference of squares? 

Yes.3y2((4x2)2 —(9)2)Factor as a product of 
conjugates.3y2(4x2 — 9)(4x2 + 9)Notice the 
first binomial is also a difference of squares! 
3y2((2x)2 — (3)2)(4x2 + 9)Factor it as the 
product of conjugates.3y2(2x — 3)(2x + 3) 
(4x2 + 9) 


The last factor, the sum of squares, cannot be 
factored. 


Check by multiplying:3y2(2x — 3)(2x + 3) 
(4x2 + 9)3y2(4x2 — 9) 
(4x2 + 9)3y2(16x4 — 81)48x4y2 — 243y2V 


Factoring a Perfect Square Trinomial 


Some trinomials are perfect squares. They result 
from multiplying a binomial times itself. We 
squared a binomial using the Binomial Squares 
pattern in a previous chapter. 


Perfect Square Trinomials 
a2 +2ab+ b2 = (a+b) 2anda2 —2ab+ b2 = 
(a—b) 2 


We can use this equation to factor any perfect 
square trinomial. 


Step 1.Does the trinomial fit the pattern?a2 + 2ab 
+b2a2—2ab + b2 Is the first term a perfect square? 
(a)2(a)2 Write it as a square. Is the last term a 
perfect square?(a)2(b)2(a)2(b)2 Write it as a 
square. Check the middle term. Is it2ab? 
(a)2\2-a:b/(b)2(a)2\2-a:b“(b)2 Step 2.Write the 
square of the binomial.(a+ b)2(a—b)2 Step 
3.Check by multiplying. 


Factor: 9x2+ 12x+ 4. 


Factoring a Perfect Square Trinomial 


Factor 25x 2 +20x+ 4. 


Notice that 25x 2 and 4 are perfect squares 
because 25x 2 = (5x) 2 and 4= 22. Then 
check to see if the middle term is twice the 
product of 5x and 2. The middle term is, 
indeed, twice the product: 2(5x)(2) = 20x. 
Therefore, the trinomial is a perfect square 
trinomial and can be written as (5x+2) 2. 


Factor, 6ly2— 7/2y - 16, 


The first and last terms are squares. See if the 
middle term fits the pattern of a perfect square 
trinomial. The middle term is negative, so the 
binomial square would be (a—b)2. 


Are the first and last 
terms perfect 


Cie | 
Check the middle terin. 


Does it match (a—b)2? 
Y. 


Write as the square of 
a binomial. 


Check by multiplying: 


(9y 
— 4)2(9y)2 —2-9y-4 + 4281ly2 —72y 
+167 


Factoring the Sum and Difference of 
Cubes 


Now, we will look at two new special products: the 
sum and difference of cubes. Although the sum of 
squares cannot be factored, the sum of cubes can be 
factored into a binomial and a trinomial. 


We can use the acronym SOAP to remember the 
signs when factoring the sum or difference of cubes. 
The first letter of each word relates to the signs: 
Same Opposite Always Positive. For example, 
consider the following example. 

x3 -—-23 =(xk-2)(x2 +2x+4) 


The sign of the first 2 is the same as the sign 
between x3 — 23. The sign of the 2x term is 
opposite the sign between x 3 — 23. And the sign 
of the last term, 4, is always positive. 


Sum and Difference of Cubes 
We can factor the sum of two cubes as 
a3 + b3 =(at+b)(a2 —ab+ b2) 


We can factor the difference of two cubes as 
a3 —b3 =(a—b)(a2 +ab+ b2) 


We'll check the first pattern and leave the second to 
you. 


Distribute. 


Multiply. 


Combine like terms. 


Given a sum of cubes or difference of cubes, 
factor it. 


1. Confirm that the first and last term are cubes, 
a3+b3 or a3-—b3. 

2. For a sum of cubes, write the factored form as 
(a+b)( a2 —ab+ b2). Fora difference of 


cubes, write the factored form as (a—b)(a 2 
+ab+ b2). 


Factor: x3 + 64. 


Factoring a Difference of Cubes 


Factor 8x3 —125. 


Notice that 8x 3 and 125 are cubes because 


8x3 = (2x)3 and 125= 53. Write the 
difference of cubes as (2x—5)(4 x 2 +10x 
+25). 


Analysis 


Just as with the sum of cubes, we will not be able 
to further factor the trinomial portion. 


General Strategy to Factor Polynomials 


You have now become acquainted with all the 
methods of factoring that you will need in this 
course. The following chart summarizes all the 
factoring methods we have covered, and outlines a 
strategy you should use when factoring polynomials. 


General Strategy for Factoring Polynomials 


GCF 


Binomial Trinomial More than 3 terms 


+ Difference of Squares *xX*+ bx+c * grouping 
@ — b? = (a—b) (a+b) oye) 


* Sum of Squares sax'+bx+c 

Sums of squares do not factor. o ‘a’ and ‘c’ squares 

+ Sum of Cubes (a+ bY =@ + 2ab+ b’ 
a + b*= (a+ b) (a’-ab + b’) (a—by=a?-2ab+b 


+ Difference of Cubes ° ‘ac’ method 
a@ — b? = (a—b) (a’ + ab + b*) 


Use a general strategy for factoring polynomials. 


Is there a greatest common factor? 

Factor it out. Is the polynomial a binomial, 
trinomial, or are there more than three terms? 

If it is a binomial: If it has more than three terms: 


¢ Isita sum? 
Of squares? Sums of squares do not factor. 
Of cubes? Use the sum of cubes pattern. 
* Is it a difference? 
Of squares? Factor as the Difference of 
Squares. 
Of cubes? Use the difference of cubes pattern. 


* Is it of the form x2+bx+c? Undo FOIL. 
¢ Is it of the form ax2+bx+c? 
If a and c are squares, check if it fits the 
trinomial square pattern. 
Use the trial and error or “ac” method. 


* Use the grouping method. 


Check. 
Is it factored completely? 


Do the factors multiply back to the original 
polynomial? 


Remember, a polynomial is completely factored if, 
other than monomials, its factors are prime! 


Factor completely: 7x3 —21x2 —70x. 


7x3 — 21x2 —70xIs there a GCF? Yes,7x.Factor 
out the GCF.7x(x2 — 3x —10)In the 
parentheses, is it a binomial, trinomial,or are 
there more terms?Trinomial with leading 
coefficient 1.“Undo” FOIL.7x(x)(x)7x(x + 2)(x 
— 5)Is the expression factored completely? 


Yes.Neither binomial can be factored.Check 
your answer.Multiply.7x(x + 2)(x 

— 5)7x(x2 — 5x + 2x — 10)7x(x2 — 3x 

— 10)7x3 — 21x2 — 70xV¥ 


Factor completely: 24y2 —150. 


24y2—150Is there a GCF? Yes, 6.Factor out 
the GCF.6(4y2 — 25)In the parentheses, is it a 
binomial, trinomialor are there more than 
three terms? Binomial.Is it a sum? No.Is it a 
difference? Of squares or cubes? Yes, 
squares.6((2y)2 — (5)2)Write as a product of 
conjugates.6(2y — 5)(2y + 5)Is the expression 
factored completely?Neither binomial can be 
factored.Check:Multiply.6(2y — 5)(2y 

+ 5)6(4y2 — 25)24y2 — 1507 


The next example can be factored using several 
methods. Recognizing the trinomial squares pattern 
will make your work easier. 


Factor completely: 4a2 —12ab + 9b2. 


4a2 —12ab+ 9b2Is there a GCF? No.Is it a 
binomial, trinomial, or are there more terms? 
Trinomial witha = 1.But the first term is a 


perfect square.Is the last term a perfect 
square? Yes.(2a)2 — 12ab+(3b)2Does it fit the 
pattern,a2 — 2ab + b2?Yes.(2a)2\ — 12ab+ 

— 2(2a)(3b)“(3b)2Write it as a square.(2a 

— 3b)2Is the expression factored completely? 
Yes.The binomial cannot be factored.Check 
your answer.Multiply.(2a — 3b)2(2a)2 — 2:2a:3b 
+ (3b)24a2 —12ab+ 9b2V 


When we have factored a polynomial with four 
terms, most often we separated it into two groups of 
two terms. Remember that we can also separate it 
into a trinomial and then one term. 


Factor completely: 9x2 —12xy + 4y2—49. 


9x2 —12xy + 4y2 —49Is there a GCF? No.With 
more than 3 terms, use grouping. Last 2 
termshave no GCF. Try grouping first 3 
terms.9x2 —12xy + 4y2 — 49Factor the 
trinomial witha + 1.But the first term is 
aperfect square.Is the last term of the trinomial 
a perfect square? Yes.(3x)2—12xy 

+ (2y)2—49Does the trinomial fit the 
patterm.a2—2ab 4 b27Yes(ox)24— xy - 


— 2(3x)(2y)“(2y)2 — 49Write the trinomial as a 
square.(3x — 2y)2 — 49Is this binomial a sum or 
difference? Of squares orcubes? Write it as a 
difference of squares.(3x — 2y)2 — 72Write it as 
a product of conjugates.((3x — 2y) — 7)((3x 
=o oe 2 (ox oy 7 is ine 
expression factored completely? Yes.Check 
your answer.Multiply.(3x — 2y —7)(3x— 2y 

+7) 9x2 — Oxy — 21x = 0xy + 4y 24 1 4y ol 

— 14y — 499x2 — 12xy + 4y2—49V 


Factoring Expressions with Fractional or 
Negative Exponents 


Expressions with fractional or negative exponents 
can be factored by pulling out a GCF. Look for the 
variable or exponent that is common to each term of 
the expression and pull out that variable or 
exponent raised to the lowest power. These 
expressions follow the same factoring rules as those 
with integer exponents. For instance, 2x14 +5x 
34 can be factored by pulling out x14 and 
being rewritten as x14(2+5x12). 


PO 


Factoring an Expression with Fractional or 
Negative Exponents 


RaciOn Oxted) jee 4 xa 2 


Factor out the term with the lowest value of 
the exponent. In this case, that would be (x 
+2)-13. 

(x+2) — 13 (38x+4(x+2)) 

Factor out the GCF. (x+2) — 13 (8x+4x+8) 
Simplify. (x +2) — 1 3 (7x+8) 


Factor 2 (5a—1)34+7a(5a—1) —14. 


Gate ela 2) 


Access these online resources for additional 
instruction and practice with factoring 
polynomials. 


¢ Identify GCF 
¢ Factor Trinomials when a Equals 1 
¢ Factor Trinomials when a is not equal to 1 


¢ Factor Sum or Difference of Cubes 


Key Equations 


iffar armAKASGM 
GiHTerence we. SGuares LS | AG FP yesyyvVa 


perfect square trinomial a a2 +2ab+ b2 = (a +b) 


9 
_ 


sum of cubes a3 4+ b3 =(a+b)(a2 
—ab-+b2} 

difference of cubes a3 — b3 =(a-—b)(a2 
+ab+ b2) 


Write the factors as two binomials with first terms 
. X2+bx+c(x)(x) Find two numbers m and n that 


* multiply to c.mn=c 
- add to bhm+n=b 


Use m and n as the last terms of the factors. (x +m) 
(x+n) Check by multiplying the factors. 


* The greatest common factor, or GCF, can be 
factored out of a polynomial. Checking for a 
GCF should be the first step in any factoring 
problem. See [link]. 

* Trinomials with leading coefficient 1 can be 
factored by finding numbers that have a 
product of the third term and a sum of the 
second term. See [link]. 

* Trinomials can be factored using a process 
called factoring by grouping. See [link]. 

* Perfect square trinomials and the difference of 
squares are special products and can be 
factored using equations. See [link] and [link]. 

* The sum of cubes and the difference of cubes 
can be factored using equations. See [link] and 
[link]. 

* Polynomials containing fractional and negative 
exponents can be factored by pulling out a 
GCF. See [link]. 


Section Exercises 


Algebraic 


For the following exercises, find the greatest 
common factor. 


49m b 2 —35 m 2 ba+77ma 2 


7m 


200 p3m3 —30p2m3 +40m3 


10m3 
For the following exercises, factor by grouping. 


2a2:+9a—18 


( 2a—3 )(at+6 ) 


6n2—19n=—11 


(3n-—11)( 2n+1 ) 
For the following exercises, factor the polynomial. 


10h 2 —9h-9 


(5h+3 )( 2h—-3 ) 


9d2 —73d+8 


(9d—1)(d-8) 


16%2:=100 


(4x + 10)(4x — 10) 


144b2 —-25c2 


(12b+ 5c)(12b — 5c) 


49n2 +168n+144 


C7n ly 2 


25 p 2 —120m+144 


(5p—12) 2 
For the following exercises, factor the polynomials. 


ae ee eA. 


(x+6)( x 2 —6x+36) 


64x53 —125 


(4x—5)(16 x 2 +20x+25) 


IZ5 TS 1728 8:3 


(5r+12s)(25 r 2 —60rs+144 5s 2 ) 


3c (2c+3) — 14 -5(2c+3)34 


(2c+3) —14(—-7c-15) 


SZ{27=9) — 3:2 +1 Oz=—9) — 12 


C22=9 ).= 32:0 272= 99") 


Real-World Applications 
For the following exercises, consider this scenario: 


Charlotte has appointed a chairperson to lead a city 
beautification project. The first act is to install 


statues and fountains in one of the city’s parks. The 
park is a rectangle with an area of 98 x 2 +105x 

— 27 m2, as shown in the figure below. The length 
and width of the park are perfect factors of the area. 


|X w = 98x? + 105x — 27 


Factor by grouping to find the length and width 
of the park. 


(14x—3 )( 7x+9 ) 


At the northwest corner of the park, the city is 
going to install a fountain. The area of the base 
of the fountain is 9x 2 —25m 2. Factor the 
area to find the lengths of the sides of the 
fountain. 


(354-5 )C3x=—5 ) 


Glossary 


factor by grouping 
a method for factoring a trinomial in the form 
ax 2 +bx+c by dividing the x term into the 
sum of two terms, factoring each portion of 
the expression separately, and then factoring 
out the GCF of the entire expression 


greatest common factor 
the largest polynomial that divides evenly 
into each polynomial 


Rational Expressions (P6) 
In this section students will: 


¢ Simplify rational expressions. 

* Multiply rational expressions. 

* Divide rational expressions. 

« Add and subtract rational expressions. 
¢ Simplify complex rational expressions. 


This Module supports section P6 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Determine the Values for Which a Rational 
Expression is Undefined [link] 
. Simplify Rational Expressions [link] 


. Multiply Rational Expressions [link] 

. Divide Rational Expressions [link] 

. Add and Subtract Rational Expressions [link] 

. Add and Subtract Rational Expressions, Unlike 
Denominators [link] 

. Complex Rational Expressions [link] 

. Key Concepts [link] 


We previously reviewed the properties of fractions 


and their operations. We introduced rational 
numbers, which are just fractions where the 
numerators and denominators are integers. In this 
chapter, we will work with fractions whose 
numerators and denominators are polynomials. We 
call this kind of expression a rational expression. 


Rational Expression 


A rational expression is an expression of the form 
pq, where p and q are polynomials and q +0. 


Here are some examples of rational expressions: 
— 24565x1 2y4x + 1x2 —-94x2+3x—-—12x-8 


Notice that the first rational expression listed above, 
— 2456, is just a fraction. Since a constant is a 
polynomial with degree zero, the ratio of two 
constants is a rational expression, provided the 
denominator is not zero. 


We will do the same operations with rational 
expressions that we did with fractions. We will 
simplify, add, subtract, multiply, divide and use 
them in applications. 


Determine the Values for Which a 


Rational Expression is Undefined 


The domain of an expression is the set of numbers 
for which the expression is defined. If the 
denominator is zero, the rational expression is 
undefined. The numerator of a rational expression 
may be 0—but not the denominator. 


When we work with a numerical fraction, it is easy 
to avoid dividing by zero because we can see the 
number in the denominator. In order to avoid 
dividing by zero in a rational expression, we must 
not allow values of the variable that will make the 
denominator be zero. 


So before we begin any operation with a rational 
expression, we examine it first to find the values 
that would make the denominator zero. That way, 
when we solve a rational equation for example, we 
will know whether the algebraic solutions we find 
are allowed or not. 


Determine the values for which a rational 
expression is undefined. 


Set the denominator equal to zero. Solve the 
equation. 


Determine the value for which each rational 
expression is undefined: 


@ 8a2b3c © 4b—32b+5 © x+4x24+5x+6. 


The expression will be undefined when the 
denominator is zero. 


@ 

8a2b3c Set the denominator equal to zero and 
solvefor the variable.3c=0 c=0 8a2b3cis 
undefined forc = 0. 


® 

4b —32b +5 Set the denominator equal to zero 
and solvefor the variable.2b + 5=02b= —5b= 
— 52 4b—32b+5is undefined forb= — 52. 


© 

x + 4x2+5x-+6 Set the denominator equal to 
zero and solvefor the variable.x2 + 5x +6=0O(« 
+ 2)(x+3)=0x+2=O0orx+ 3 =0x= — 20rx= 
—3x+4x2+5x+ 6is undefined forx = 

— 20rx = — 3. 


Simplify Rational Expressions 


A fraction is considered simplified if there are no 
common factors, other than 1, in its numerator and 
denominator. Similarly, a simplified rational 
expression has no common factors, other than 1, in 
its numerator and denominator. 


Simplified Rational Expression 
A rational expression is considered simplified if 


there are no common factors in its numerator and 
denominator. 


For example, 

x +2x+ 3is simplified because there are no common 
factors ofx + 2andx+ 3. 2x3xis not simplified 
becausexis a common factor of2xand3x. 


We use the Equivalent Fractions Property to simplify 
numerical fractions. We restate it here as we will 
also use it to simplify rational expressions. 


Equivalent Fractions Property 


If a, b, and c are numbers where b 0,c 0, 
thenab = a:cb-canda:cb:c = ab. 


Notice that in the Equivalent Fractions Property, the 
values that would make the denominators zero are 
specifically disallowed. We see b #0,c <0 clearly 
stated. 


To simplify rational expressions, we first write the 
numerator and denominator in factored form. Then 
we remove the common factors using the Equivalent 
Fractions Property. 


Be very careful as you remove common factors. 
Factors are multiplied to make a product. You can 
remove a factor from a product. You cannot remove 
a term from a sum. 


Removing the x’s from x + 5x would be like 
cancelling the 2’s in the fraction 2+ 52! 


How to Simplify a Rational Expression 


Simplify: X24, 5% 4 Ox27-0% 12. 


Simplify a rational expression 


Factor the numerator and denominator completely. 
Simplify by dividing out common factors. 


Usually, we leave the simplified rational expression 
in factored form. This way, it is easy to check that 
we have removed all the common factors. 


Simplify: y2+y— 42y2 — 36. 


Solution 


y2+y—42y2—36Factor the numerator and 


denominator.(y + 7)(y — 6)(y + 6)(y — 6)Remove 
the common factory — 6fromthe numerator and 
the denominator.(y + 7)(y — 6)(y + 6)(y — 6)y 

a7 ¥ 10 


Now we will see how to simplify a rational 
expression whose numerator and denominator have 
opposite factors. We previously introduced opposite 
notation: the opposite of ais —a and —a=—1ava. 


The numerical fraction, say 7 —7 simplifies to —1. 
We also recognize that the numerator and 
denominator are opposites. 


The fraction a—a, whose numerator and 
denominator are opposites also simplifies to —1. 
Let’s look at the expressionb —a.b —a Rewrite. —a 
+b Factor out-1.—1(a—b) 


This tells us that b—a is the opposite of a—b. 
In general, we could write the opposite of a—b as b 


—a. So the rational expression a— bb —a simplifies 
to: =A; 


Opposites in a Rational Expression 
The opposite of a—b is b—a. 


a—bb-—a=-—1la#=b 
An expression and its opposite divide to —1. 


We will use this property to simplify rational 
expressions that contain opposites in their 
numerators and denominators. Be careful not to 
treat a+b and b+a as opposites. Recall that in 
addition, order doesn’t matter soat+b=b~+a. So if 
az —b, then a+bb+a=1. 


Simplify: x2 — 4x — 3264 — x2. 


04 —-x___ 
Factor the numerator 
and the denominator. 


Recognize the factors 
that_are opposites. 


Simplify. 


SMM phys xe ape 2 ee 


Multiply Rational Expressions 


To multiply rational expressions, we do just what 
we did with numerical fractions. We multiply the 
numerators and multiply the denominators. Then, if 
there are any common factors, we remove them to 
simplify the result. 


Multiplication of Rational Expressions 
If p, g, r, and s are polynomials where q#0,s 0, 
then 


pq ts = prqs 


Factor each numerator and denominator 
completely. Multiply the numerators and 
denominators. Simplify by dividing out common 
factors. 


Remember, throughout this chapter, we will assume 
that all numerical values that would make the 
denominator be zero are excluded. We will not write 
the restrictions for each rational expression, but 
keep in mind that the denominator can never be 
zero. So in this next example, x ~0,x #3, and x#4. 


How to Multiply Rational Expressions 


Simplify: 2xx2 > 7x-6 1 2x2 9ox2- 


Simplify: 5xx2 + 5x+ 6x2 —410x. 


x —22(x+3) 


The following is an alternate method, used in the 
College Algebra textbook, where you divide out the 
common factors prior to multiplying the numerators 
and denominators. 


Multiply: 3a2— 8a—3a2—25-a2+10a 
+ 20002 — 14a—9. 


Factor numerators and Denominators (3at+ 1)(a-3) (a+5) (at+5) 
(a—5)(a+5) (Bat+1)(a—5) 


Divide Common Factors (GeF1)(a—3) (@8)(a+5) 


(a-S)(@8) (Bafi)(a-5) 

Simplify (a-3) | (a+5) 

(a-5) (a-5) 

Multiply remaining Fact i tor: = 

erp ea actors in numerators (a 3)(a+5) as5, s 2 a 
(a—5)? 3 


Divide Rational Expressions 


Just like we did for numerical fractions, to divide a 
rational expression by another, multiply the first 
expression by the reciprocal of the second. Using 
this approach, we would rewrite 1x + x23 as 
the product 1x-3x2. Once the division 
expression has been rewritten as a multiplication 
expression, we can multiply as we did before. 


Division of Rational Expressions 

If p, q, r, and s are polynomials where 
q~0,r~0,s ~0, then 

Pq ~ ts=pq'sr 


Rewrite the division as the product of the first 


rational expression and the reciprocal of the 
second. Factor the numerators and denominators 
completely. Multiply the numerators and 
denominators together. Simplify by dividing out 
common factors. 


Once we rewrite the division as multiplication of the 
first expression by the reciprocal of the second, we 
then factor everything and look for common factors. 


How to Divide Rational Expressions 


Divide: pS-.d22p2 1 2pq2a2 p2 —aq70: 


The following is an alternate method, used in the 
College Algebra textbook, where you divide out the 
common factors prior to multiplying the numerators 
and denominators. 


Dividing Rational Expressions 


Divide the rational expressions and express the 
quotient in simplest form: 
se ee a x er 


Rewrite the division as the product of the 2x24+x46 x7242xK4+1 
reciprocal. . 


xe—4 xe 
Factor numerators and Denominators (2x—-3)(x+2) (x+1)(x+1) 


(x+1)(e=1)  (+2)(x—2) 


Divide Common Factors (2x~-3) (x2) : Ce I(x +1) 

CNL) (x=1) er) (x=2) 

Simplify (2x-3) _ +1) 

(x-1) (x-2) 

Multiply remaining Factors in numerators 2x—: 

and Fae eae) x#2, -2, -1, 1 
(x-1)(x-2) 


Add and subtract Rational Expressions 


What is the first step you take when you add 
numerical fractions? You check if they have a 
common denominator. If they do, you add the 
numerators and place the sum over the common 
denominator. If they do not have a common 
denominator, you find one before you add. 


It is the same with rational expressions. To add 
rational expressions, they must have a common 
denominator. When the denominators are the same, 
you add the numerators and place the sum over the 
common denominator. 


Rational Expression Addition and Subtraction 


If p, g, and r are polynomials where r~#0, then 
pr+qr=p-+ qrandpr—qr=p-—qr 


How To: 


¢ To add or subtract rational expressions with a 
common denominator, add or subtract the 
numerators and place the result over the 
common denominator. 


* We always simplify rational expressions. Be 
sure to factor, if possible, after you subtract the 
numerators so you can identify any common 
factors. 

* Remember, too, we do not allow values that 
would make the denominator zero. 


Add: 11x +28x+4+4+x2x+ 4. 


Since the denominator is x +4, we must 
exclude the value x= — 4. 


11x+ 28x+4+x2x+4,x + —4 The fractions 
have a common denominator,so add the 
numerators and place the sumover the 
common denominator.11x+28+x2x+4 Write 
the degrees in descending order.x2 + 11x + 28x 
+ 4 Factor the numerator.(x + 4)(x+ 7)x+4 
Simplify by removing common factors.(x + 4)(x 
+ 7)x +4 Simplify.x +7 


The expression simplifies to x +7 but the 
original expression had a denominator of x+ 4 
so x= —4. 


To subtract rational expressions, they must also 
have a common denominator. When the 
denominators are the same, you subtract the 
numerators and place the difference over the 
common denominator. Be careful of the signs when 
you subtract a binomial or trinomial. 


Subtract: 5x2 —7x+ 3x2 -—3x+18-4x2+4+x 
— 9x2 —3x+18. 


5x2 —7x+3x2—3x+ 18 —4x2+x—9x2—3x 

+ 18 Subtract the numerators and place 
thedifference over the common 
denominator.5x2 —7x+ 3 —(4x2+x-—- 9)x2 — 3x 
+ 18 Distribute the sign in the 

numerator.5x2 —7x +3 —4x2—x+ 9x2 — 3x 

— 18 Combine like terms.x2 — 8x + 12x2 — 3x 

— 18 Factor the numerator and the 
denominator. (x — 2)(x — 6)(x+ 3)(x —6) 
Simplify by removing common factors.(x — 2)(x 
— 6)(x + 3)(x—6) (x-—2)(x+ 3) 


Add, Subtract with Unlike Denominators 


Adding and subtracting rational expressions works 


just like adding and subtracting numerical fractions. 
To add fractions, we need to find a common 
denominator. Let’s look at an example of fraction 
addition. 

5 24 + 140 = 25120 + 3120 = 28 120 = 7 30 


We have to rewrite the fractions so they share a 
common denominator before we are able to add. We 
must do the same thing when adding or subtracting 
rational expressions. 


The easiest common denominator to use will be the 
least common denominator, or LCD. The LCD is 
the smallest multiple that the denominators have in 
common. To find the LCD of two rational 
expressions, we factor the expressions and multiply 
all of the distinct factors. For instance, if the 
factored denominators were (x+3)(x+4) and (x 
+ 4)(x+5), then the LCD would be (x+3)(x+4)(x 
+5). 


Find the least common denominator of rational 
expressions. 


Factor each denominator completely. List the 
factors of each denominator. Match factors 
vertically when possible, as this will make it easier 
to avoid duplication. Bring down the columns by 
including all factors, but do not include common 


factors twice. Write the LCD as the product of the 
factors. 


Remember, we always exclude values that would 
make the denominator zero. What values of x 
should we exclude in this next example? 


@ Find the LCD for the expressions 8x2 — 2x 
— 3,3xx2+4x+3 and © rewrite them as 
equivalent rational expressions with the lowest 


common denominator. 


Find the LCD for 

8x2 — 2x — 3,3xx2 + 4x 
je ©) 

Factor each 
denominator 
completely, lining up 


co 


Br 


ealumac 
VeVAULILIIV. 


Write the LCD as the 
product of the factors. 


® 


Factor each 
denominator. 


Multiply each 


denominator by the 
_—_—— 


LCD factor and 
multiply each 
numerator by the same 


fantar 
LULLUL. 


Simplify the 
numerators. 


@) Find the LCD for the expressions 3xx2 — 3x- 


10,5x2+3x+2 © rewrite them as equivalent 
rational expressions with the lowest common 
denominator. 


@® (x+2)(x—5)(x+1) 
® 3x2+3x(x+ 2)(x—5)(x+1), 
5x — 25(x+ 2)(x-—5)(x+1) 


Now we have all the steps we need to add or 
subtract rational expressions with unlike 
denominators. Here's an example: 


Determine if the expressions have a common 
denominator. 


* Yes — go to step 2. 
* No —- Rewrite each rational expression with 
the LCD: 


© Find the LCD. 


© Rewrite each rational expression as an 
equivalent rational expression with the 
LCD. 


dd or subtract the rational expressions. Simplify, 
if possible. 


Add: 3x -—-3+2x-—2. 


Subtract: — 3n—9n2+n-—-6—n+32—n. 


a 2 ee 
Factor the 


denominator. 


[1 W— Zit) _4—T71] 
Since n—2 and 2-—n 


are opposites, we wil! 
m 
ra 


Sn 
ae 


bel 


aT — 2 Fy 7 — 2 
Simplify. Remember, a 


—(~b)=a+b. 


Do the rational 
expressions have a 


common denominator? 
Na 


LWNWUe 


Find the LCD.n2+n 
—6=(n-—2)(n+3)n 
—2=(n 

— 2) LCD =(n 
—2}-+3) 


Rewrite each rational 


expression as an 
eq 
ex 


TOCN 


iwi. 


Simplify the 
numerators. 


SU) Le FL 7 
Add the rational 
expressions. 

E—-— | 


Simplify the 
numerator. 


Factor the numerator 
to look for common 
fa 


Simplify. 


Complex Rational Expressions 


Complex fractions are fractions in which the 
numerator or denominator contains a fraction. We 
previously simplified complex fractions like these: 
3458x2xy6 


A complex rational expression is a rational 
expression in which the numerator and/or the 


denominator contains a rational expression. 
Examples 
4y — 38y2 —91x+ lyxy — yx2x + 64x — 6 — 4x2 — 36 


We will use two methods to simplify complex 

rational expressions. The following is the first type: 
For Example 

6x2 — 7x + 24x — 82x2 —8x+ 3x2—5x+6 


We noted that fraction bars tell us to divide, so 
rewrote it as the division problem: 
(6x2 —7x+ 24x — 8) + (2x2 —8x+ 3x2—5x+6). 


Then, we multiplied the first rational expression by 
the reciprocal of the second, just like we do when 
we divide two fractions. 


Simplify the complex rational expression by 
writing it as division: 6x — 43x2— 16. 


6x — 43x2 — 16 Rewrite the complex fraction as 
division.6x — 4 + 3x2 — 16 Rewrite as the 
product of first times thereciprocal of the 
second.6x — 4x2 — 163 Factor.3:2x — 4-(x — 4) (x 
+ 4)3 Multiply.3-2(x — 4)(x + 4)3(x — 4) 
Remove common factors.3-2(x — 4)(x + 4)3(x 

— 4) Simplify.2(« + 4) 


Are there any value(s) of x that should not be 
allowed? The original complex rational 
expression had denominators of x — 4 and 
x2—16. This expression would be undefined if 
x=4 or x= —4. 


Simplify the numerator and denominator. Rewrite 
the complex rational expression as a division 
problem. Divide the expressions. 


Simplify the complex rational expression by 
writing it as division: n—4nn+51n+5+1n 


T+ 51] 
Simplify the numerator 
and denominator. 
i 
e 
elaverevsetietiiies e 


Simplify the 
numerators. 


TF ST — 3) 
Subtract the rational 
expressions in the 


ae 
Simplify. (We now 
have one rational 
expression over 


Rewrite as fraction 
division. 


is 
Multiply the first times 


the reciprocal of the 
Moonen, (+5in—5) | 


4 | ee 
Factor any €Xpressl1Or©is 


if penta 


i) 
Remove common 


factors. 


ES 7 
Simplify. 


As we did early, we can use that strategy here to 
simplify complex rational expressions. We will 
multiply the numerator and denominator by the 


LCD of all the rational expressions. 


Find the LCD of all fractions in the complex 


rational expression. Multiply the numerator and 
denominator by the LCD. Simplify the expression. 


Simplify the complex rational expression by 
using the LCD: 2x + 64x — 6 — 4x2 — 36. 


ee a 
Find the LCD of all 

fractions in the 

complex rational 

expression. The LCD is 

xD — 836-=-Gr-+ 6) Gr — 6), 


Multiply the numerator 


and denominator b 
a 
a 


Simplify the 


. 
aAVNrATraACcCANN 
SEAS Ete RevVuUivile 


Distribute in the 
denominator. 


ae o_O 
Simplify. 


Yk AVES 2) 
Simplify. 


a 
To simplify the 

denominator 
[a 
and combine like 


tarma 
LvLL1iv. 


Factor the 
denominator. 


Ys ee 
Remove common 


factors. 


rs a 
Simplify. 


—__—___________- 
Notice that there are 
no more factors 
common to the 
numerator and 


denominator. 


Simplify the complex rational expression by 
using the LCD: 4m2 —-7m+123m—3—2m-—4. 


a 
Find the LCD of all 
fractions in the 
complex rational 


aAVNrATraAcCAINN 


The LCD is (m—3)(m 


AN 
rye 


Multiply the numerator 


Combine like terms. 


Key Concepts 


* Determine the values for which a rational 
expression is undefined. 


Set the denominator equal to zero. Solve the 
equation. 


¢ Equivalent Fractions Property 
If a, b, and c are numbers where b~0,c +0, 
then ab=a-cb:c and a:cb-c= ab. 

¢ How to simplify a rational expression. 


Factor the numerator and denominator 
completely. Simplify by dividing out common 
factors. 


Opposites in a Rational Expression 
The opposite of a—b is b—a. 
a—bb-—a=—1la#b 
An expression and its opposite divide 
tO, 
Multiplication of Rational Expressions 
If p, q, r, and s are polynomials where 
q~0,s~0, then 
pqs = prqs 
How to multiply rational expressions. 


Factor each numerator and denominator 
completely. Multiply the numerators and 
denominators. Simplify by dividing out 
common factors. 


Division of Rational Expressions 

If p, q, r, and s are polynomials where 
q~0,r~0,s~0, then 

pq + rs=pq'sr 

How to divide rational expressions. 


Rewrite the division as the product of the first 
rational expression and the reciprocal of the 
second. Factor the numerators and 
denominators completely. Multiply the 
numerators and denominators together. 


Simplify by dividing out common factors. 


Practice Makes Perfect 


Determine the Values for Which a Rational 
Expression is Undefined 


In the following exercises, determine the values for 
which the rational expression is undefined. 


@ 2x2z 
© 4p-16p—5 
© n—3n2+2n-8 


@ z=0 © p=56 
©n=—4,n=2 


Simplify Rational Expressions 


In the following exercises, simplify each rational 
expression. 


8m3n12mn2 


2m23n 


x2 + 4x —5x2—-—2x+1 


x+5x-1 


Multiply Rational Expressions 


In the following exercises, multiply the rational 
expressions. 


ox2y41 2xy3-6x220y2 


x38y 


c2 —10c4+ 25c2 — 25:c2 + 10c + 253c2—14c-—5 


c+53c+1 


Divide Rational Expressions 


In the following exercises, divide the rational 
expressions. 


v—-—51l1l—v+v2-25v-11 


—lv+5 


3s2s2 —16+s3+4s2+ 16ss3 — 64 


3ss+4 


2a2 —a—215a+ 20a2+ 7a+ 12a2+8a+16 


2a—75 


In the following exercises, simplify each complex 
rational expression. 


2aa+ 44a2a2—16 


a—42a 


2x+ 53x—-—54+1x2-—25 


2x — 103x+16 


2+1p—35p-3 


2p—55 


Glossary 


rational expression 
A rational expression is an expression of the 
form pq, where p and q are polynomials and 
q=0. 


simplified rational expression 
A simplified rational expression has no 
common factors, other than 1, in its 
numerator and denominator. 


rational function 
A rational function is a function of the form 
R(x) = p(x)q(x) where p(x) and q(x) are 
polynomial functions and q(x) is not zero. 


complex rational expression 
A complex rational expression is a rational 
expression in which the numerator and/or 
denominator contains a rational expression. 


Foundation Chapter Review (P1-6) 
Review problems for Foundations. 


Chapter Review Exercises 


Real Numbers: Algebra Essentials 


For the following exercises, perform the given 
operations. 


(5-32)2-6 
—5 
64+(2:8)+14+7 
2-52+46+2 

53 


For the following exercises, solve the equation. 


5x+9=—-11 


2y+ 42 =64 


y=24 


For the following exercises, simplify the expression. 


9( 74223241 


3m(4+7)-—m 


32m 


For the following exercises, identify the number as 
rational, irrational, whole, or natural. Choose the 
most descriptive answer. 


i i 


whole 


a6 


11 


irrational 


Exponents and Scientific Notation 


For the following exercises, simplify the expression. 


22:24 


4543 


16 


(a2b3)4 


6a2:a02a —-4 


ao 


(xy)4y3°2x5 


4=2x3y =3 2x0 


x332y3 


(2x29) —2 


(l6a3bd2)(4ab—-1) -—2 


Write the number in standard notation: 2.1314 
x 10 -—6 


Write the number in scientific notation: 
16,340,000 


1.634 x 107 


Radicals and Rational Expressions 


For the following exercises, find the principal square 
root. 


al 


196 


14 


361 


73 


oe 


162 


a2 25 


425 


80 81 


49 1250 


72.30 


24+ 2 


43463 
103 
125-135 
~243 5 
—3 

2503 -83 


Polynomials 


For the following exercises, perform the given 
operations and simplify. 


(3x3 +2x-—1)+(4x 2 —2x+7) 
3x3 +4x2 +6 
C2yr1)-—l2y2 —2y-5) 


(2x2 +3x-—6)+(3 x2 —4x+9) 


5x2 -x+3 


(6a2 +3a+10)-—(6a2 —3a+5 ) 


(k+3)(k—6) 


k2-=3k=18 


(2h+1)(3h—2) 


(x+1)(x2 +41) 


x34+x2+4+x+1 


(m—-—2)( m2 +2m-—3) 


(a+2b )( 3a—b ) 


3a2 +5ab—2b2 


(x+y )(a-¥y) 


Factoring Polynomials 


For the following exercises, find the greatest 
common factor. 


81p+9pq-27 p2q2 


9p 


12x2y+4xy 2 —18xy 


88a3b+4a2b-144a2 


4a2 
For the following exercises, factor the polynomial. 


2x2 —9x-18 


8a2 +30a—27 


(4a—3)(2a+ 9) 


d2=—5d=66 


x2 +10x+25 


(x+5)2 


v2 =6y +9 


4h2 —-12hk+9k2 


(2h — 3k) 2 


361 x2 —-121 


p3 +216 


(p+6)( p 2 —6p+36) 


8x3 -—125 


64q3 -—27p3 


(4q—3p)(16 q 2 +12pq4+9 p 2) 


4x (x-1) —-14+4+3(x-1)34 


3p (p+3)13-8(p+3)43 


(p+3)13( —5p—24 ) 


4¢(2r=1)— 23 =—9( 2r—1) 13 


Rational Expressions 


For the following exercises, simplify the expression. 


x2 —-x-12x2 —8x+16 


x+3x-4 


4y2=—25 4 y 2 —20y+25 


2a2 -—-a-32a2 —6a—-—8:5a2 -—19a—-—410 
a2 —13a-3 


12 


d=4¢4d2 =-9*d—-3d2—16 


m2 +5m+62m2 —5m-3 + 2m2 +3m 
—-94m2 —4m-3 


m+2m-3 


4d2 —7d—-26d2 —17d+10 + 8d2 +6d 
+16d2+7d—10 


10x + 6y 

6x+10y xy 

la 2 + 2aF ld = Sal: =1 
1d + 2c6c+12d de 

16 


wx = 7 yV 2x 


Chapter Practice Test 


For the following exercises, identify the number as 
rational, irrational, whole, or natural. Choose the 
most descriptive answer. 


=—13 


rational 


For the following exercises, evaluate the equations. 


2(x+3)—-12=18 


x=12 


y (3+3) 2 —26=10 


Write the number in standard notation: 3.1415 
x 106 


3,141,500 


Write the number in scientific notation: 


0.0000000212. 
For the following exercises, simplify the expression. 


—2°(24+3-2)2 +144 


16 


4(x+3)—(6x+2 ) 


Hn? ares eee 


C2393 


S:x3:C20)2 


2X 


(16y0)2y -2 


441 


pA 


490 


9x 16 


3x4 


12 b2A Db 


6 24 +7 54 -126 


216 


—8 3625 4 


(13 q3 +2q2 —3)-(6q2 +5q-3) 


13q3 -—4q2 —5q 


Cop 2: F2p+lLj+0C9p2~=135 


(n—2)(n2 —4n+4) 


n3 —6n2 +12n-8 


(a—2b)(2a+b) 
For the following exercises, factor the polynomial. 


16x2 —61 


(4x + 9)(4x—9) 


y2+12y+36 


27°C3' = 1331. 


Be=1@¢2 +33¢e7r121) 


3x (x-—6) — 14 +2 (x-6) 34 
For the following exercises, simplify the expression. 


222 4+724+322 -—9°422 —152+9422 -1 


4z-—3 2z-1 


a i ae 


a 2b — 2b 9a 3a—2b 6a 


3a+2b 3b 


Intro to Graphing (1.1) 
By the end of this section, you will be able to: 


¢ Plot points in a rectangular coordinate system 
* Graph a linear equation by plotting points 

¢ Find the x- and y-intercepts 

* Identify other forms of a linear equation 


This Module supports section 1.1 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Plot Points on a Coordinate System [link] 
2. Graph Equations by Plotting Points [link] 
3. Find x and y Intercepts[link] 

4. Key Concepts [link] 


Plot Points on a Rectangular Coordinate 
System 


Just like maps use a grid system to identify 
locations, a grid system is used in algebra to show a 
relationship between two variables in a rectangular 


coordinate system. The rectangular coordinate 
system is also called the xy-plane or the “coordinate 
plane.” 


The rectangular coordinate system is formed by two 
intersecting number lines, one horizontal and one 
vertical. The horizontal number line is called the x- 
axis. The vertical number line is called the y-axis. 
These axes divide a plane into four regions, called 
quadrants. The quadrants are identified by Roman 
numerals, beginning on the upper right and 
proceeding counterclockwise. See [link]. 


The signs of the x-coordinate and y-coordinate 
affect the location of the points. You may have 
noticed some patterns as you graphed the points in 


the previous example. We can summarize sign 
patterns of the quadrants in this way: 
Quadrant [Quadrant IIQuadrant I]IQuadrant IV 
KyRKVaWYy) (+,4+)-,+-,—)C+,-) 


Quadrants 


In the rectangular coordinate system, every point is 
represented by an ordered pair. The first number in 
the ordered pair is the x-coordinate of the point, and 
the second number is the y-coordinate of the point. 
The phrase “ordered pair” means that the order is 
important. 


Ordered Pair 


n ordered pair, (x,y) gives the coordinates of a 
point in a rectangular coordinate system. The first 
number is the x-coordinate. The second number is 
the y-coordinate. 


(x, y) 


What is the ordered pair of the point where the axes 
cross? At that point both coordinates are zero, so its 
ordered pair is (0,0). The point (0,0) has a special 
name. It is called the origin. 


The Origin 


The point (0,0) is called the origin. It is the point 
where the x-axis and y-axis intersect. 


We use the coordinates to locate a point on the xy- 
plane. Let’s plot the point (1,3) as an example. First, 
locate 1 on the x-axis and lightly sketch a vertical 
line through x=1. Then, locate 3 on the y-axis and 
sketch a horizontal line through y =3. Now, find the 
point where these two lines meet—that is the point 
with coordinates (1,3). See [link]. 


Notice that the vertical line through x=1 and the 
horizontal line through y =3 are not part of the 
graph. We just used them to help us locate the point 
(153). 


When one of the coordinate is zero, the point lies on 
one of the axes. In [link] the point (0,4) is on the y- 
axis and the point (— 2,0) is on the x-axis. 


Points on the Axes 

Points with a y-coordinate equal to 0 are on the x- 
axis, and have coordinates (a,0). 

Points with an x-coordinate equal to O are on the y- 
axis, and have coordinates (0,b). 


Plot each point in the rectangular coordinate 
system and identify the quadrant in which the 
point is located: 


Od) Ol  ) Oe )) OO 1)) 


© (3,52). 


The first number of the coordinate pair is the 
x-coordinate, and the second number is the y- 
coordinate. To plot each point, sketch a 
vertical line through the x-coordinate and a 
horizontal line through the y-coordinate. Their 
intersection is the point. 

@ Since x= —5, the point is to the left of the 
y-axis. Also, since y= 4, the point is above the 
x-axis. The point (—5,4) is in Quadrant II. 

® Since x= — 3, the point is to the left of the 
y-axis. Also, since y= — 4, the point is below 
the x-axis. The point (— 3, — 4) is in Quadrant 
Il. 

© Since x= 2, the point is to the right of the y- 
axis. Since y= — 3, the point is below the x- 
axis. The point (2, — 3) is in Quadrant IV. 

@ Since x=0, the point whose coordinates are 
(0,—1) is on the y-axis. 

© Since x=3, the point is to the right of the y- 
axis. Since y = 52, the point is above the x-axis. 
(It may be helpful to write 52 as a mixed 
number or decimal.) The point (3,52) is in 
Quadrant I. 


Plot each point in a rectangular coordinate 
system and identify the quadrant in which the 
point is located: 

@ (—2,1) ® (-3,-1) © 4,-4) © (-4,4) 
© (— 4,32) 


Up to now, all the equations you have solved were 
equations with just one variable. In almost every 
case, when you solved the equation you got exactly 
one solution. But equations can have more than one 
variable. Equations with two variables may be of the 
form Ax +By=C. An equation of this form is called 
a linear equation in two variables. 


Linear Equation 
An equation of the form Ax+By=C, where A and 


are not both zero, is called a linear equation in 
two variables. 


Here is an example of a linear equation in two 
variables, x and y. 


The equation y= — 3x +5 is also a linear equation. 
But it does not appear to be in the form Ax+By=C. 
We can use the Addition Property of Equality and 
rewrite it in Ax+By=C form. 

y = —3x+5 Add to both sides.y + 3x = —3x+5+3x 
Simplify.y + 3x=5 Use the Commutative Property to 
put it in Ax+By =Cform.3x+ y=5 


By rewriting y= —3x+5 as 3x+y=5, we can easily 
see that it is a linear equation in two variables 
because it is of the form Ax + By =C. When an 
equation is in the form Ax+ By =C, we say it is in 
standard form of a linear equation. 


Standard Form of Linear Equation 


A linear equation is in standard form when it is 
written Ax + By =C. 


Most people prefer to have A, B, and C be integers 
and A=0 when writing a linear equation in 


standard form, although it is not strictly necessary. 


Linear equations have infinitely many solutions. For 
every number that is substituted for x there is a 
corresponding y value. This pair of values is a 
solution to the linear equation and is represented 
by the ordered pair (x,y). When we substitute these 
values of x and y into the equation, the result is a 
true statement, because the value on the left side is 
equal to the value on the right side. 


Solution of a Linear Equation in Two Variables 
An ordered pair (x,y) is a solution of the linear 


equationAx+ By =C, if the equation is a true 
statement when the x- and y-values of the ordered 
pair are substituted into the equation. 


Linear equations have infinitely many solutions. We 
can plot these solutions in the rectangular 
coordinate system. The points will line up perfectly 
in a straight line. We connect the points with a 
straight line to get the graph of the equation. We 
put arrows on the ends of each side of the line to 
indicate that the line continues in both directions. 


A graph is a visual representation of all the solutions 
of the equation. It is an example of the saying, “A 


picture is worth a thousand words.” The line shows 
you all the solutions to that equation. Every point 
on the line is a solution of the equation. And, every 
solution of this equation is on this line. This line is 
called the graph of the equation. Points not on the 
line are not solutions! 


The graph of a linear equation Ax+ By=C is a 
straight line. 


¢ Every point on the line is a solution of the 
equation. 

¢ Every solution of this equation is a point on 
this line. 


The graph of y=2x—3 is shown. 


For each ordered pair, decide: 


@ Is the ordered pair a solution to the 
equation? 


® Is the point on the line? 


As (0; = 3) B: (3:3) G: (23-3) D:(— 5) 


Substitute the x- and y-values into the 
equation to check if the ordered pair is a 
solution to the equation. 


@ 


® Plot the points (0, — 3),(3,3),(2, —3), and 
(—1,-—5). 


The pomts (0;3),(3, 3), and(—1_ 5) are on 
the line y= 2x — 3, and the point (2, — 3) is not 
on the line. 

The points that are solutions to y=2x—3 are 
on the line, but the point that is not a solution 


is not on the line. 


Graph an Equation by Plotting Points 


There are several methods that can be used to graph 
a linear equation. The first method we will use is 
called plotting points, or the Point-Plotting Method. 
We find three points whose coordinates are 
solutions to the equation and then plot them in a 
rectangular coordinate system. By connecting these 
points in a line, we have the graph of the linear 
equation. 


How to Graph a Linear Equation by Plotting 
Points 


Graph the equation y=2x+1 by plotting 
points. 


Graph a linear equation by plotting points. 


Find three points whose coordinates are solutions 
to the equation. Organize them in a table. Plot the 
points in a rectangular coordinate system. Check 
that the points line up. If they do not, carefully 
check your work. Draw the line through the three 
points. Extend the line to fill the grid and put 
arrows on both ends of the line. 


It is true that it only takes two points to determine a 
line, but it is a good habit to use three points. If you 
only plot two points and one of them is incorrect, 
you can still draw a line but it will not represent the 
solutions to the equation. It will be the wrong line. 


If you use three points, and one is incorrect, the 
points will not line up. This tells you something is 
wrong and you need to check your work. Look at 
the difference between these illustrations. 


When an equation includes a fraction as the 
coefficient of x, we can still substitute any numbers 
for x. But the arithmetic is easier if we make “good” 
choices for the values of x. This way we will avoid 
fractional answers, which are hard to graph 
precisely. 


Graph the equation: y=12x+3. 


Find three points that are solutions to the 
equation. Since this equation has the fraction 
12 as a coefficient of x, we will choose values 
of x carefully. We will use zero as one choice 
and multiples of 2 for the other choices. Why 
are multiples of two a good choice for values 
of x? By choosing multiples of 2 the 
multiplication by 12 simplifies to a whole 
number 


The points are shown in [link]. 
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Plot the points, check that they line up, and 


draw the line. 
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(4,5) 


What if the graph is NOT Linear? 


Suppose we want to graph the equation y=2x—1. 
We can begin by substituting a value for x into the 
equation and determining the resulting value of y. 
Each pair of x- and y-values is an ordered pair that 
can be plotted. lists values of x from —3 to 3 
and the resulting values for y. 


C 
--3y=2(—3)-1=(—3,-7) 


—T7 
--2y=2(-2)-1= (—2,-5) 
—& 
--ly=2(-1)-1=(~-1,-3) 
—3 
Oy—2(0)-1--1(0,-1) 
ly=20)-1=1 (4,3) 
Qy=2(2}-1=2 (2,2) 
3y=2(3)-1=5 (3,5) 


We can plot the points in the table. The points for 
this particular equation form a line, so we can 
connect them. See [link]. This is not true for all 
equations. 


Phe wo fF aA DN w 


(—2, -5) 


(-3,-7) 


Note that the x-values chosen are arbitrary, 
regardless of the type of equation we are graphing. 
Of course, some situations may require particular 
values of x to be plotted in order to see a particular 
result. Otherwise, it is logical to choose values that 
can be calculated easily, and it is always a good idea 
to choose values that are both negative and positive. 
There is no rule dictating how many points to plot, 
although we need at least two to graph a line. Keep 
in mind, however, that the more points we plot, the 
more accurately we can sketch the graph. 


Given an equation, graph by plotting points. 


1. Make a table with one column labeled x, a 
second column labeled with the equation, and 
a third column listing the resulting ordered 
pairs. 

. Enter x-values down the first column using 
positive and negative values. Selecting the x- 
values in numerical order will make the 
graphing simpler. 

. Select x-values that will yield y-values with 
little effort, preferably ones that can be 
calculated mentally. 

. Plot the ordered pairs. 

. Connect the points if they form a line. 


Graphing an Equation in Two Variables by 
Plotting Points 


Graph the equation y= —x+2 by plotting 
points. 


First, we construct a table similar to [link]. 
Choose x values and calculate y. 


wi7— —vt9 
xy=—xX+2 
4 ice Gy ss SS 
}1+2=7 
To 
}4+2=65 
72> fy ee Se: 
}+2=3 
Oy=-(0 
J+2=2 
ly=-(1 
}+2=1 
3y=-(3 
}+2=-1 
Ssy=—-(5 
yi 2— = 3 


C— 3,5 ) 
€ 1,3) 
(0,2 ) 
C1,1) 
(3,-1) 


65:— 3) 


Now, plot the points. Connect them if they 
form a line. See [link] 


Construct a table and graph the equation by 
plotting points: y= 12x+2. 
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Find x- and y-intercepts 


The intercepts of a graph are points at which the 
graph crosses the axes. The x-intercept is the point 
at which the graph crosses the x-axis. At this point, 
the y-coordinate is zero. The y-intercept is the point 
at which the graph crosses the y-axis. At this point, 
the x-coordinate is zero. 


Let’s look at the graphs of the lines. 


First, notice where each of these lines crosses the x- 
axis. See 


Now, let’s look at the points where these lines cross 
the y-axis. 


Figure Thelin: Orderedl| The line Ordered 
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Figure 


Do you see a pattern? 


For each line, the y-coordinate of the point where 
the line crosses the x-axis is zero. The point where 
the line crosses the x-axis has the form (a,0) and is 
called the x-intercept of the line. The x-intercept 
occurs when y is zero. 


In each line, the x-coordinate of the point where the 
line crosses the y-axis is zero. The point where the 
line crosses the y-axis has the form (0,b) and is 
called the y-intercept of the line. The y-intercept 
occurs when x is zero. 


-intercept and y-intercept of a Line 
The x-intercept is the point (a,0) where the line 
crosses the x-axis. 
The y-intercept is the point (0,b) where the line 


x 
¢ The x-intercept occurs when y is zero. a ) 
¢ The y-intercept occurs when x is zero. 0 b 


Find the x- and y-intercepts on each graph 
shown. 


@ The graph crosses the x-axis at the point 
(4,0). The x-intercept is (4,0). 

The graph crosses the y-axis at the point (0,2). 
The y-intercept is (0,2). 


© The graph crosses the x-axis at the point 
(2,0). The x-intercept is (2,0). 

The graph crosses the y-axis at the point (0, 
—6). The y-intercept is (0, — 6). 


© The graph crosses the x-axis at the point 
(—5,0). The x-intercept is (— 5,0). 

The graph crosses the y-axis at the point (0, 
—5). The y-intercept is (0, —5). 


Key Concepts 
* Points on the Axes 


© Points with a y-coordinate equal to 0 are 
on the x-axis, and have coordinates (a,0). 

© Points with an x-coordinate equal to 0 are 
on the y-axis, and have coordinates (0,b). 


* Quadrant 
Quadrant IQuadrant IIQuadrant IIIQuadrant IV 


xy yy) ( a p) “ )C a) ale )C “> E + i ) 


¢ Graph of a Linear Equation: The graph of a 
linear equation Ax + By=C is a straight line. 
Every point on the line is a solution of the 
equation. 

Every solution of this equation is a point on 
this line. 

* How to graph a linear equation by plotting 
points. 


Find three points whose coordinates are 
solutions to the equation. Organize them in a 
table. Plot the points in a rectangular 
coordinate system. Check that the points line 
up. If they do not, carefully check your work. 


Draw the line through the three points. Extend 
the line to fill the grid and put arrows on both 
ends of the line. 


* x-intercept and y-intercept of a Line 


© The x-intercept is the point (a,0) where 
the line crosses the x-axis. 

© The y-intercept is the point (0,b) where 
the line crosses the y-axis. 


Practice Makes Perfect 
Plot Points in a Rectangular Coordinate System 
In the following exercises, plot each point in a 


rectangular coordinate system and identify the 
quadrant in which the point is located. 


@ (—4,2) ® (—1,-2) © (,—5) © (—3,0) 
© (53,2) 


@ (3,-1) © (—3,1) © (—2,0) @ (-—4,-3) 
© (1,145) 


In the following exercises, for each ordered pair, 
decide 


@ is the ordered pair a solution to the equation? © 
is the point on the line? 


y=xt+2; 
A: (0,2); B: (1,2); C: (—1,1); D: (-—3,—-1). 


@ A: yes, B: no, C: yes, D: yes © A: yes, B: no, 
C: yes, D: yes 


y=12x—3; 
A: (0, — 3); B: (2, — 2); C: (— 2, — 4); D: (4,1) 


@ A: yes, B: yes, C: yes, D: no © A: yes, B: yes, 
C: yes, D: no 


Graph a Linear Equation by Plotting Points 


In the following exercises, graph by plotting points. 


y=x+2, given x= -2, 0, 2 


Find x- and y-Intercepts 


In the following exercises, find the x- and y- 
intercepts on each graph. 


(3,0),(0,3) 


(5,0), (0, _ 5) 


Glossary 


horizontal line 
A horizontal line is the graph of an equation 
of the form y =b. The line passes through the 
y-axis at (0,b). 


intercepts of a line 
The points where a line crosses the x-axis and 
the y-axis are called the intercepts of the line. 


linear equation 


An equation of the form Ax+ By=C, where A 
and B are not both zero, is called a linear 
equation in two variables. 


ordered pair 
An ordered pair, (x,y) gives the coordinates of 
a point in a rectangular coordinate system. 
The first number is the x-coordinate. The 
second number is the y-coordinate. 


origin 
The point (0,0) is called the origin. It is the 
point where the x-axis and y-axis intersect. 


solution of a linear equation in two variables 
An ordered pair (x,y) is a solution of the 
linear equationAx + By =C, if the equation is a 
true statement when the x- and y-values of 
the ordered pair are substituted into the 
equation. 


standard form of a linear equation 
A linear equation is in standard form when it 
is written Ax+ By =C. 


vertical line 
A vertical line is the graph of an equation of 
the form x=a. The line passes through the x- 
axis at (a,0). 


Solve Linear and Rational Equations (1.2) 
By the end of this section, you will be able to: 


¢ Solve linear equations using a general strategy 

* Classify equations 

¢ Solve equations with fraction or decimal 
coefficients 


This Module supports section 1.2 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Solve Equations with a General Strategy [link] 
2. Solve Equations with Fractions [link] 

3. Solve Rational Equations [link] 

4. Classify Equations [link] 

5. Key Concepts [link] 


Solve Linear Equations Using a General 
Strategy 


Solving an equation is like discovering the answer to 
a puzzle. The purpose in solving an equation is to 


find the value or values of the variable that makes it 
a true statement. Any value of the variable that 
makes the equation true is called a solution to the 
equation. It is the answer to the puzzle! 


Solution of an Equation 
A solution of an equation is a value of a variable 
that makes a true statement when substituted into 


the equation. 
The solution set consists of all values that make 
the equation true. 


To determine whether a number is a solution to an 
equation, we substitute the value for the variable in 
the equation. If the resulting equation is a true 
statement, then the number is a solution of the 
equation. 


Determine Whether a Number is a Solution to an 
Equation. 


Substitute the number for the variable in the 
equation. Simplify the expressions on both sides of 
the equation. Determine whether the resulting 
equation is true. 


¢ If it is true, the number is a solution. 
¢ If it is not true, the number is not a solution. 


Determine whether the values are solutions to 
the equation: 5y+ 3=10y—4. 


Or 35.0 —75 


Since a solution to an equation is a value of 
the variable that makes the equation true, 
begin by substituting the value of the solution 
for the variable. 


@ 


Multiply. 


Simplify. 


Since y=35 does not result in a true equation, 
y = 35 is not a solution to the equation 5y 
+3=10y—4. 


© 


Multiply. 


Simplify. 


Since y=75 results in a true equation, y=75 is 
a solution to the equation 5y+3=10y—4. 


There are many types of equations that we will 
learn to solve. In this section we will focus on a 
linear equation. 


Linear Equation 
A linear equation is an equation in one variable 


that can be written, where a and b are real 
mumbers and a0, as: 
ax+b=0 


To solve a linear equation it is a good idea to have 
an overall strategy that can be used to solve any 
linear equation. In the next example, we will give 
the steps of a general strategy for solving any linear 
equation. Simplifying each side of the equation as 
much as possible first makes the rest of the steps 
easier. 


Simplify each side of the equation as much as 
possible. 

Use the Distributive Property to remove any 
parentheses. 

Combine like terms. Collect all the variable terms 
on one side of the equation. 

Use the Addition or Subtraction Property of 


Equality. Collect all the constant terms on the other 
side of the equation. 

Use the Addition or Subtraction Property of 
Equality. Make the coefficient of the variable term 
equal to 1. 

Use the Multiplication or Division Property of 
Equality. 

State the solution to the equation. Check the 
solution. 

Substitute the solution into the original equation to 
make sure the result is a true statement. 


How to Solve a Linear Equation Using a General 
Strategy 


Solve: 7(n—3)—8= —-15. 


Solve: 23(3m —6)=5—m. 


Distribute. 


Add m to botl1 
sides to get the 
va 


an tha laft 
ULL ULI 1LLELL. 


Simplify. 


Add 4 to both 
sides to get 
co 


| 


an tha viaht 
Var Utie 2116110. 


Simplify. 


Divide both 
sides by three. 


Simplify. 


Check: 


We can solve equations by getting all the variable 
terms to either side of the equal sign. By collecting 
the variable terms on the side where the coefficient 
of the variable is larger, we avoid working with 
some negatives. This will be a good strategy when 
we solve inequalities later in this chapter. It also 
helps us prevent errors with negatives. 


Solve: 4(x—1)-2=5(2x+ 3)+6. 


Distribute. 


Combitic 


Ms 4x—-6=10x+21 | 
terms. 

Subtract 

4x from 

eax — 6x — 6 = 10x — 4x + 21 
to get 

the 

variables 

only on 

the right 

since 

10>4. 


Simplify. 


(= —___ ___ 2 — fy 5 34 _—| 
Subtract 
21 from 
py. — 0-2 | = 6x +212) | 
to get 
the 
constants 


an Inft 
Vall 1v1t. 


Simplify. 


ae.) ao eee 
Divide 
both 
Si 
a 


Simplify. 


as er ea) es es | 
Check: 


(Gi a) SY et |e |, f 2d 
Let x= 


oe. 


Solve: 6(p — 3) —7=5(4p +3) —12. 


Solve: 10[3 — 8(2s —5)] =15(40 — 5s). 


Simplify frorr. 
the innermos: 


Combine like 
terms in the 


Add 160s to 
both sides to 
rele 0 — 1605 2505 = 600 — 755 5 O04 


variables to the 


viaht 
2igsiir. 


Simplify. 


Subtract 600 
from both sides 


en 430 500) = 600 + 855 _ 500 | 
constants to 
tha laft 


LLLWY LU LLe 


Simplify. 


Divide both 
sides by 85. 


SE: CE 
Simplify. 


Check: 


Let s= —2. 


Solve: 12[1 —5(4z—1)] =3(24+112z). 


Solve Equations with Fractions 


We could use the General Strategy to solve the next 
example. This method would work fine, but many 
students do not feel very confident when they see all 
those fractions. So, we are going to show an 
alternate method to solve equations with fractions. 
This alternate method eliminates the fractions. 


We will apply the Multiplication Property of 
Equality and multiply both sides of an equation by 
the least common denominator (LCD) of all the 
fractions in the equation. The result of this 
operation will be a new equation, equivalent to the 
first, but without fractions. This process is called 
clearing the equation of fractions. 


Find the least common denominator (LCD) of all 
the fractions and decimals (in fraction form) in the 
equation. Multiply both sides of the equation by 
that LCD. This clears the fractions and decimals. 
Solve using the General Strategy for Solving Linear 
Equations. 


How to Solve Equations with Fraction or 
Decimal Coefficients 


Solve: 112x+ 56= 34. 


Solve: 14x+12=58. 


Notice in the previous example, once we cleared the 
equation of fractions, the equation was like those we 
solved earlier in this chapter. We changed the 
problem to one we already knew how to solve. We 
then used the General Strategy for Solving Linear 
Equations. 


Solve: 12(y—5)=14(y-1). 


, 
Distribute. 


ey 

ee a 
Simplify. 

a 


ny a 7: 
Multiply by tie 
LCD, four. 


7 \4- ay 
Distribute. 

a | 
Simplify. 


Collect the 
variables to tiie 


Ta 
———EEEE 


Simplify. 


i i 
Collect the 


constants to 


+h 
GEN Qe a 


Simplify. 
—— a ey 


An alternate 
way to solve 
this equation is 
to clear the 
fractions 
without 
distributing 
first. If you 
multiply the 
factors 
correctly, this 
method will be 


anacrtaAYr 


es 
Multiply by tie 


LCD, 4. 


ae 2 SS ey 
Multiply four 
times the 


_———————— 


Distribute. 


Es ee 2 ee, 
Collect the 
variables to tiie 


Ta 
—L——————————— 


Simplify. 


Collect the 


constants to 
+) So Oe 


Simplify. 
—$—_;;_—__—_~, 
Check: 
a Tae 
Let y=9. 


Finish the 
check on your 


OWT. 


When you multiply both sides of an equation by the 
LCD of the fractions, make sure you multiply each 
term by the LCD—even if it does not contain a 
fraction. 


Solve: 4q+32+6=3q+54 


ys 
Multiply bott. 


sides by the 
Me (443, (2445) 


— 
Distribute. 


er ee 
Simplify. 


PO NN 
Collect the 


variables to tiie 
pes ses BO 8 4+ 30 = 30-2045) 


————— 


Simplify. 


Collect the 


constants to 


fom + 30 — 2 = 5 
ST a 


Simplify. 


Divide both 


a 
Let q= —5. 


a 
Finish the 
check on your 
own. 


Solve Rational Equations 


After defining the terms ‘expression’ and ‘equation’ 
earlier, we have used them throughout this book. 
We have simplified many kinds of expressions and 
solved many kinds of equations.. 


rational equation is an equation that contains 


at least one rational expression where the variable 
appears in at least one of the denominators. 


You must make sure to know the difference between 
rational expressions and rational equations. The 
equation contains an equal sign. 

Rational ExpressionRational Equation 18x +12 y 

+ 6y2—36 In—3+1n+418x+12=14y 
+6y2—36=y+1 1In—3+1n+4=15n2+n—-12 


We have already solved linear equations that 
contained fractions. We found the LCD of all the 
fractions in the equation and then multiplied both 
sides of the equation by the LCD to “clear” the 
fractions. 


However, since the original equation may have a 
variable in a denominator, we must be careful that 
we don’t end up with a solution that would make a 
denominator equal to zero. So before we begin 
solving a rational equation, we examine it first to 
find the values that would make any denominators 
zero. That way, when we solve a rational equation 
we will know if there are any algebraic solutions we 
must discard. 


Note any value of the variable that would make 


any denominator zero. Find the least common 
denominator of all denominators in the equation. 
Clear the fractions by multiplying both sides of the 
equation by the LCD. Solve the resulting equation. 
Check: 


¢ If any values found in Step 1 are algebraic 
solutions, discard them. 

¢ Check any remaining solutions in the original 
equation. 


How to Solve a Rational Equation 


Solve: 1x +13=56. 


How to Solve a Rational Equation using the 
Zero Product Property 


Solve: 1 —5y= — 6y2. 


ES 
Note any value of the 


variable that would 
m 


an 
ALLY MLELLUYLLLILIULUL LVL V6 


Find the least common 
denominator of all 
denominators in 

the equation. The LCD 


. 
qoarM 
iv OESo 


Clear the fractions by 
multiplying both sides 


TON 


iw. 


Distribute. 


Solve the resulting 

equation. First 
wie) ee 
equation in standard 


farm 
LVitlile 


Factor. 


Use the Zero Product 
Property. 
SSS Se ae Te 


Solve. 


Check. 
We did not get 0 as an 
algebraic solution. 


i ae es Da OS a 
The solution is y=2, 


y=3. 


A common mistake made when solving rational 
equations involves finding the LCD when one of the 
denominators is a binomial—two terms added or 


subtracted—such as (x+1 ). Always consider a 
binomial as an individual factor—the terms cannot 
be separated. For example, suppose a problem has 
three terms and the denominators are x, x—1, and 
3x — 3. First, factor all denominators. We then have 
x, (x—1), and 3(x—1) as the denominators. (Note 
the parentheses placed around the second 
denominator.) Only the last two denominators have 
a common factor of (x—1). The x in the first 
denominator is separate from the x in the (x—1) 
denominators. An effective way to remember this is 
to write factored and binomial denominators in 
parentheses, and consider each parentheses as a 
separate unit or a separate factor. The LCD in this 
instance is found by multiplying together the x, one 
factor of (x—1 ), and the 3. Thus, the LCD is the 
following: 

x( x—1 )3=3x( x-1 ) 


So, both sides of the equation would be multiplied 
by 3x(x—1 ). Leave the LCD in factored form, as 
this makes it easier to see how each denominator in 
the problem cancels out. Another example is a 
problem with two denominators, such as x and x 2 
+ 2x. Once the second denominator is factored as x 
2 +2x=x(x+2 ), there is a common factor of x in 
both denominators and the LCD is x( x+2 ). In the 
next example, the last denominators is a difference 
of squares. Remember to factor it first to find the 
LCD. 


Solve: 2x + 2+ 4x -—2=x-—1x2—-4. 


Note any value of the 
variable 
th Sore eee ree 


denominator 


WwaAKN 
aqvlwve 


Find the least common 
denominator of all 
denominators 

in the equation. 

The LCD is (x + 2)(x 


Clear the fractions by 
multiplying 

bo 

equation by the 


Ten 


iw. 


Distribute. 


Remove common 


factors. 
ee 

Simplify. 

Distribute. 

Solve. 


Check: 
We did not get 2 or —2 
as algebraic solutions. 


ror ee | 
The solution is x= —1. 


Solve: 5y+3+2y—3=5y2—9. 


In the next example, the first denominator is a 
trinomial. Remember to factor it first to find the 
LCD. Refer back to Module 5 to see an example of 
factoring trinomials. 


PO 


Solve: 43x2 —-10x+34+33x2+ 2x—-—1=2x2—2x 
— 3. 


Factor all the 

denominators, so we 
ag 

the variable that would 

make any denominator X¥ — 1,x#13,x#3 
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Find the least common 
denominator. The LCD 
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Simplify. 


Distribute. 


Simplify. 


The only algebraic 
solution was x=3, but 
we said that x=3 
would make a 
denominator equal to 
zero. The algebraic 
solution is an 


. 
avtrannaniize cnliutian 
VAL ULLEUUD vYULULLULL, 


There is no solution to 
this equation. 


Classify Equations 


Whether or not an equation is true depends on the 
value of the variable. The equation 7x + 8= —13 is 
true when we replace the variable, x, with the value 
— 3, but not true when we replace x with any other 
value. An equation like this is called a conditional 
equation. 


Conditional Equation 
An equation that is true for one or more values of 


the variable and false for all other values of the 
variable is a conditional equation. 


For example, if we are to solve the equation 5x 
+2=3x-—6, we have the following: 
Ox+2 = 3x-62x = -8x = —-4 


The solution set consists of one number: { —4 }. It 
is the only solution and, therefore, we have solved a 
conditional equation. 


Now let’s consider the equation 7y + 14=7(y+2). 
Do you recognize that the left side and the right side 
are equivalent? Let’s see what happens when we 
solve for y. 


Solve: 


Distribute. 


Subtract 7y to each side 


to get the y's to one side. 


Simplify—the y’s are 
eliminated. 


But 14=14 is true. 


This means that the equation 7y +14=7(y + 2) is 
true for any value of y. We say the solution to the 
equation is all of the real numbers. An equation that 
is true for any value of the variable is called an 
identity. 


Identity 
An equation that is true for any value of the 


variable is called an identity. 
The solution of an identity is all real numbers. 


What happens when we solve the equation — 8z= 
—8z+9? 


Add 8z to both sides to 
leave the constant alone 
MOA _R7 > — _27 1) 7 4 GQ 
Se ee Ces — = 
Simplify—the z’s are 
eliminated. 


But 09. 


Solving the equation — 8z= — 8z+9 led to the false 
statement 0=9. The equation — 8z= — 8z+ 9 will 
not be true for any value of z. It has no solution. An 
equation that has no solution, or that is false for all 
values of the variable, is called a Inconsistent. 


An equation that is false for all values of the 


variable is called a Inconsistent. 
An Inconsistent Equation has no solution. 


For example, if we are to solve 5x—15=5( x—4), 
we have the following: 

5x-15 = 5x-—20 5x-—15-—5x = 5x—20-—5x 
Subtract 5x from both sides. —15 = —20 False 
statement 


Indeed, —15+ —20. There is no solution because 
this is an inconsistent equation. 


The next few examples will ask us to classify an 
equation as conditional, an identity, or as 
inconsistent. 


Classify the equation as a conditional 
equation, an identity, or inconsistent and then 
state the solution: 6(2n—1)+3=2n—8+5(2n 
+1). 


Distribute. 


Combine like terms. 


Subtract 12n from each 
side to get the n’s to 


Ane Se De OE ee 
viij 


Simplify. 


This is a true The equation is an 


. . 
otatamoant idantitrr 
VLULLELLILLILe AULV-LLULLY © 


The solution is all real 


numbers. 


Classify the equation as a conditional 
equation, an identity, or a inconsistent and 
then state the solution: 8+ 3(a—4)=0. 


Combine like 
terms. 


Add 4 to both 
sides. 


Divide. 


Simplify. 


es 
The equation is This is a 


true when conditional 


aya 41) antii19atinn 
un ive Vyuuuui.. 


The solution is 


a= 43. 


Classify the equation as a conditional 
equation, an identity, or inconsistent and then 
state the solution: 5m +3(9+3m)=2(7m 
—11). 


Distribute. 


Combine like terms. 


Subtract 14m from 


both sides. 
Simplify. 
But 27 = —22. The equation is a 


iInannotctant 
LLL UVLLV LOL LIL 


It has no solution. 


We summarize the methods for classifying equations 
in the table. 


Type of What happens: Solution 


equation when you solve 


249 
ile 


Conditional True for one or One or more 
Equation more values of values 
the variables anid 
false for all other 
xralaine 
Identity True for any All real numbers 
value of the 


. 
m9"! 


Inconsistent False for all No solution 
values of the 
variable 


Key Concepts 


* How to determine whether a number is a 
solution to an equation 


Substitute the number in for the variable in the 
equation. Simplify the expressions on both 
sides of the equation. Determine whether the 
resulting equation is true. 

If it is true, the number is a solution. 

If it is not true, the number is not a solution. 


* How to Solve Linear Equations Using a 
General Strategy 


Simplify each side of the equation as much as 
possible. 

Use the Distributive Property to remove any 
parentheses. 

Combine like terms. Collect all the variable 
terms on one side of the equation. 

Use the Addition or Subtraction Property of 
Equality. Collect all the constant terms on the 
other side of the equation. 

Use the Addition or Subtraction Property of 
Equality. Make the coefficient of the variable 
term equal to 1. 

Use the Multiplication or Division Property of 
Equality. 

State the solution to the equation. Check the 
solution. 

Substitute the solution into the original 
equation to make sure the result is a true 
statement. 


How to Solve Equations with Fraction or 
Decimal Coefficients 


Find the least common denominator (LCD) of 
all the fractions and decimals (in fraction form) 
in the equation. Multiply both sides of the 
equation by that LCD. This clears the fractions 
and decimals. Solve using the General Strategy 
for Solving Linear Equations. 


Practice Makes Perfect 
Solve Equations Using the General Strategy 


In the following exercises, determine whether the 
given values are solutions to the equation. 


6y+10=12y 
@ y=53 

® y=-12 
@ yes ® no 
4x+9=8x 
@ x=-78 
© x=94 


In the following exercises, solve each linear 
equation. 


15(y—9) = —60 


y=o 


3(10 — 2x) +54=0 


x=14 


23(9c — 3) = 22 


c=4 


15(15c+10)=c+7 


c=52 


4(p— 4) -—(p +7) =5(p— 3) 


p= —4 


3[-—9+ 8(4h—3)] =2(5—12h)—19 


h=34 


5[2Gm + 4) + 80m — 7)] = 2[38(5 + m) — (21 —3m)] 


5 
| 
OV 


Classify Equations 


In the following exercises, classify each equation as 
a conditional equation, an identity, or an 
inconsistent and then state the solution. 


18(5j —1)+29=47 


conditional equation;j = 25 


7v + 42=11(8v +8) —-2(13v—-1) 


inconsistent ; no solution 


9(14d + 9) + 4d=13(10d+6) +3 


identity; all real numbers 


Solve Equations with Fraction or Decimal 
Coefficients 


In the following exercises, solve each equation with 
fraction coefficients. 


14x-12=-—34 


x= —] 


12a+ 38 =34 


a= 34 


2=13x—-—12x+ 23x 


rae 
II 
aN 


14(p— 7) =13(p + 5) 


p=-41 
4n+ 84=n3 
n=—3 


3x+ 42+1=5x+108 


Explain why you should simplify both sides of 
an equation as much as possible before 
collecting the variable terms to one side and the 
constant terms to the other side. 


Glossary 


conditional equation 
An equation that is true for one or more 
values of the variable and false for all other 
values of the variable is a conditional 
equation. 


contradiction 
An equation that is false for all values of the 
variable is called a contradiction. A 
contradiction has no solution. 


identity 
An equation that is true for any value of the 
variable is called an Identity. The solution of 
an identity is all real numbers. 


linear equation 
A linear equation is an equation in one 
variable that can be written, where a and b 
are real numbers and a0, as ax+b=0. 


solution of an equation 
A solution of an equation is a value of a 
variable that makes a true statement when 


substituted into the equation. 


Applications and Modeling (1.3) 
By the end of this section, you will be able to: 


* Use a problem solving strategy for word 
problems 

¢ Solve number word problems 

* Solve percent applications 

¢ Solve simple interest applications 


This Module supports section 1.3 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


. Use a Problem Solving Strategy [link] 

. Solve Percent Applications [link] 

. Solve Simple Interest Applications [link] 
. Geometry Applications [link] 

. Solve Formulas for One Variable[link] 

. Key Concepts [link] 


Have you ever had any negative experiences in the 
past with word problems? When we feel we have no 
control, and continue repeating negative thoughts, 
we set up barriers to success. Realize that your 
negative experiences with word problems are in 


your past. To move forward you need to calm your 
fears and change your negative feelings. 


Use a Problem Solving Strategy for Word 
Problems 


Now that we can solve equations, we are ready to 
apply our new skills to word problems. We will 
develop a strategy we can use to solve any word 
problem successfully. 


Use a Problem Solving Strategy for word problems. 


Read the problem. Make sure all the words and 
ideas are understood. Identify what you are 
looking for. Name what you are looking for. 
Choose a variable to represent that quantity. 
Translate into an equation. It may be helpful to 


restate the problem in one sentence with all the 
important information. Then, translate the English 
sentence into an algebra equation. Solve the 
equation using proper algebra techniques. Check 
the answer in the problem to make sure it makes 
sense. Answer the question with a complete 
sentence. 


When dealing with real-world applications, there 
are certain expressions that we can translate directly 
into math. [link] lists some common verbal 
expressions and their equivalent mathematical 
expressions. 


Verbal Translation to Math 
Operations 
One number exceeds X,X+a 


annathar his a 
anvuiei vy u 


. 
Trattan a niumha+e 9x 
SRVVEDRY Ch LEU a_i 


One number is a more X,Xta 


than annthar nimbhar 
ULLULL ULLULLILL LLU 


One number is a less than x, 2x—a 


. 
trian annthar nirmbhar 
LVVARY ULILUVEULLEL LiUddDeTd 


The product of anumber ax—b 
anda m dAnnarananada hx h 


CALL Us MELE LEUVDLEU vy YU 


The quotient of a number x x+a =3x 
and the number plus a is 


three-times-the number 

The product of three 3x(x—b)=c 
times a number and the 

number decreased by b is 


Cc 


Pe 


Normal yearly snowfall at the local ski resort 
is 12 inches more than twice the amount it 
received last season. The normal yearly 
snowfall is 62 inches. What was the snowfall 
last season at the ski resort? 


Step 1. Read the 


Pt VVirtLlilile 


Step 2. Identify what What was the snowfall 


tad ara lanlina far Tact ananacnnd 
JP eees ultv DSN AMES) Lv.ie AWE JVReUDIVILe 


Step 3. Name what we Let s= the snowfall 
are looking for and last season. 

choose a variable to 

represent it. 


Step 4. Translate. 


Restate the problem in 
irate 


the important 


information 
Translate into an 
equation. 


Step 5. Solve the 
equation. 


Subtract 12 from each 


a1 
UL EE EEE 


Simplify. 


Simplify. 


a 
Step 6. Check: First, is 

our answer reasonable? 

Yes, having 25 inches 

of snow seems OK. 

The problem says the 

normal snowfall is 

twelve 

inches more than twice 

the number of last 


season. 
Twice 25 is 50 and 12 

more-than-that-is-62. 

Step 7. Answer the The snowfall last 
question. season was 25 inches. 


A married couple together earns $110,000 a 
year. The wife earns $16,000 less than twice 


what her husband earns. What does the 
husband earn? 


Step 1. Readthe problem. Step 2. Identifywhat 
you are looking for. How much does the 
husband earn? Step 3. Name. Choose a 
variable to representLeth = the amount the 
husband earns.the amount the husband 
earns.The wife earns $16,000 less than twice 
that.Step 4. Translate.Restate the problem in 
one sentencewith all the important 
information.Translate into an equation.2h 

— 16,000 =the amount the wife earnsTogether 
the husband and wife earn $110,000. h+ 2h 

— 16,000 = 110,000 Step 5. Solvethe 
equation. Combine like terms. Add 16,000 to 
both sides and simplify. Divide each side by 
three. h+ 2h—16,000 = 110,000 3h 

— 16,000 = 110,0003h = 126,000h = 42,000$42,00 
amount husband earns2h — 16,000amount wife 
earns2(42,000) — 16,00084,000 — 16,00068,000StEp 
6. Check:If the wife earns $68,000 and the 
husbandearns $42,000, is that $110,000? Yes! 
Step 7. Answerthe question.The husband earns 
$42,000 a year. 


ccess this online resource for additional 
instruction and practice with using a problem 


solving strategy. 


¢ Begining Arithmetic Problems 


Solve Percent Applications 


How many cents are in one dollar? There are 100 
cents in a dollar. How many years are in a century? 
There are 100 years in a century. Does this give you 
a clue about what the word “percent” means? It is 
really two words, “per cent,” and means per one 
hundred. A percent is a ratio whose denominator is 
100. We use the percent symbol %, to show percent. 


A percent is a ratio whose denominator is 100. 


Similarly, 25% means a ratio of 25100,3% means a 
ratio of 3100 and 100% means a ratio of 100100. In 
words, "one hundred percent" means the total 100% 
is 100100, and since 100100 = 1, we see that 100% 
means 1 whole. 


There are several methods to solve percent 


equations. In algebra, it is easiest if we just translate 
English sentences into algebraic equations and then 
solve the equations. Be sure to change the given 
percent to a decimal before you use it in the 
equation. 


To Review: To convert a percent number to a 
decimal number, we move the decimal point two 
places to the left and remove the % sign. 
(Sometimes the decimal point does not appear in 
the percent number, but just like we can think of 
the integer 6 as 6.0, we can think of 6% as 6.0%.) 
Notice that we may need to add zeros in front of the 
number when moving the decimal to the left. 


Write the percent as a ratio with the denominator 
100. Convert the fraction to a decimal by dividing 
the numerator by the denominator. 


Convert each percent to a decimal: 


@135% 
©12.5% 


Solution 


GY 
fa) 


12 
Write as aratio with 13 


dannminatar 1NN 
RAVE LAVALALILLILUEVY LwvWVe 


Change the fraction to 1.35 
a decimal by dividing 

the numerator by the 
denominator. 


(A) 
(h) 


Write as aratio with 12.5100 


dannminatar 1NN 
RAE LAVALLE awuvWVe 


Change the fraction to 0.125 
a decimal by dividing 

the numerator by the 
denominator. 


Translate and solve: 


@ What number is 45% of 84? 


® 8.5% of what amount is $4.76? 
© 168 is what percent of 112? 


What number is 45% of 84? 
as a Se A Ga 
Translate 


niimbhae 
ALUULLIVLILe 


Multiply. 


37.8 is 45% 
of 84. 


8.5% _of whatamount is $4,762 
a 
Translate. 


Let n = the 
PeOORS 6 l= DG 


a 
ULLLYVULLILe 


Multiply. 


Divide both 
sides by 
——— S-1-S 


nlifir 
ULLLipsiiry.e 


8.5% of 
$56 is 
$4.76 


We are 
asked to 

fi 

percent, so 
we must 
have our 


result in 
percent 


farm 
LULilie 


Translate 

into 

| a sr 
p = the 


narrant 
preercwrie. 


Multiply. 


Divide both 


sides by 

| 

cimnlifr, 

simplis; 

Convert to 

percent. 
168 is 
150% of 
112 


Now that we have a problem solving strategy to 
refer to, and have practiced solving basic percent 
equations, we are ready to solve percent 
applications. Be sure to ask yourself if your final 
answer makes sense—since many of the applications 
we will solve involve everyday situations, you can 


rely on your own experience. 


The label on Audrey’s yogurt said that one 
serving provided 12 grams of protein, which is 
24% of the recommended daily amount. What 
is the total recommended daily amount of 
protein? 


What are you asked to What total amount of 
find? protein is 


au TORisatC daca 


Choose a variable to Let a= total amount of 


ranraannt it aratain 
NS PA SSS it. Prive 


Write a sentence that 

gives the 

8 ___________,____ 
Translate into an 

equation. 


Solve. 


Check: Does this make 


sense? 
Yes, 24% is about 14 of 
the total and 


19 ic about 1 1 A of 50, 


tas 1v 


Write a complete The amount of protein 
sentence to answer thie that is recommended is 
question. 50 g. 


Veronica is planning to make muffins from a 
mix. The package says each muffin will be 240 
calories and 60 calories will be from fat. What 
percent of the total calories is from fat? 


What are you asked to What percent of the 


finAd total ralariac ia fatd 


BLL CL VELL INYV Lv Lite 


Choose a variable to Let p= percent of fat. 


ranroacant it 
pepiroriie Hin 


Write a sentence that 
gives the 


in 
A es ee 


Translate the sentence 
into an equation. 


Multiply. 


Divide both sides by 
240. 


Put in percent form. 


Check: does this make 

sense? 

Yes, 25% is one-fourth; 
60 is one-fourth 

of 240. So, 25% makes 


annan 


Write a complete Of the total calories in 
sentence to answer the each muffin, 25% is 
question. fat. 


When you buy an item on sale, the original price 
has been discounted by some dollar amount. The 
discount rate, usually given as a percent, is used to 
determine the amount of the discount. To determine 
the amount of discount, we multiply the discount 
rate by the original price. 


The price a retailer pays for an item is called the 
original cost. The retailer then adds a mark-up to 
the original cost to get the list price, the price he 
sells the item for. The mark-up is usually calculated 
as a percent of the original cost. To determine the 
amount of mark-up, multiply the mark-up rate by 
the original cost. 


Discount 

amount of discount = discount rate-original 
pricesale price = original amount-—discount price 
The sale price should always be less than the 
original price. 


Mark-up 

amount of mark-up = mark-up rate-original pricelist 
price = original cost + mark-up 

The list price should always be more than the 
original cost. 


Liam’s art gallery bought a painting at an 
original cost of $750. Liam marked the price 
up 40%. Find @ the amount of mark-up and 


® the list price of the painting. 


Identify what you are’ What is the amount of 
asked to find, and mark-up? 
choose a variable to Let m= the amount of 


. 
rannraannt 1+ moarls an 
PUEPLCverie ite auuanin up. 


Write a sentence that 
gives the 

Translate into an 
equation. 


——s 


Solve the equation. 


Write a complete The mark-up on the 
sentence. painting was $300. 


Identify what you are. What is the list price? 
asked to find, and Let p= the list price. 
choose a variable to 


ranroacant it 
puepiroriie iu 


Write a sentence that 
gives the 


. 
m 
2iin 


——————— 


Translate into an 
equation. 


Solve the equation. 


Check. Is the list price more 
than the original cost? 
Is $1,050 more than 


¢C7EN9 Vos, 


wruve 


Write a complete The list price of the 
sentence. painting was $1,050. 


Solve Simple Interest Applications 


Interest is a part of our daily lives. From the interest 
earned on our savings to the interest we pay on a 
car loan or credit card debt, we all have some 


experience with interest in our lives. 


The amount of money you initially deposit into a 
bank is called the principal, P, and the bank pays 
you interest, J. When you take out a loan, you pay 
interest on the amount you borrow, also called the 
principal. 


In either case, the interest is computed as a certain 
percent of the principal, called the rate of interest, 
r. The rate of interest is usually expressed as a 
percent per year, and is calculated by using the 
decimal equivalent of the percent. The variable t, 
(for time) represents the number of years the money 
is saved or borrowed. 


Interest is calculated as simple interest or compound 
interest. Here we will use simple interest. 


Simple Interest 

If an amount of money, P, called the principal, is 
invested or borrowed for a period of t years at an 
annual interest rate r, the amount of interest, J, 


earned or paid is 

I =interestI = PrtwhereP = principalr = ratet = time 
Interest earned or paid according to this formula is 
called simple interest. 


The formula we use to calculate interest is I= Prt. To 
use the formula we substitute in the values for 
variables that are given, and then solve for the 
unknown variable. It may be helpful to organize the 
information in a chart. 


Areli invested a principal of $950 in her bank 
account that earned simple interest at an 
interest rate of 3%. How much interest did she 
earn in five years? 


I= ?P=$950r = 3%t = 5years 


Identify what you are asked to find, and 
choose aWhat is the simple interest?variable to 
represent it.LetI = interest.Write the 

formula.I = PrtSubstitute in the given 
information.I = (950)(0.03) 

(5)Simplify.I= 142.5Check.Is $142.50 a 
reasonable amount of interest on $950? 
Yes.Write a complete sentence.The interest is 
$142.50. 


There may be times when we know the amount of 
interest earned on a given principal over a certain 


length of time, but we do not know the rate. 


Hang borrowed $7,500 from her parents to 
pay her tuition. In five years, she paid them 
$1,500 interest in addition to the $7,500 she 
borrowed. What was the rate of simple 
interest? 


I= $1500P = $7500r= ?t = 5years 


Identify what you are asked to find, and 
chooseWhat is the rate of simple interest?a 
variable to represent it.Write the 
formula.Substitute in the given 
information.Multiply.Divide.Change to percent 
form.Letr =rate of 

interest.I = Prt1,500 = (7,500)r(5)1,500 = 37,500r@. 
(7,500)(0.04)(5)1,500 = 1,500/ Write a 

complete sentence.The rate of interest was 4%. 


In the next example, we are asked to find the 
principal—the amount borrowed. 


po 


Sean’s new car loan statement said he would 
pay $4,866,25 in interest from a simple 
interest rate of 8.5% over five years. How 
much did he borrow to buy his new car? 


I= 4,866.25P = ?r = 8.5%t = Syears 


Identify what you are asked to find,What is the 


amount borrowed (the principal)?and choose a 
variable to represent it.Write the 
formula.Substitute in the given 
information.Multiply.Divide.LetP = principal 
borrowed.I = Prt4,866.25 = P(0.085) 

(5)4,866.25 =0.425P11,450 = PCheck.I = Prt4,864 
(11,450)(0.085)(5)4,866.25 = 4,866.25/ Write 

a complete sentence.The principal was 

$11,450. 


Geometry applications 


In this objective we will use some common 
geometry formulas. We will adapt our problem 
solving strategy so that we can solve geometry 
applications. The geometry formula will name the 
variables and give us the equation to solve. 


In addition, since these applications will all involve 
shapes of some sort, most people find it helpful to 
draw a figure and label it with the given 
information. We will include this in the first step of 
the problem solving strategy for geometry 
applications. 


When we solve geometry applications, we often 
have to use some of the properties of the figures. We 
will review those properties as needed. 


The next example involves the area of a triangle. 
The area of a triangle is one-half the base times the 
height. We can write this as A=12bh, where b = 
length of the base and h = height. 


The area of a triangular painting is 126 square 
inches. The base is 18 inches. What is the 
height? 


Step 1. Read the 


Priv Daciite 


Step 2. Identify what height of a triangle 


wad arn lanlina far 
JVu are tyyniiig vis 


Steo-2-Name: 
Choose a variable to Let h= the height. 


represent-it, 
Draw the figureand Area = 126 sq. in. 
label it with the giver 


ees . 
intarmoatinn 
SLLLUVULILIULLU Ide 


Ctan A Taanalata 


SN be BR SULALAILULLWwe 


Write the appropriate A=12bh 


Farmiuila 


LVULL11U1LUe 


Substitute in the given 126=12:18-h 
infarmatinn 
Step 5. Solve the 126=9h 


nawu4ti 
CQGuadcn. 


Nivrida hath aidane hi 11 14—h 
Ze hE an 


eivimwe Yue viuivcD Vy 


Step 6. Check. 


A=12bh126=? 


19.19-14196—1967 


bo 21vVv 4 tte 


Step 7. Answer the ‘The height of the 
question. triangle is 14 inches. 


The area of a triangular church window is 90 
square meters. The base of the window is 15 
meters. What is the window’s height? 


The window’s height is 12 meters. 


In the next example, we will work with a right 
triangle. To solve for the measure of each angle, we 
need to use two triangle properties. In any triangle, 
the sum of the measures of the angles is 180°. We 
can write this as a formula: mzA+mzB 
+mzC=180. Also, since the triangle is a right 
triangle, we remember that a right triangle has one 
90° angle. 


Here, we will have to define one angle in terms of 
another. We will wait to draw the figure until we 
write expressions for all the angles we are looking 
for. 


The measure of one angle of a right triangle is 
40 degrees more than the measure of the 
smallest angle. Find the measures of all three 
angles. 


Step 1. Read the 


pivviwtiie 


Step 2. Identify what the measures of all 


TWANAI1 AKA lanlinag far thraao analac 
JV are 1YVUNILIs 1Y1- ULE ULLBILvV 


Step 3. Name. Choose Leta=1stangle.a 
a variable to represerit + 40 = 2ndangle90 = 3rdangle 


it (tho riaht analo) 
Ble Ge we ar6rte Oe, 


Draw the figure and 
label it with the given 


Ctan A Taanalata 
vtirp “Fe BS CLEAIEUCILW 


Write the appropriate: 
formula. 


Substitute into the 
formula. 


Step 5. Solve the 
equation. 


Step 6. Check. 


25+65+90=? 


190N1ON—1O0Nn 7 


avuUvVAVY aiwvvvev 


Step 7. Answer the The three angles 
question. measure 25°,65°, and 
90°. 


The next example uses another important geometry 
formula. The Pythagorean Theorem tells how the 
lengths of the three sides of a right triangle relate to 
each other. Writing the formula in every exercise 
and saying it aloud as you write it may help you 
memorize the Pythagorean Theorem. 


The Pythagorean Theorem 
In any right triangle, where a and b are the lengths 
of the legs, and c is the length of the hypotenuse, 


the sum of the squares of the lengths of the two 
legs equals the square of the length of the 
hypotenuse. 


ws a+b=c 


Use the Pythagorean Theorem to find the 
length of the other leg in 


Step 1. Read the 


am 
pivuviwtiie 


Step 2. Identify what the length of the leg of 


wat ara lansing far tha trianala 
DPS Uu ULw ESSA SENS) LwWtle ahi tik ee Sj 


am 
oe cannkee 


Ctan 2 NI 
veicp ve 


Choose a variable to Let a = the leg of the 


. . 
ranracant 1+ trianala 
bUpirowiie ic. Li1u1i6ir. 


Label side a. 


Can A Tuanalata 
uve Te 


dl al SB AULLIVELLLWe 


Write the appropriate) a2+b2=c2a2+122=13 


formula. 


Substi truitaA 
VoLLLeULr.e 


Step 5. Solve the a2+144=169 
equation. a2=25a=25a=5 
Isolate the variable 

term. 

Use the definition of 


square root. 
nli 1 Fer 


Cim 
Ulmpiay. 


Step 6. Check. 


109 = 165 77 
Step 7. Answer the _ The length of the leg is 
question. 5. 


Use the Pythagorean Theorem to find the 
length of the leg in the figure. 


The length of the leg is 8. 


The next example is about the perimeter of a 
rectangle. Since the perimeter is just the distance 
around the rectangle, we find the sum of the lengths 
of its four sides—the sum of two lengths and two 
widths. We can write is as P=2L+2W where L is 
the length and W is the width. To solve the 
example, we will need to define the length in terms 
of the width. 


The length of a rectangle is six centimeters 
more than twice the width. The perimeter is 
96 centimeters. Find the length and width. 


Step 1. Read the 


Pt Ovuicin. 


Step 2. Identify what the length and the 


warn awn Inanlrina Far vari dth 
WWE ULL LYING 1U1- VV ENEULL 


Step 3. Name. Choose Let w= width. 
a variable to represerit 2w+6= length 
the width. 

The length is six mor? 

than twice the width. 


a 


~~ ww eas 


Ctan A Taanalata 
ULTp fe pacessvstre 


Write the appropriate: 
formula. 


Substitute in the given 
information. 


Step 5. Solve the 
equation. 


ee TS 
Step 6. Check. 


P=2L+2W96=? 


Step 7. Answer the The length is 34 cm 
question. and the width is 14 


cm. 


The next example is about the perimeter of a 
triangle. Since the perimeter is just the distance 
around the triangle, we find the sum of the lengths 
of its three sides. We can write this as P=a+b+c, 
where a, b, and c are the lengths of the sides. 


One side of a triangle is three inches more 
than the first side. The third side is two inches 
more than twice the first. The perimeter is 29 
inches. Find the length of the three sides of the 
triangle. 


Step 1. Read the 


pivuviwstiie 


Step 2. Identify what the euguls of the three 


x for. aidana nf a ala 


arn lanl ana 
We are lecking avi. G1CiCo vw. a triangle 


Step 3. Name. Choose Letx=length 


a variable to oflstside.x + 3 =length 
represent the length of of2ndside2x 
the first side. +2=length of3rdside 


cy 
Step 4. Translate. 
Write the appropriate: 
fo f 

Substitute in the given 
information. 


Step 5. Solve the 
equation. 


Step 6. Check. 


29=?6+9+14 


av aI v4Vv 


Step 7. Answer the _ The lengths of the sides 
question. of the triangle 
are 6, 9, and 14 inches. 


The perimeter of a rectangular soccer field is 
360 feet. The length is 40 feet more than the 
width. Find the length and width. 


Step 1. Read the 


Priv Daciite 


Step 2. Identify what the length and width of 


XAT. TA AKA lanlinag far tha onrnrar G ala 
VVEe ULY LUYUINILIG LULL. Labs VY 110C1LU 


Step 3. Name. Choose Let w = width. 
a variable to represerit w+40= length 
it. 


The length is 40 feet 


Tr ) 
Step 4. Translate. 
Write the appropriate: 
fo a a 
substitute. 


Step 5. Solve the 
equation. 


Step 6. Check. 


P=2L+2W360=? 

2010}-+26/03369=360-4 

Step 7. Answer the ‘The length of the 

question. soccer field is 110 feet 
and the width is 70 
feet. 


Applications of these geometric properties can be 
found in many everyday situations as shown in the 
next example. 


Kelvin is building a gazebo and wants to brace 
each corner by placing a 10” piece of wood 
diagonally as shown. 


How far from the corner should he fasten the 
wood if wants the distances from the corner to 
be equal? Approximate to the nearest tenth of 
an inch. 


Step 1. Read the 


Pt VUVvVivtlile 
Step 2. Identify what the distance from the 
we are looking for. corner that the 


bracket should be 


attanhaad 
CALI LIU 


Step 3. Name. Choose Let x= the distance 
a variable to represerit from the corner. 
it. 


aes 
Step 4. Translate. 
Write the appropriate) a2+b2=c2 


formula and substitute. x24 x2=102 
Step 5. Solve the 2x2 = 100x2 = 50x = 50x = 
equation. 


Isolate the variable. 
Use the definition of 
square root. 

Simplify. Approximate 


tran tha nnavnct tanth 
ty LLL L1CULLEVDE LCiiUuile 


Step 6. Check. 


eR JG £VaLrx0Ov-. 


oe 7. never Ps Kelvin should fasten 

question. each piece of wood 
approximately 7.1” 
from the corner. 


Randy wants to attach a 17-foot string of lights 
to the top of the 15 foot mast of his sailboat, 
as shown in the figure. How far from the base 


of the mast should he attach the end of the 
light string? 


He should attach the lights 8 feet from the 
base of the mast. 


Access this online resource for additional 
instruction and practice with solving for a variable 
in literal equations. 


¢ Solving Literal Equations 


Solve Formulas for One Variable 


We have all probably worked with some geometric 
formulas in our study of mathematics. Formulas are 
used in so many fields, it is important to recognize 
formulas and be able to manipulate them easily. 


It is often helpful to solve a formula for a specific 
variable. If you need to put a formula in a 
spreadsheet, it is not unusual to have to solve it for 
a specific variable first. We isolate that variable on 
one side of the equals sign with a coefficient of one 
and all other variables and constants are on the 
other side of the equal sign. 


Geometric formulas often need to be solved for 
another variable, too. The formula V = 13ar2h is 
used to find the volume of a right circular cone 
when given the radius of the base and height. In the 
next example, we will solve this formula for the 
height. 


Solve the formula V = 13ar2h for h. 


Write the 
formula. 


the fraction 
on 


. 
"1 
ak 


fad 
611 Le 


Simplify. 


Divide both 


sides b 
gtr 


We could now use this formula to find the 
height of a right circular cone when we know 
the volume and the radius of the base, by 
using the formula h= 3Vzr2. 


In the sciences, we often need to change 
temperature from Fahrenheit to Celsius or vice 
versa. If you travel in a foreign country, you may 
want to change the Celsius temperature to the more 
familiar Fahrenheit temperature. 


Solve the formula C= 59(F — 32) for F. 


Write the 
formula. 


Remove 
the fraction 
on 


. 
rine 
LABtLL- 


Simplify. 


Add 32 tc 
both sides. 


We can now use the formula F = 95C + 32 to 
find the Fahrenheit temperature when we 
know the Celsius temperature. 


The next example uses the formula for the surface 
area of a right cylinder. 


Solve the formula S = 2xr2 + 2mrh for h. 


Write the formula. 


Isolate the h term by 
subtracting 2nr2 from 


Solve for h by dividirg 
both sides by 2zr. 


2 aT 
Simplify. 


Key Concepts 


* How To Use a Problem Solving Strategy for 
Word Problems 


Read the problem. Make sure all the words and 
ideas are understood. Identify what you are 
looking for. Name what you are looking for. 
Choose a variable to represent that quantity. 
Translate into an equation. It may be helpful 
to restate the problem in one sentence with all 
the important information. Then, translate the 
English sentence into an algebra equation. 
Solve the equation using proper algebra 
techniques. 


Check the answer in the problem to make sure 
it makes sense. Answer the question with a 
complete sentence. 


* How To Find Percent Change 


Find the amount of change 

change = new amount -— original amount Find 
what percent the amount of change is of the 
original amount. 

change is what percent of the original amount? 


* Discount 


amount of discount = discount rate-original 
pricesale price = original amount — discount 

* Mark-up 
amount of mark-up = mark-up rate-original 
costlist price = original cost + mark up 

¢ Simple Interest 
If an amount of money, P, called the principal, 
is invested or borrowed for a period of t years 
at an annual interest rate r, the amount of 
interest, J, earned or paid is: 
I=interestI = PrtwhereP = principalr = ratet = time 


Practice Makes Perfect 


Philip pays $1,620 in rent every month. This 
amount is $120 more than twice what his 
brother Paul pays for rent. How much does Paul 
pay for rent? 


$750 


Marc just bought an SUV for $54,000. This is 
$7,400 less than twice what his wife paid for 
her car last year. How much did his wife pay 
for her car? 


Solve Percent Applications 


In the following exercises, solve. 


Geneva treated her parents to dinner at their 
favorite restaurant. The bill was $74.25. 
Geneva wants to leave 16% of the total bill as a 
tip. How much should the tip be? 


$11.88 


One serving of oatmeal has 8 grams of fiber, 
which is 33% of the recommended daily 
amount. What is the total recommended daily 
amount of fiber? 


24.2 g 


Emma gets paid $3,000 per month. She pays 
$750 a month for rent. What percent of her 
monthly pay goes to rent? 


25% 


In the following exercises, solve. 


Tamanika received a raise in her hourly pay, 
from $15.50 to $17.36. Find the percent 
change. 


12% 


Annual student fees at the University of 
California rose from about $4,000 in 2000 to 
about $12,000 in 2010. Find the percent 
change. 


200% 


In the following exercises, find @ the amount of 
discount and © the sale price. 


Janelle bought a beach chair on sale at 60% off. 
The original price was $44.95. 


@ $26.97 © $17.98 


In the following exercises, find @ the amount of 
discount and © the discount rate (Round to the 
nearest tenth of a percent if needed.) 


Larry and Donna bought a sofa at the sale price 


of $1,344. The original price of the sofa was 
$1,920. 


@ $576 ® 30% 


In the following exercises, find @ the amount of the 
mark-up and © the list price. 


Daria bought a bracelet at original cost $16 to 
sell in her handicraft store. She marked the 
price up 45%. What was the list price of the 
bracelet? 


@ $7.20 © $23.20 


Solve Simple Interest Applications 


In the following exercises, solve. 


Casey deposited $1,450 in a bank account that 
earned simple interest at an interest rate of 4%. 
How much interest was earned in two years? 


$116 


Hilaria borrowed $8,000 from her grandfather 


to pay for college. Five years later, she paid him 
back the $8,000, plus $1,200 interest. What 
was the rate of simple interest? 


3% 


In 10 years, a bank account that paid 5.25% 
simple interest earned $18,375 interest. What 
was the principal of the account? 


$35,000 


Joshua’s computer loan statement said he 
would pay $1,244.34 in simple interest for a 
three-year loan at 12.4%. How much did 
Joshua borrow to buy the computer? 


$3345 


Complex Number System (1.4) 
By the end of this section, you will be able to: 


* Evaluate the square root of a negative number 
¢ Add and subtract complex numbers 

¢ Multiply complex numbers 

* Divide complex numbers 

¢ Simplify powers of i 


This Module supports section 1.4 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Evaluate Square Root of Negative Number 
[link] 

2. Add, Subtract Complex Numbers [link] 

3. Multiply Complex Numbers [link] 

4. Divide Complex Numbers[link] 

5. Negative Roots[link] 

6. Key Concepts [link] 


Evaluate the Square Root of a Negative 
Number 


Whenever we have a situation where we have a 
square root of a negative number we say there is no 
real number that equals that square root. For 
example, to simplify —1, we are looking for a real 
number x so that x2 = -1. Since all real numbers 
squared are positive numbers, there is no real 
number that equals —-1 when squared. 


Mathematicians have often expanded their numbers 
systems as needed. They added 0 to the counting 
numbers to get the whole numbers. When they 
needed negative balances, they added negative 
numbers to get the integers. When they needed the 
idea of parts of a whole they added fractions and 
got the rational numbers. Adding the irrational 
numbers allowed numbers like 5. All of these 
together gave us the real numbers and so far in your 
study of mathematics, that has been sufficient. 


But now we will expand the real numbers to include 
the square roots of negative numbers. We start by 
defining the imaginary unit i as the number whose 
square is —1. 


Imaginary Unit 
The imaginary unit i is the number whose square 


is —l. 
i2= —lori=-1 


We will use the imaginary unit to simplify the 
square roots of negative numbers. 


Square Root of a Negative Number 


If b is a positive real number, then 
—b=bi 


We will use this definition in the next example. Be 
careful that it is clear that the i is not under the 
radical. Sometimes you will see this written as 
—b=ib to emphasize the i is not under the radical. 
But the —b=bi is considered standard form. 


Write each expression in terms of i and 
simplify if possible: 


25, (7 Oe. 


@ 
— 25 Use the definition of the square root 
ofnegative numbers.25i Simplify.5i 


© 


—7 Use the definition of the square root 
ofnegative numbers.7i Simplify.Be careful that 
it is clear thatiis not under theradical sign. 


© 
— 12 Use the definition of the square root 
ofnegative numbers.12i Simplify12.23i 


Now that we are familiar with the imaginary 
number i, we can expand the real numbers to 
include imaginary numbers. The complex number 
system includes the real numbers and the imaginary 
numbers. A complex number is of the form a + bi, 
where a, b are real numbers. We call a the real part 
and b the imaginary part. 


Complex Number 
A complex number is of the form a + bi, where a 
and b are real numbers. 


a+ bi 


imaginary part 


A complex number is in standard form when 
written as a+ bi, where a and b are real numbers. 


If b=0, then a+bi becomes a+ 0-i=a, and is a real 
number. 


If b+0, then a+bi is an imaginary number. 


If a=O, then a+ bi becomes 0+ bi=bi, and is called 
a pure imaginary number. 


We summarize this here. 


ati 
b=9 a--O-ia: Real-number 
b+0 a+bi Imaginary 
number 
a=0 0+ bibi Pure imaginary 


number 


The standard form of a complex number is a+ bi, so 
this explains why the preferred form is —b=bi 
when b>0. 


The diagram helps us visualize the complex number 
system. It is made up of both the real numbers and 
the imaginary numbers. 


Expressing an Imaginary Number in 
Standard Form 


Express —9 in standard form. 
=9 = 9 =1 = 3i 


In standard form, this is 0+ 3i. 


Add or Subtract Complex Numbers 


We are now ready to perform the operations of 
addition, subtraction, multiplication and division on 
the complex numbers—just as we did with the real 
numbers. Check out Module 3 for a review of 


operations with radicals. 


Adding and subtracting complex numbers is much 
like adding or subtracting like terms. We add or 
subtract the real parts and then add or subtract the 
imaginary parts. Our final result should be in 
standard form. 


Add: —12+ —27. 


—12+ —27 Use the definition of the square 
root ofnegative numbers.12i+27i Simplify the 
square roots.23i + 33i Add.53i 


Remember to add both the real parts and the 
imaginary parts in this next example. 


Adding complex numbers: 
(at+bi )+(c+di)=( atc )+(b+d)i 
Subtracting complex numbers: 


(at+bi )—(c+di )=(a-—c )+(b-d)i 


Given two complex numbers, find the sum or 
difference. 


1. Identify the real and imaginary parts of each 
number. 

2. Add or subtract the real parts. 

3. Add or subtract the imaginary parts. 


Adding and Subtracting Complex Numbers 


Add or subtract as indicated. 


TCs 41) are 2 St) 
Pe Oe) ee et) 


We add the real parts and add the imaginary 
parts. 


i 
(3-41) +(2+5i) = 3-4i+2+5i = 
3+24+(—4i)+5i = (8+2)+(—4+5)i = 

» oti 


ore Sa A es as Mets 24) Peta elm a 
tad 2 = Ot 7 2 


Coe 2 ies Oa ol 


Simplify: © (2+7i)+(4-2i) © 
(8 =41)—={2—1): 


@ 6+5i © 6—3i 


Multiply Complex Numbers 


Multiplying complex numbers is also much like 
multiplying expressions with coefficients and 
variables. There is only one special case we need to 
consider. We will look at that after we practice in 
the next two examples. 


Lets begin by multiplying a complex number by a 

real number. We distribute the real number just as 
we would with a binomial. Consider, for example, 

3(6+2i): 


3(6 + 2/) = (3 - 6) + (3: 2/) Distribute. 
= 18+ 6 Simplify. 


Multiply: 2i(7 — 5i). 


2i(7 — 5i) Distribute.14i — 10i2 Simplifyi2.14i 
—10(—1) Multiply.14i1+ 10 Write in standard 
form.10+14i 


Now, let’s multiply two complex numbers. We can 
use either the distributive property or more 
specifically the FOIL method because we are dealing 
with binomials. Recall that FOIL is an acronym for 
multiplying First, Inner, Outer, and Last terms 
together. The difference with complex numbers is 
that when we get a squared term, i 2, it equals 
= 

(a+bi)(c+di) = actadi+bci+bdi2 = ac+adi 
+bei—bdi2 =—1 = (ac—bd)+(ad+bc)i Group 
real terms and imaginary terms. 

How To: 


* Use the distributive property or the FOIL 


method. 

* Remember that i2 =~—1. 

* Group together the real terms and the 
imaginary terms 


Multiply: (3 + 2i)(4 — 33). 


(3 + 2i)(4 — 3i) Use FOIL.12 — 91+ 8i—6i2 
Simplifyi2and combine like terms.12 —i 
—6(—1) Multiply.12—i+6 Combine the real 
parts.18 —i 


Multiplying a Complex Number by a 
Complex Number 


Multiply: (4+ 3i )(2—5i). 


(4+ 31)(2—5i) = 4(2)—4(5i) + 31(2) — (31) (5i) 
= 8— 201+ 6i—-15(12) = 
(8+15)+(—20+6)i = 23-141 


In the next example, we could use FOIL or the 


Product of Binomial Squares Pattern. 


Multiply: (3 + 2i)2 


Use the Product of 
Binomial Squares 


Simplify. 


Simplify. 


Divide Complex Numbers 


Dividing two complex numbers is more complicated 
than adding, subtracting, or multiplying because we 
cannot divide by an imaginary number, meaning 
that any fraction must have a real-number 
denominator to write the answer in standard form a 
+ bi. We need to find a term by which we can 
multiply the numerator and the denominator that 
will eliminate the imaginary portion of the 
denominator so that we end up with a real number 
as the denominator. This term is called the complex 
conjugate of the denominator, which is found by 
changing the sign of the imaginary part of the 
complex number. In other words, the complex 
conjugate of a+bi is a—bi. 


We first looked at conjugate pairs when we studied 
polynomials. We said that a pair of binomials that 
each have the same first term and the same last 
term, but one is a sum and one is a difference is 
called a conjugate pair and is of the form (a—b),(a 
+b). 


A complex conjugate pair is very similar. For a 
complex number of the form a+bi, its conjugate is a 
— bi. Notice they have the same first term and the 
same last term, but one is a sum and one is a 
difference. 


Complex Conjugate Pair 


A complex conjugate pair is of the form a+bi, a 
— bi. 


From our study of polynomials, we know the 
product of conjugates is always of the form (a—b)(a 
+b)=a2—b2. The result is called a difference of 
squares. We can multiply a complex conjugate pair 
using this pattern. 


Earlier for multiplying complex numbers we used 
FOIL. Now we will use the Product of Conjugates 
Pattern. 


When we multiply complex conjugates, the product 
of the last terms will always have an i2 which 
simplifies to —1. 

(a—bi)(a+ bi)a2 — (bi)2a2 — b2i2a2 — b2(—1)a2+b2 


This leads us to the Product of Complex Conjugates 


Pattern: (a — bi)(a+ bi) =a2+b2 


Complex Conjugates 


If a and b are real numbers, then 
(a—bi)(a+ bi) =a2+b2 


Note that complex conjugates have an opposite 
relationship: The complex conjugate of a+bi is a 
—hbi, and the complex conjugate of a—bi is a+bi. 


The complex conjugate of a complex number a 
+bi is a—bi. It is found by changing the sign of 
the imaginary part of the complex number. The 
real part of the number is left unchanged. 


* When a complex number is multiplied by its 
complex conjugate, the result is a real 
number. 

* When a complex number is added to its 
complex conjugate, the result is a real 
number. 


Dividing complex numbers is much like 


rationalizing a denominator. We want our result to 
be in standard form with no imaginary numbers in 
the denominator. 


Write both the numerator and denominator in 
standard form. Multiply the numerator and 
denominator by the complex conjugate of the 
denominator. Simplify and write the result in 
standard form. 


How to Divide Complex Numbers 


Divide: 4+ 313 — 41. 


Divide, writing the answer in standard form: 
=yo\Gr OAL 


— 35+2i Multiply the numerator and 
denominator by thecomplex conjugate of the 
denominator. — 3(5 — 2i)(5 + 2i)(5 — 2i) 
Multiply in the numerator and use the Product 
ofComplex Conjugates Pattern in the 
denominator. — 15+ 6152 + 22 Simplify. 
—15+6i29 Write in standard form. 
29-6201 


Dividing Complex Numbers 


Divide: (2-5) by (4-1): 


We begin by writing the problem as a fraction. 
(eran aaa 


Then we multiply the numerator and 
denominator by the complex conjugate of the 
denominator. 


(2+ 5i) (4—i) - (4+1) (4+1) 


To multiply two complex numbers, we expand 
the product as we would with polynomials 
(using FOIL). 

(2+5i) 4-i)- (44+i) 44+) = 8+2i14+20i1+5 
i216+4i—4i1— 12 = 8+2i1+20i1+5(—-1) 
16+ 4i—4i—(—1) Because i2 =—1. = 
3+22117 = 317 + 22 17 i Separate real and 
imaginary parts. 


Note that this expresses the quotient in 
standard form. 


Divide: 5+ 314i. 


5 +3i4i Write the denominator in standard 
form.5 + 310+ 4i Multiply the numerator and 


denominator bythe complex conjugate of the 
denominator.(5 + 3i)(0 — 4i)(0 + 41)(0 — 41) 
Simplify.(5 + 3i)(— 4i)(4i)(— 41) Multiply. — 20i 
— 1212 —1612 simplify thei2:— 201-1216 
Rewrite in standard form.1216 — 2016i 
Simplify the fractions.34 — 54i 


Negative Roots 


Since the square root of a negative number is not a 
real number, we cannot use the Product Property for 
Radicals. In order to multiply square roots of 
negative numbers we should first write them as 
complex numbers, using — b=bi. This is one place 
students tend to make errors, so be careful when 
you see multiplying with a negative square root. 

Principal Square Root of a Negative Number 
—b=ib 


Multiply: — 36-—4. 


To multiply square roots of negative numbers, 


we first write them as complex numbers. 


— 36:—4 Write as complex numbers using 
— b=bi.36i-4i Simplify.6i-2i Multiply.12i2 
SimplifyiZand multiply. — 12 


Multiply: —36-—81. 


In the next example, each binomial has a square 
root of a negative number. Before multiplying, each 
square root of a negative number must be written as 
a complex number. 


ANE D Vite dh se((@ ie 1) 7) 


To multiply square roots of negative numbers, 
we first write them as complex numbers. 


(3 — —12)(5+ — 27) Write as complex numbers 
using — b= bi.(3 — 23i)(5 + 33i) Use 

FOIL.15 + 93i — 103i —6°3i2 Combine like 
terms and simplifyi2.15 — 3i—6((— 3) Multiply 
and combine like terms.33 — 3i 


Multiply: (4-— —12)(3— — 48). 


aol 51 


Key Concepts 


* Square Root of a Negative Number 


1 mnsambhar than —h—hbi 


£ Lh 1a nn nnect 4tTA TAN 
O If | Cao TS ee © positive JCAL LBLULLLILL wis LILULIL en | 2 © 
e=!—bi 
b=9 ex Oie Real-snumber 
b+#0 a+bi Imaginary 
Berber 
a=0 0+ bibi Pure 
imaginary 
number 


© A complex number is in standard form 
when written as a + bi, where a, b are real 
numbers. 


* Product of Complex Conjugates 


© Ifa b are real numbers, then 
(a—bi)(a+ bi) =a2+b2 


* How to Divide Complex Numbers 
Write both the numerator and denominator in 
standard form. Multiply the numerator and 
denominator by the complex conjugate of the 


denominator. Simplify and write the result in 
standard form. 


Section Exercises 


Practice Makes Perfect 
Evaluate the Square Root of a Negative Number 


In the following exercises, write each expression in 
terms of i and simplify if possible. 


@ —16 
® -11 
O=—§ 


@ 4i © 11i © 22i 


Add or Subtract Complex Numbers In the 
following exercises, add or subtract. 


—~75+ —48 


931 


(1+ 3i) +(7 + 41) 


8+7i 


(8—i)+ (6+ 3i) 


144+ 2i 


(1 — 4i) - (3 —- 61) 


= 221 


(6+i)—(—2-4)i) 


8+5i 


(5— —36)+(2— —49) 


7-131 


CH 7-50) =(=—32= 18) 


Ps ae PA 


Multiply Complex Numbers 


In the following exercises, multiply. 


4i(5 — 3i) 


12+ 20i 


=61¢-—3—21) 


= 2a 


(4+ 3i)(—5 + 61) 


90 -sP ol 


(=3+3NC—-2—71) 


27+ 15i 


In the following exercises, multiply using the 
Product of Binomial Squares Pattern. 


(3+ 4i)2 


set fa we 


(=2=21)2 


mee ae 
In the following exercises, multiply. 


=25'=36 


301 


(-—2—- —27)(4— — 48) 


~444 43: 


(2+ —8)(—4+ —18) 


=20 221 


(2-12 +i) 


In the following exercises, multiply using the 
Product of Complex Conjugates Pattern. 


7=1)07 +1) 


50 


(9—21)(9 + 21) 


85 


Divide Complex Numbers 


In the following exercises, divide. 


2+i3—4i 
225 +1125i 
~43—2i 
~1213-813i 
~2-3i4i 


= 34 1 


Simplify Powers of i 


In the following exercises, simplify. 


i66 


i137 


Glossary 


complex conjugate pair 
A complex conjugate pair is of the form a + 
bi, a — bi. 


complex number 
A complex number is of the form a + bi, 
where a and bD are real numbers. We call a the 
real part and b the imaginary part. 


complex number system 
The complex number system is made up of 
both the real numbers and the imaginary 
numbers. 


imaginary unit 
The imaginary unit i is the number whose 
square is —1. iz = -1 ori=~—1l. 


standard form 
A complex number is in standard form when 
written as a+bi, where a, b are real numbers. 


Quadratic Equations (1.5) 
By the end of this section, you will be able to: 


* Use the Zero Product Property 
* Solve quadratic equations by factoring 
¢ Solve quadratic equations in quadratic form 


This Module supports section 1.5 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Zero Product Property [link] 

. Solve Quadratic Equations by Factoring [link] 

. Solve Quadratic Equations in the form ax2=k 
using the Square Root Property [link] 

. Solve Quadratic Equations in the form a(x — 
h)2 = k Using the Square Root Property [link] 

. Solve Quadratic Equations using Quadratic 
Formula [link] 

. Discriminant [link] 

. Pythagorean Theorem [link] 

. Key Concepts [link] 


We have spent considerable time learning how to 
factor polynomials. We will now look at polynomial 


equations and solve them using factoring, if 
possible. 


A polynomial equation is an equation that 
contains a polynomial expression. The degree of 
the polynomial equation is the degree of the 
polynomial. 


Polynomial Equation 
polynomial equation is an equation that 


contains a polynomial expression. 
The degree of the polynomial equation is the 
degree of the polynomial. 


We have already solved polynomial equations of 
degree one. Polynomial equations of degree one are 
linear equations are of the form ax+b=c. 


We are now going to solve polynomial equations of 
degree two. A polynomial equation of degree two is 
called a quadratic equation. Listed below are some 
examples of quadratic equations: 
X2+5x+6=03y2+ 4y= 1064u2 — 81 =On(n 
+1)=42 


The last equation doesn’t appear to have the 
variable squared, but when we simplify the 


expression on the left we will get n2+n. 


Quadratic Equation 
An equation of the form ax2 + bx+c=0 is called a 


quadratic equation. 
a,b,andcare real numbers anda= 0 (If a=0, then 
0-x2=0 and we are left with no quadratic term.) 


Quadratic equations differ from linear equations by 
including a quadratic term with the variable raised 
to the second power of the form ax2. We use 
different methods to solve quadratic equations than 
linear equations, because just adding, subtracting, 
multiplying, and dividing terms will not isolate the 
variable. 


Use the Zero Product Property 


We will first solve some quadratic equations by 
using the Zero Product Property. The Zero Product 
Property says that if the product of two quantities is 
zero, then at least one of the quantities is zero. The 
only way to get a product equal to zero is to 
multiply by zero itself. 


Zero Product Property 
If a-b=0, then either a=0 or b=0 or both. 


We will now use the Zero Product Property, to solve 
a quadratic equation. 


Use the Zero Product Property. 


Set each factor equal to zero. Solve the linear 
equations. Check. 


How to Solve a Quadratic Equation Using the 
Zero Product Property 


Solve: (5n—2)(6n—1)=0. 


Solve: (3m —2)(2m+1)=0. 


Solve Quadratic Equations by Factoring 


The Zero Product Property works very nicely to 
solve quadratic equations. The quadratic equation 
must be factored, with zero isolated on one side. So 
we be sure to start with the quadratic equation in 
standard form, ax2+bx+c=0. Then we factor the 
expression on the left. 


Solve a quadratic equation by factoring. 


Write the quadratic equation in standard form, 
ax2 + bx+c=0. Factor the quadratic expression. 
Use the Zero Product Property. Solve the linear 
equations. Check. Substitute each solution 
separately into the original equation. 


How to Solve a Quadratic Equation by 
Factoring 


Solve: 2y2=13y+ 45. 


Before we factor, we must make sure the quadratic 
equation is in standard form. 


Solve: 3c2=10c—8. 


Solve: 2d2 —5d=3. 


Solving quadratic equations by factoring will make 
use of all the factoring techniques you have learned 
in earlier sections! Do you recognize the special 
product pattern in the next example? 


Solve: 169q2 = 49. 


169x2 = 49Write the quadratic equation in 
standard form.169x2 — 49 = 0Factor. It is a 
difference of squares.(13x — 7)(13x + 7) =OUse 
the Zero Product Property to set each factor 
to0.Solve each equation.13x — 7 = 013x 
+7=013x=713x= —7x=713x= —713 


Check: 


We leave the check up to you. 


Solve: 36x2=121. 


x=116,x= —-116 


In the next example, the left side of the equation is 
factored, but the right side is not zero. In order to 
use the Zero Product Property, one side of the 
equation must be zero. We’ll multiply the factors 
and then write the equation in standard form. 


Solve: (3x — 8)(x —1) = 3x. 


(3x —8)(k—1) =3xMultiply the 

binomials.3x2 —11x+8=3xWrite the 
quadratic equation in standard form.3x2— 14x 
+ 8=0Factor the trinomial.(3x — 2)(x 


— 4)=0Use the Zero Product Property to set 
each factor to 0.Solve each equation.3x 
—2=0x—4=03x = 2x = 4x = 23Check your 
answers.The check is left to you. 


Solve: (2m+1)(m+3)=12m. 


In the next example, when we factor the quadratic 
equation we will get three factors. However the first 
factor is a constant. We know that factor cannot 
equal 0. 


Solve: 3x2=12x+63. 


3x2 = 12x + 63Write the quadratic equation in 
standard form.3x2 — 12x —63=OFactor the 
greatest common factor first.3(x2 — 4x 

— 21)=O0Factor the trinomial.3(x — 7)(x 


+ 3)=0 Use the Zero Product Property to set 
each factor to 0.Solve each equation.3 + 0x 
—7=0x+3=03 =0x=7x= — 3Check your 
answers.The check is left to you. 


Solve Quadratic Equations of the form 
ax2 =k using the Square Root Property 


We have already solved some quadratic equations 
by factoring. Let’s review how we used factoring to 
solve the quadratic equation x2 = 9. 


Put the equation in standard form.Factor the 
difference of squares.x2 = 9x2 —-9=O0(x—3)(x 

+ 3)=0Use the Zero Product Property.Solve each 
equation.x —3=0x—3=0x=3x=—3 


We can easily use factoring to find the solutions of 
similar equations, like x2 = 16 and x2 = 25, 
because 16 and 25 are perfect squares. In each case, 
we would get two solutions, x =4,x = — 4 and 
X=5,xX=—5. 


But what happens when we have an equation like x2 
= 7? Since 7 is not a perfect square, we cannot 
solve the equation by factoring. 


Previously we learned that since 169 is the square of 
13, we can also say that 13 is a square root of 169. 
Also, (—13)2 = 169, so —13 is also a square root of 
169. Therefore, both 13 and — 13 are square roots 
of 169. So, every positive number has two square 
roots—one positive and one negative. We earlier 
defined the square root of a number in this way: 

Ifn2 =m,thennis a square root ofm. 


Since these equations are all of the form x2 = k, the 
square root definition tells us the solutions are the 
two square roots of k. This leads to the Square Root 
Property. 


Square Root Property 
If x2 = k, then 


= korx = — kor = = k. 


Notice that the Square Root Property gives two 
solutions to an equation of the form x2 = k, the 
principal square root of k and its opposite. We could 
also write the solution as x= +k. We read this as x 
equals positive or negative the square root of k. 


Now we will solve the equation x2 = 9 again, this 
time using the Square Root Property. 


Use the Square Root Property.x2 = 9x = +9x= 
+ 3S0x = 30rx = — 3. 


What happens when the constant is not a perfect 
square? Let’s use the Square Root Property to solve 
the equation x2 = 7. 


x2 = 7Use the Square Root Property.x = 7,x = —7 


We cannot simplify 7, so we leave the answer as a 
radical. 


Solve a quadratic equation using the square root 
property. 


Isolate the quadratic term and make its coefficient 
one. Use Square Root Property. Simplify the 
radical. Check the solutions. 


How to solve a Quadratic Equation of the form 
ax2 = k Using the Square Root Property 


Solve: x2 —50=0. 


Solve: x2 —48=0. 


In order to use the Square Root Property, the 
coefficient of the variable term must equal one. In 
the next example, we must divide both sides of the 


equation by the coefficient 3 before using the 
Square Root Property. 


Solve: 3z2=108. 


2509 —1NQ 
— LU"U 


Vou 


The quadratic term is 3z23=1083 
isolated. 
Divide by 3 to make its 


eranffininant 1 
ReEeVELLALLLILEL Le 


Cimntlifr 


eR ef . a 


Use the Square Root z= +36 


Deannanrtrr 
ak vpYt tye 


lifer tha vadinal 


Cima 7 
Deere ee LLL LUNI. a 


Rewrite to show two z=6,z=-—6 


anliutinn 
GO1uULOLlo. 


Check the solutions: 


Solve: 2x2 = 98. 


The Square Root Property states ‘If x2 =k,’ What 
will happen if k<0? This will be the case in the next 
example. 


Solve: x2+72=0. 


Isolate the quadratic x2=—72 


tarm 
LvLsiie 


Use the Square Root x=+-—72 


Deannnrtrr 
pavpricy-. 


Simplify using compl2xx= +72i 


niimbhaea 
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Wiartsipiiry wie ru uircuts. i OF it 


Rewrite to show two x=62i,x= —62i 
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Check the solutions: 


Solve: c2+12=0. 


Our method also works when fractions occur in the 
equation, we solve as any equation with fractions. 
In the next example, we first isolate the quadratic 
term, and then make the coefficient equal to one. 


Solve: 23u2+5=17. 


Isolate the quadratic 
term. 


Multiply by 32 to aE 
the coefficient 1. 


Simplify. 


Use the Square Root 


Property. 
| 


Saas ee 
Simplify the radical. 


Simplify. 
ar wy ae 
ee eel A ae 

Rewrite to show two 

solutions. 

PW eee 
jw— Vw ye, 4 YY 

Check: 


Solve: 34y2—3=18. 


The solutions to some equations may have fractions 
inside the radicals. When this happens, we must 


rationalize the denominator. 


Solve: 2x2—8=41. 


Isolate the quadratic 
term. 


Divide by 2 to make 
the coefficient 1. 


Simplify. 


aS 
Use the Square Root 


Property. 


SS 
Rewrite the radical as a 


fraction of square 
roots. 


Rationalize the 
denominator. 


Simplify. 


T_T 
Rewrite to show two 


solutions. 


TT 
Check: 


We leave the check for 
you. 


Solve: 3t2+6=70. 


t=833,t= —833 


Solve Quadratic Equations of the Form a(x — h)2 


= k Using the Square Root Property 


We can use the Square Root Property to solve an 
equation of the form a(x — h)2 = kas well. Notice 
that the quadratic term, x, in the original form ax2 
= k is replaced with (x — A). 


The first step, like before, is to isolate the term that 
has the variable squared. In this case, a binomial is 
being squared. Once the binomial is isolated, by 
dividing each side by the coefficient of a, then the 
Square Root Property can be used on (x — A)2. 


Solve: 4(y —7)2=48. 


Alxr__ "7°19 — AQ 
TY rja— 1U 


Divide both sides by (y—7)2=12 


tha nanfin ntaA 


LiLlwu COCmiCicne Te 


Use the Square Root y-—7=+12 
Property on the 
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Remember when we take the square root of a 
fraction, we can take the square root of the 
numerator and denominator separately. 


Solve: (x —13)2=59. 


(x —13)2=59 Use the Square Root Property.x 
—13= +59 Rewrite the radical as a fraction of 
square roots.x —13= +59 Simplify the 
radical.x —13 = +53 Solve forx.x=13+53 
Rewrite to show two 


solutions.x = 13+53,x= 13-53 Check: We 
leave the check for you. 


Solve: (x —12)2=54. 


x=12+52,.x=12-52 


Sometimes the solutions are complex numbers. 


Solve: (2x —3)2= —12. 


Use the Square Root Property.Simplify the 
radical.Add 3 to both sides.Divide both sides 

by 2.Rewrite in standard form.Simplify.(2x 

—3)2= —122x-—3= + —122x-3= 

ae eee Ik — a I ie I | 
Rewrite to show two 

solutions.x = 32 + 3i,x = 32 — 3i Check:We leave 


the check for you. 


The left sides of the equations in the next two 
examples do not seem to be of the form a(x — h)2. 
But they are perfect square trinomials, so we will 
factor to put them in the form we need. 


Solve: 4n2+4n+1=16. 


We notice the left side of the equation is a 
perfect square trinomial. We will factor it first. 


Factor the perfect (2n+1)2=16 


. . 
aniw9ae8n trinamial 
UMYpUULe CLL LIU. 


Use the Square Root 2n+1=+16 


Deannanrtrr 
pavpricy- 


Cimntlifar tha vadinal 9n 11 — 
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Divide each side by 2. 2n2= —1+42 


— 


qty 
Rewrite to show two n=-—1+ 


enliutinna pe | Ee he 
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Check: 


Solve: 16n2+ 40n+ 25=4. 


Access this online resource for additional 
instruction and practice with using the Square Root 
Property to solve quadratic equations. 


* Solving Quadratic Equations: The Square Root 
Property 

¢ Using the Square Root Property to Solve 
Quadratic Equations 


Solve Quadratic Equations using 
Quadratic Formula 


When we solved quadratic equations in the last 
section by completing the square, we took the same 
steps every time. By the end of the exercise set, you 
may have been wondering ‘isn’t there an easier way 
to do this?’ The answer is ‘yes’. Mathematicians look 
for patterns when they do things over and over in 
order to make their work easier. In this section we 
will derive and use a formula to find the solution of 
a quadratic equation. 


We start with the standard form of a quadratic 
equation and solve it for x by completing the 
square. 


i | 
Isolate the variable terms 


on one side. 


Make the coefficient of «2 


Foes ee 
Pa 


. 
ANT 
MLV ELLs 


Simplify. 


tT 
vyu 


To complete the square, 
find (12-ba)2 and add it 
to both sides of the 


. 
ani19stinn 
veyuuauvil. 


(12ba)2 = b24a2 


ea a 
The left side is a perfect 


square, factor it. 


p20 ar 
Find the common 


denominator of the right 
fr 


the common 
a ATA Mm 


° 
minatar 
UO LLUVULLILIIULU Le 


Simplify. 


ae ea 
Combine to one fraction. 


Use the square root 
property. 


4 
Simplify the radical. 


ey {; 
Add —b2a to both sides 
of the equation. 


a ee 
Combine the terms on the 


right side. 


This equation is the 


Quadratic Formula. 


Quadratic Formula 
The solutions to a quadratic equation of the form 
ax2 + bx + c = O, where a~0 are given by the 
formula: 

= —b+b2—4ac2a 


Write the quadratic equation in standard form, ax2 
+ bx + c = 0. Identify the values of a, b, and c. 
Write the Quadratic Formula. Then substitute in 


Solve by using the Quadratic Formula: 
2x2 + 9x—-5=0. 


Solve by using the Quadratic Formula: 
x2—6x=—o. 


Write the equation in 
standard form by 


Eta aaah aida 
vy ty GEL JILL. 


This equation is now in 


ot 
vu 


mo UX —6X4+5—-0 
Identify the values of 
a, b, c. 


Write the Quadratic 
Formula. 


TS Se A 
Then substitute in the 


values of a, b, c. 


Simplify. 


Rewrite to show two 
solutions. 


Check: 


When we solved quadratic equations by using the 
Square Root Property, we sometimes got answers 
that had radicals. That can happen, too, when using 
the Quadratic Formula. If we get a radical as a 
solution, the final answer must have the radical in 
its simplified form. 


Solve by using the Quadratic Formula: 
2x2+ 10x+11=0. 


This equation is in 
standard form. 


P2x" + 1UX+ 11 =U 
Identify the values of 
a, b, and c. 


Write the Quadratic 
Formula. 


inna "a a 
Then substitute in the 
values of a a and c. 
———— he | 
Simplify. 
P10 100-88 


a 
Simplify the radical. 


Factor out the common 


factor in the 


ni1 
an 


a aa 
Remove the common 
factors. 


_——— 
Rewrite to show two 
solutions. 


Check: 
We leave the check for 


you! 


Solve by using the Quadratic Formula: 
3m2+12m+7=0. 


m=—6+153;n=—6— 153 


When we substitute a, b, and c into the Quadratic 
Formula and the radicand is negative, the quadratic 
equation will have imaginary or complex solutions. 
We will see this in the next example. 


Solve by using the Quadratic Formula: 
3p2+2p+9=0. 


This equation is in 
standard form 


a 
Identify the values of 
a,b,c. 


Write the Quadratic 
Formula. 


ee 
Then substitute in the 
values of a,b,c. 


Simplify the radical 


ise maul 
n1 


Simplify the radical. 


= 


Factor the common 
factor in the 


N11 


Remove the common 
factors. 


= — 
Rewrite in standard 2 


+ bi form. 


Write as two solutions. 


Solve by using the Quadratic Formula: 
4a2—2a+8=0. 


a=14+314i,a=14-314i 


Discriminant 


When we solved the quadratic equations in the 
previous examples, sometimes we got two real 
solutions, one real solution, and sometimes two 


complex solutions. Is there a way to predict the 
number and type of solutions to a quadratic 
equation without actually solving the equation? 


Yes, the expression under the radical of the 
Quadratic Formula makes it easy for us to determine 
the number and type of solutions. This expression is 
called the discriminant. 


b+ 


In the Quadratic Formula, x = — 


the quantity b’ — 4ac is called the discriminant. 


Let’s look at the discriminant of the equations in 
some of the examples and the number and type of 
solutions to those quadratic equations. The 
quadratic formula not only generates the solutions 
to a quadratic equation, it tells us about the nature 
of the solutions when we consider the discriminant, 
or the expression under the radical, b2 —4ac. The 
discriminant tells us whether the solutions are real 
numbers or complex numbers, and how many 
solutions of each type to expect. [link] relates the 
value of the discriminant to the solutions of a 


quadratic equation. 
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GQLUC UL VWISULLLLILILIGAILI ANU OULLLD 
b 2 —4ac=0 One rational solution 
I CAAwhlA anliatinn) 


(ea vuviw vviuUtivily 


b 2 —4ac>0, perfect Two rational solutions 


ovat bie t olay 


peas [ethos 
I 2 —4ac>0, nota Two irrational solutions 


Inarfant ani1ara 


[pa AVR TNS Se 
p 2 —4ac<0 Two complex solutions | 


Determine the number of solutions to each 
quadratic equation. 


@ 3x2+7x—9=0 ® 5n2+n+4=0 © 
Oy2—6y+1=0. 


To determine the number of solutions of each 
quadratic equation, we will look at its 
discriminant. 


@) 

3x2 + 7x—9=0 The equation is in standard 
form, identifya,b,andc.a=3,b=7,c= —9 Write 
the discriminant.b2 — 4ac Substitute in the 
values ofa,b,andc.(7)2 — 4:3-(—9) 

Simplify.49 + 108 157 


Since the discriminant is positive, there are 2 
real solutions to the equation. 


© 

5n2+n+4=0 The equation is in standard 
form, identifya,b,andc.a=5,b=1,c=4 Write 
the discriminant.b2 — 4ac Substitute in the 
values ofa,b,andc.(1)2 — 4-5-4 Simplify.1 — 80 
720 


Since the discriminant is negative, there are 2 
complex solutions to the equation. 


© 

9y2 —6y +1=0 The equation is in standard 
form, identifya,b,andc.a=9,b = —6,c=1 Write 
the discriminant.b2 — 4ac Substitute in the 
values ofa,b,andc.( —6)2 — 4-9-1 

Simplify.36 — 36 0 


Since the discriminant is 0, there is 1 real 


solution to the equation. 


For each Equation, compute the 
determinant and determine the number 
and type of solution. 


For each Equation, compute the determinant 
and determine the number and type of 


solution. 


1x2 +4x+4=0 
2.8 x2 +14x+3=0 
3.3xX%2 —5x—2=0 
4.3x2 —10x+15=0 


Calculate the discriminant b 2 —4ac for each 
equation and state the expected type of 
solutions. 


1.x2 +4x+4=0 


b 2 —4ac= (4) 2 —4( 1 )( 4 )=0. There 
will be one rational double solution. 


2.8x2 +14x+3=0 


b 2 —4ac= (14) 2 —4(8 )(3 )=100. 
As 100 is a perfect square, there will be 


two rational solutions. 

ono 2 ox) 
b2 —4ac= (-5)2 —4(3 )( -—2 )=49. 
As 49 is a perfect square, there will be 


two rational solutions. 


4.3x2 —10x+15=0 


b 2 —4ac= ( -10)2 —4(3)(15)= 
— 80. There will be two complex 
solutions. 


Identify the Most Appropriate Method to Use to 
Solve a Quadratic Equation 

Given that we have four methods to use to solve a 
quadratic equation, how do you decide which one to 
use? Factoring is often the quickest method and so 
we try it first. If the equation is ax2 =k or a(x 
—h)2=k we use the Square Root Property. For any 
other equation, it is probably best to use the 
Quadratic Formula. Remember, you can solve any 
quadratic equation by using the Quadratic Formula, 
but that is not always the easiest method. 


PO 


Identify the most appropriate method to use to 
solve each quadratic equation. 


@ 5z2=17 © 4x2—-12x+9=0 © 
8u2+ 6u=11. 


@ 
pZ2— 17 


Since the equation is in the ax2=k, the most 
appropriate method is to use the Square Root 
Property. 


© 
4x2-—12x+9=0 


We recognize that the left side of the equation 
is a perfect square trinomial, and so factoring 
will be the most appropriate method. 


© 
8u2+6u=11 Put the equation in standard 


form.8u2+ 6u—11=0 


While our first thought may be to try 
factoring, thinking about all the possibilities 
for trial and error method leads us to choose 
the Quadratic Formula as the most appropriate 
method. 


Access these online resources for additional 
instruction and practice with using the Quadratic 
Formula. 


¢ Using the Quadratic Formula 

¢ Solve a Quadratic Equation Using the 
Quadratic Formula with Complex Solutions 

¢ Discriminant in Quadratic Formula 


Pythagorean Theorem 


One of the most famous formulas in mathematics is 
the Pythagorean Theorem. It is based on a right 
triangle, and states the relationship among the 
lengths of the sides as a2 + b2 =c2, where a 
and b refer to the legs of a right triangle adjacent to 
the 90° angle, and c refers to the hypotenuse. It 
has immeasurable uses in architecture, engineering, 
the sciences, geometry, trigonometry, and algebra, 
and in everyday applications. 


We use the Pythagorean Theorem to solve for the 
length of one side of a triangle when we have the 
lengths of the other two. Because each of the terms 
is squared in the theorem, when we are solving for a 
side of a triangle, we have a quadratic equation. We 
can use the methods for solving quadratic equations 


that we learned in this section to solve for the 
missing side. 


The Pythagorean Theorem is given as 
a2+b2=c2 


where a and b refer to the legs of a right triangle 
adjacent to the 90° angle, and c refers to the 
hypotenuse, as shown in [link]. 


Finding the Length of the Missing Side of a 
Right Triangle 


Find the length of the missing side of the right 
triangle in [link]. 


12 
4 


a 


As we have measurements for side b and the 


hypotenuse, the missing side is a. 
a2+b2=c2a2+ (4)2 = (12) 2a2 
+16 = 144a2 = 128a = 128 = 82 


Use the Pythagorean Theorem to solve the 
right triangle problem: Leg a measures 4 units, 
leg b measures 3 units. Find the length of the 
hypotenuse. 


Key Concepts 


* Polynomial Equation: A polynomial equation 
is an equation that contains a polynomial 
expression. The degree of the polynomial 
equation is the degree of the polynomial. 

* Quadratic Equation: An equation of the form 
ax2 +bx+c=0 is called a quadratic equation. 
a,b,care real numbers anda = 0 

* Zero Product Property: If ab=0, then either 


a=0 or b=0 or both. 
How to use the Zero Product Property 


Set each factor equal to zero. Solve the linear 
equations. Check. 


How to solve a quadratic equation by 
factoring. 


Write the quadratic equation in standard form, 
ax2 +bx+c=0. Factor the quadratic 
expression. Use the Zero Product Property. 
Solve the linear equations. Check. Substitute 
each solution separately into the original 
equation. 


Square Root Property 


© If x2=k, then x=korx= —k or x= +k 


How to solve a quadratic equation using the 
square root property. 


Isolate the quadratic term and make its 
coefficient one. Use Square Root Property. 
Simplify the radical. Check the solutions. 


The solutions to a quadratic equation of the 
form ax2 + bx + c = 0,a#0 are given by the 
formula: 

x= —b+b2—4ac2a 


* Using the Discriminant, b2 — 4ac, to Determine 
the Number and Type of Solutions of a 
Quadratic Equation 


© For a quadratic equation of the form ax2 
+ bx + c = 0,a~0, 
M@ Ifb2 — 4ac > 0, the equation has 2 
real solutions. 
M@ if b2 — 4ac = O, the equation has 1 
real solution. 


M@ if b2 — 4ac < 0, the equation has 2 
complex solutions. 


Section Exercises 


Practice Makes Perfect 
Use the Zero Product Property 


In the following exercises, solve. 


(3a—10)(2a—7)=0 


a=10/3,a=7/2 


6m(12m—5)=0 


m=0,m=5/12 


Solve Quadratic Equations by Factoring 


In the following exercises, solve. 


5a2 —26a= 24 


a= —45,a=6 


4m2=17m-15 


m=5/4,m=3 


7a2+14a=7a 


a=-—l,a=0 


49m2=144 


m=12/7,m= —12/7 


(x+ 6)(x—3)=—8 


20x2 —60x= —45 


go /2 


2x3 + 72x = 24x2 


x=0,x=6 


Solve Quadratic Equations of the Form ax2 = k 
Using the Square Root Property 
In the following exercises, solve each equation. 


u2—300=0 


u= +103 


4m2 = 36 


m==—3 


7p2+10=26 


p= +477 


(u—6)2=64 


u=14,u= —-2 


(r—12)2=34 


r=12+32 


(a—7)2+5=55 


a7 O27 


(4x—3)2+11=—17 


X=34472i 


x2-—6x+9=12 


X=34+23,x=3-23 


3m2 + 30m — 27 =6 


m= -—1ll1,m=1 


Solve Quadratic Equations Using the Quadratic 
Formula 


4m2+m—3=0 


m= —-1,m=34 


3u2+7u—2=0 


u= —7+736 


x2+8x—-—4=0 


x=—4+25 


2x2 +3x+3=0 


x= —34+4154i 


34b2 + 12b = 38 


b= —-2+116 


Glossary 


degree of the polynomial equation 
The degree of the polynomial equation is the 
degree of the polynomial. 


polynomial equation 
A polynomial equation is an equation that 
contains a polynomial expression. 


quadratic equation 
Polynomial equations of degree two are called 
quadratic equations. 


zero of the function 
A value of x where the function is 0, is called 
a zero of the function. 


Zero Product Property 
The Zero Product Property says that if the 
product of two quantities is zero, then at least 
one of the quantities is zero. 


discriminant 
In the Quadratic Formula, x = —b 
+b2-—4ac2a, the quantity b2 — 4ac is called 
the discriminant. 


Other Types of Equations (1.6) 
By the end of this section, you will be able to: 


* Solve polynomial equations 

* Solve radical equations 

* Solve equations with two radicals 
* Solve equations in Quadratic Form 


This Module supports section 1.6 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


. Solve Polynomial Equations [link] 

. Solve Radical Equations [link] 

. Solve Radical Equations, two radicals [link] 

. Solve Equations with Rational Exponents 
link] 

. Solve Equations in the Quadratic form [link] 

. Absolute Value Equations [link] 

. Key Concepts [link] 


Solving Polynomial equations 


We have already solved polynomial equations of 
degree one. Polynomial equations of degree one are 
linear equations are of the form ax +b=c. Module 
8 


We have now also solved polynomial equations of 
degree two. A polynomial equation of degree two is 
called a quadratic equation. Module 11 


But what about those equations with a degree of 3 
or higher? Some of them we will be able to solve by 
Factoring (remember Module 5 and Module 11). 


Solve a Polynomial by Grouping 


Solve a polynomial by grouping: x3 + x2 
— 9x—9=0. 


This polynomial consists of 4 terms, which we 
can solve by grouping. Grouping procedures 
require factoring the first two terms and then 
factoring the last two terms. If the factors in 
the parentheses are identical, we can continue 
the process and solve, unless more factoring is 
suggested. 

x34+ x2 -—9x-9 = 0x2 (x+1)-9(x+1) = 
0( x2 —9)(xk+1) =0 


The grouping process ends here, as we can 
factor x 2 —9 using the difference of squares 
formula. 

(x2 —9)(x+1) = 0 (K-3)(K+3)(kK+1) = Ox 
Se ail 


The solutions are 3, —3, and —1. Note that 
the highest exponent is 3 and we obtained 3 
solutions. 


nalysis 


We looked at solving quadratic equations by 
factoring when the leading coefficient is 1. When 
the leading coefficient is not 1, we solved by 
grouping. Grouping requires four terms, which we 
obtained by splitting the linear term of quadratic 
equations. We can also use grouping for some 
polynomials of degree higher than 2, as we saw 
here, since there were already four terms. 


Solve: 8x3 = 24x2 — 18x. 


Solve Radical Equations 


Radical equations are equations that contain 
variables in the radicand (the expression under a 
radical symbol), such as 

Skt19 =] 3X43 =] K—SxX+5 — xX-—3 = .2 


Radical Equation 
An equation in which a variable is in the radicand 


of a radical expression is called a radical 
equation. 


As usual, when solving these equations, what we do 
to one side of an equation we must do to the other 
side as well. Once we isolate the radical, our 
strategy will be to raise both sides of the equation to 
the power of the index. This will eliminate the 


radical. 


Solving radical equations containing an even index 
by raising both sides to the power of the index may 
introduce an algebraic solution that would not be a 
solution to the original radical equation. For 
Example, when we write a we mean the principal 
square root. So a=0 always. When we solve radical 
equations by squaring both sides we may get an 
algebraic solution that would make a negative. This 
algebraic solution would not be a solution to the 
original radical equation; it is an extraneous 
solution. 


For the equation x + 2=x: 


@ Is x=2 asolution? © Is x= —1 a solution? 


Solution 


@ Is x=2 a solution? 


Let x = 2. 


Simplify. 


2 is a solution. 


® Is x= —1 a solution? 


Letx = -l. 


Simplify. 


1 ta nat a anliutian 
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—1 is an extraneous 
solution to the 


equation. 


In the next example, we will see how to solve a 
radical equation. Our strategy is based on raising a 
radical with index n to the nth power. This will 
eliminate the radical. 

Fora= 0,(an)n =a. 


Solve a radical equation with one radical. 


Isolate the radical expression on one side of the 
equal sign. Put all remaining terms on the other 
side. If the radical is a square root, then square 
both sides of the equation. If it is a cube root, then 


raise both sides of the equation to the third power. 
In other words, for an nth root radical, raise both 
sides to the nth power. Doing so eliminates the 
radical symbol. Solve the remaining equation. 
Solve the new equation. Check the answer in the 
original equation. 


How to Solve a Radical Equation 


Solve: 5n—4-—-9=0. 


Solve: 3m+2—5=0. 


Sometimes there could be two solutions, but 
one of them may be extraneous! 


Solve: r+4—r+2=0. 
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Square both sides of (r+ 4)2=(r—2)2 


° 
than ani149tinn 
tae CYUULIVIL. 


Simplify and then solve r+4=r2—4r+4 


. 
thn ani1149tinn 
tae CYUUUYIL 


It is a quadratic O=r2—5r 
equation, so get zero 

on 

eens richt-side; 0=rf(r—B} 
Use the Zero Product 0=r0=r—5 
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The solution is r = 5. 


eS eS TY, 
r=0 is an extraneous 


solution. 


Solve: m+9—m+3=0. 


When we use a radical sign, it indicates the 
principal or positive root. If an equation has a 
radical with an even index equal to a negative 
number, that equation will have no solution. 


Solve: 9k-2+1=0. 
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To isolate the radical, 

subtract 1 to both 


Simplify. 
Pe V/9k-2=-1 


Because the square root is equal to a negative 
number, the equation has no solution. 


Solve: 7s—3+2=0. 


no solution 


If one side of an equation with a square root is a 
binomial, we use the Product of Binomial Squares 
Pattern when we square it. 


Binomial Squares 


(a+ b)2=a2+ 2ab+ b2(a—b)2=a2—2ab+b2 


Don’t forget the middle term! 


Solve: p—1+1=p. 


Sean 7 ae ee Lee) SSS 
To isolate the radical, 


subtract 1 from both 


Simplify. 


Saas 7 A eT a 
Square both sides of 


the equation. 


NS 
Simplify, using the 
Product of Binomial 


‘ 


right. Then solve the 
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It is a quadratic 
equation, so get zero 


Factor the right side. 


Use the Zero Product 
Property. 


Solve each equation. 
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The solutions are 


p=1,p=2. 


When the index of the radical is 3, we cube both 
sides to remove the radical. 
(a3)3=a 


po 


Solve: 5x+13+8=4. 


To isolate the radical, 
subtract 8 from both 


. 
aidaa 
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Cube both sides of the 
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5x+13=—4 


(5x+ 13)3=(—4)3 


Ex; 
Va 


a= 
1 
c 
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The solution is x= 
—13. 


Solve: 6x -—103+1=-3 


Solve equations with two Radicals 

If the radical equation has two radicals, we start out 
by isolating one of them. It often works out easiest 
to isolate the more complicated radical first. 


In the next example, when one radical is isolated, 
the second radical is also isolated. 


Solve: 4x —33 =3x+ 23. 


The radical terms are isolated.4x — 33 = 3x+ 23 
Since the index is 3, cube both sides of 


theequation.(4x — 33)3 =(3x + 23)3 Simplify, 
then solve the new equation.4x —3=3x+2 x 
—3=2x=5 The solution isx=5. Check the 
answer. We leave it to you to show that 5 
checks! 


Solve: 5x — 43 = 2x+ 53. 


Sometimes after raising both sides of an equation to 
a power, we still have a variable inside a radical. 
When that happens, we repeat Step 1 and Step 2 of 
our procedure. We isolate the radical and raise both 
sides of the equation to the power of the index 
again. 


Solve if 1 or more Radicals 


Isolate one of the radical terms on one side of the 
equation. Raise both sides of the equation to the 
power of the index. Are there any more radicals? 
If yes, repeat Step 1 and Step 2 again. 

If no, solve the new equation. Check the answer in 
the original equation. 


How to Solve a Radical Equation 


Solve: m+1=m+9. 


Solve: x +2=x+16. 


I 
Ne) 


Be careful as you square binomials in the next 
example. Remember the pattern is (a 
+b)2=a2+2ab+b2 or (a—b)2=a2— 2ab+ b2. 


Solve: q—2+3=4q+1. 


han a ee 7 Pe eee 
The radical on the 
right is isolated. Squzere 
ha 


Simplify. 


There is still a radica. 
in the equation so 
WwW 


previous steps. Isolate 


tha radinal 
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Square both sides. It 
would not help to 


ale 


Simplify, then solve the 
new equation. 


Distribute. 


It is a quadratic 


equation, so get zero 
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Factor the right side. 


t= 59-1] 9-2] __ 
Use the Zero Product 


Property. 


SS a 
The checks are left to The solutions are q=6 
you. and q=2. 


Solve: x+2=3x+4 


Solve Equation with Rational Exponents 


We touched on Rational exponents in Module 3. 
Recall that we can look at amn in two ways. 
Remember the Power Property tells us to multiply 
the exponents and so (aln)m and (am)1n both equal 
amn. 


Rational Exponent amn 


For any positive integers m and n, 
amn = (an)mandamn =amn 


Sometimes an equation will contain rational 
exponents instead of a radical. We use the same 
techniques to solve the equation as when we have a 
radical. We raise each side of the equation to the 
power of the denominator of the rational exponent. 


Since (am)n=am~n, we have for example, 


(x12)2=x,(x13)3=x 


Remember, x12 =x and x13 =x3. 


Solve: (3x—2)14+3=5. 


To isolate the term 
with the rational 
exponent, 


subtract 3 from both 


VLLLVe 


Raise each side of the: 
equation to the fourth 
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Son a14=2 


((3x — 2)14)4 =(2)4 
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The solution is x= 6. 


Solve the Equation Including a Variable 
Raised to a Rational Exponent 


Solve the equation in which a variable is 
raised to a rational exponent: x 5 4 =32. 


The way to remove the exponent on x is by 
raising both sides of the equation to a power 
that is the reciprocal of 54,whichis 45. 
x54 = 32(x54)45 = (82)45x = (2)4 
The fifth root of 32 is 2. = 16 


Solving an Equation Involving Rational 
Exponents and Factoring 


Solve 3x34=x12. 


This equation involves rational exponents as 
well as factoring rational exponents. Let us 
take this one step at a time. First, put the 
variable terms on one side of the equal sign 
and set the equation equal to zero. 
3x34-(x12)=x12-(x12)3x34 
—-x1l2=0 


Now, it looks like we should factor the left 
side, but what do we factor out? We can 
always factor the term with the lowest 
exponent. Rewrite x12 as x24. Then, 
factor out x 24 from both terms on the left. 
3x34-x24=0x24(3x14-1)=0 


Where did x14 come from? Remember, 
when we multiply two numbers with the same 
base, we add the exponents. Therefore, if we 
multiply x24 back in using the distributive 
property, we get the expression we had before 
the factoring, which is what should happen. 
We need an exponent such that when added to 

24 equals 34. Thus, the exponent on x in 
the parentheses is 14. 


Let us continue. Now we have two factors and 
can use the zero factor theorem. 
x24(3x14-1)=0x24=0x=03x 
14-1=03x14=1x14 = 13 Divide 


both sides by 3.(x 14) 4 = (13) 4 Raise 
both sides to the reciprocal of 1 4.x = 1 81 


The two solutions are 0 and 1 81. 


Solve: (9x + 9)14-—2=1. 


Sove equations in Quadratic Form 


Sometimes when we factored trinomials, the 
trinomial did not appear to be in the ax2 + bx + c 
form. So we factored by substitution allowing us to 
make it fit the ax2 + bx + c form. We used the 
standard u for the substitution. 


To factor the expression x4 — 4x2 — 5, we noticed 
the variable part of the middle term is x2 and its 
square, x4, is the variable part of the first term. (We 
know (x2)2=x4.) So we let u = x2 and factored. 


Let u=x2 and substitute: 


Factor the trinomial. 


Replace u with x2. 


Quadratic Form 
If the exponent on the middle term is one-half of 
the exponent on the leading term, we have an 


equation in quadratic form, which we can solve 
as if it were a quadratic. We substitute a variable 
for the middle term to solve equations in quadratic 
form. 


Given an equation quadratic in form, solve it. 


1. Identify the exponent on the leading term and 
determine whether it is double the exponent 


on the middle term. 

2. If it is, substitute a variable, such as u, for the 
variable portion of the middle term. 

3. Rewrite the equation so that it takes on the 
standard form of a quadratic. 

4. Solve using one of the usual methods for 
solving a quadratic. 

5. Replace the substitution variable with the 
original term. 

6. Solve the remaining equation. 


Similarly, sometimes an equation is not in the ax2 + 
bx + c = 0 form but looks much like a quadratic 
equation. Then, we can often make a thoughtful 
substitution that will allow us to make it fit the ax2 
+ bx + c = 0 form. If we can make it fit the form, 
we can then use all of our methods to solve 
quadratic equations. 


Notice that in the quadratic equation ax2 + bx + c 
= 0, the middle term has a variable, x, and its 
square, x2, is the variable part of the first term. Look 
for this relationship as you try to find a substitution. 


The next example shows the steps for solving an 
equation in quadratic form. 


How to Solve Equations in Quadratic Form 


Solve: 6x4 —7x2+2=0 


Solve: x4-—6x2+ 8=0. 


In the next example, the binomial in the middle 
term, (x — 2) is squared in the first term. If we let u 
= x — 2 and substitute, our trinomial will be in ax2 
+ bx + c form. 


Solve: (x —2)2+7(x—2)+12=0. 


Prepare for the 
substitution. 


Let u=x—2 and 
substitute. 


Solve by factoring. 


Replace u with x— 2. 


Solve for x. 


Check: 


Solve: (y—4)2+8(y—4)+15=0. 


In the next example, we notice that (x)2=x. Also, 
remember that when we square both sides of an 
equation, we may introduce extraneous roots. Be 
sure to check your answers! 


Solve: x -—3x+2=0. 


The x in the middle term, is squared in the 
first term (x)2 =x. If we let u=x and 
substitute, our trinomial will be in ax2 + bx + 


= 0 form. 


oo 


Rewrite the trinomia 
to prepare for the 
Let u=x and 
substitute. 


Solve by factoring. 


Replace u with x. 


Solve for x, by 
squaring both sides. 


Check: 


Solve: x —7x+12=0. 


Substitutions for rational exponents can also help us 
solve an equation in quadratic form. Think of the 
properties of exponents as you begin the next 
example. 


Solve: x23 — 2x13 —24=0. 


The x13 in the middle term is squared in the 
first term (x13)2=x23. If we let u=x13 and 
substitute, our trinomial will be in ax2 + bx + 
€ — 0 form: 


4. 6 ~ = i ae 
Rewrite the trinomia] 


(0 ae re 
a 
Let u=x13 and 

substitute. 


Solve by factoring. 


Replace u with x13. 


Solve for x by cubing 
both sides. 


Check: 


Solve: x23 —5x13—14=0. 


In the next example, we need to keep in mind the 
definition of a negative exponent as well as the 
properties of exponents from Module 2. 


Tip 
If n is an integer and a~0, then a—n=1an or la 
—n=an. 


Solve: 3x —-2-—7x-—1+2=0. 


The x—1 in the middle term is squared in the 
first term (x —1)2=x-—2. If we let u=x—1 and 
substitute, our trinomial will be in ax2 + bx + 
¢ —) 0 form: 


Rewrite the 
trinomial to 


pr 
substitution 
Let u=x—1 


and substitute. 
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Solve by 


Replace u with 
x= 
aa i ee 
Solve for x by 
taking the 


— x7 
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Check: 


Solve: 8x —2-—10x—1+3=0. 


Access this online resource for additional 
instruction and practice with solving quadratic 
equations. 


¢ Solving Equations in Quadratic Form 


The numbers 5 and —5 are both five units away 
from zero. 


Absolute Value Equations 


As we prepare to solve absolute value equations, we 
review our definition of absolute value from 
Module 1. 


Absolute Value 
The absolute value of a number is its distance from 
zero on the number line. 


The absolute value of a number n is written as |n| 
and |n|=0 for all numbers. 

Absolute values are always greater than or equal to 
Zero. 


We learned that both a number and its opposite are 
the same distance from zero on the number line. 
Since they have the same distance from zero, they 
have the same absolute value. For example: 

—5 is 5 units away from 0, so |—5|=5. 


5 is 5 units away from 0, so |5|=5. 


[link] illustrates this idea. 


For the equation |x| =5, we are looking for all 
numbers that make this a true statement. We are 
looking for the numbers whose distance from zero is 
5. We just saw that both 5 and —5 are five units 
from zero on the number line. They are the 
solutions to the equation. 

If|x| =5thenx= —5orx=5 


The solution can be simplified to a single statement 
by writing x= +5. This is read, “x is equal to 
positive or negative 5”. 


We can generalize this to the following property for 
absolute value equations. 


Absolute Value Equations 

For any algebraic expression, u, and any positive 
real number, a, 

if|u| =athenu= —aoru=a 

Remember that an absolute value cannot be a 
negative number. 


Solve: ® |x|=8 © |y|=—6 © |z|=0 


® 
|x| =8Write the equivalent equations.x = 
— 8o0rx=8x= +8 


® 

ly| = —6No solution 

Since an absolute value is always positive, 
there are no solutions to this equation. 


© 

|z| =OWrite the equivalent equations.z = 

— Oorz = OSince —0=0,z=0 

Both equations tell us that z=0 and so there is 
only one solution. 


To solve an absolute value equation, we first isolate 
the absolute value expression using the same 
procedures we used to solve linear equations. Once 
we isolate the absolute value expression we rewrite 
it as the two equivalent equations. 


Solve absolute value equations. 
Isolate the absolute value expression. Write the 


equivalent equations. Solve each equation. Check 
each solution. 


How to Solve Absolute Value Equations 


Solve |5x—4|-—3=8. 


Solve: |3x—5|—1=6. 


Solve 2|x—7|+5=9. 


Dl — 75 eD 
Isolate the 2|x—7 |=4 
absolute value 
expression: 

Lm FL oe 
Write the x7 =—_?-or-x 
equivalent —/7=2 
aAn1190tinn 
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Solve each x=5orx=9 
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Solve: 3|x— 4] — 


Remember, an absolute value is always positive! 


Po 


Solve: |23x—4|+11=3. 


|23x —4| +11 =3lsolate the absolute value 
term.|23x—4|= —8An absolute value cannot 
be negative.No solution 


Solve: |56x+3|+8=6. 


Use Radicals in Applications 


As you progress through your college courses, you'll 
encounter formulas that include radicals in many 
disciplines. We will modify our Problem Solving 
Strategy for Geometry Applications slightly to give 
us a plan for solving applications with formulas 
from any discipline. 


po 


Use a problem solving strategy for applications 
ith formulas. 


Read the problem and make sure all the words and 
ideas are understood. When appropriate, draw a 
figure and label it with the given information. 
Identify what we are looking for. Name what we 


are looking for by choosing a variable to represent 
it. Translate into an equation by writing the 
appropriate formula or model for the situation. 
Substitute in the given information. Solve the 
equation using good algebra techniques. Check 
the answer in the problem and make sure it makes 
sense. Answer the question with a complete 
sentence. 


One application of radicals has to do with the effect 
of gravity on falling objects. The formula allows us 
to determine how long it will take a fallen object to 
hit the gound. 


Falling Objects 
On Earth, if an object is dropped from a height of h 


feet, the time in seconds it will take to reach the 
ground is found by using the formula 
t=h4. 


For example, if an object is dropped from a height 
of 64 feet, we can find the time it takes to reach the 
ground by substituting h = 64 into the formula. 


Simplify the fraction. 


It would take 2 seconds for an object dropped from 
a height of 64 feet to reach the ground. 


Marissa dropped her sunglasses from a bridge 
400 feet above a river. Use the formula t=h4 


to find how many seconds it took for the 
sunglasses to reach the river. 


Step 1. Read the 
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Step 2. Identify what the time it takes for the 
we are looking for. sunglasses to reach the 
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Step 3. Name what we Let t= time. 


Arn lanlina 
uLltv BEACAD SEY SSO 
Step 4. Translate into 
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Step 5. Solve the 


equation. 


Step 6. Check the 
answer in the problern 
and make 

sure it makes sense. 


5=5/7_| 
Does 5 seconds seem Yes. 
like a reasonable 


length of 
time? 
Step 7. Answer the It will take 5 seconds 
question. for the 
sunglasses to reach the 
river. 


Police officers investigating car accidents measure 
the length of the skid marks on the pavement. Then 
they use square roots to determine the speed, in 
miles per hour, a car was going before applying the 
brakes. 


Skid Marks and Speed of a Car 
If the length of the skid marks is d feet, then the 


speed, s, of the car before the brakes were applied 
can be found by using the formula 
s=24d 


After a car accident, the skid marks for one car 
measured 190 feet. Use the formula s = 24d to 
find the speed of the car before the brakes 
were applied. Round your answer to the 
nearest tenth. 


Step 1. Read the 
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Step 2. Identify what the speed of a car 
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Step 3. Name what _Let s= the speed. 
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Step 5. Solve the 


equation. 


Round to 1 decimal 
place. 


Tl 
The speed of the car 
before the brakes were 
applied 

was 67.5 miles per 

hour. 


Access these online resources for additional 
instruction and practice with solving radical 
equations. 


Solving an Equation Involving a Single Radical 


Solving Equations with Radicals and Rational 
Exponents 

Solving Radical Equations 

Solve Radical Equations 

Radical Equation Application 


Key Concepts 


Binomial Squares 
(a+b)2=a2+2ab+ b2(a— b)2=a2—2ab+ b2 
Solve a Radical Equation 


Isolate one of the radical terms on one side of 
the equation. Raise both sides of the equation 
to the power of the index. Are there any more 
radicals? 

If yes, repeat Step 1 and Step 2 again. 

If no, solve the new equation. Check the answer 
in the original equation. 


Absolute Value Equations 

For any algebraic expression, u, and any 
positive real number, a, 

if|u] =athenu= —aoru=a 

Remember that an absolute value cannot be a 
negative number. 

How to Solve Absolute Value Equations 


Isolate the absolute value expression. Write the 
equivalent equations. Solve each equation. 
Check each solution. 


Practice Makes Perfect 
Solve Radical Equations 


In the following exercises, solve. 


5x—6=8 


x=14 


5x+1=-3 


no solution 


2x3 = —2 
x=—-4 
2m—3-—-5=0 
m=14 


no solution 


u-3+3=u 


u=3,u=4 


4x+53-2=—5 


x=—8 


(8x+5)13+2=—1 


x=—-4 


(12x—3)14-5=—2 
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x+1-—x+1=0 
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wo 


32x —3—20=7 


Solve Radical Equations with Two Radicals 


In the following exercises, solve. 


3u+7=5ut+1 


u=3 

8+ 2r=3r+10 
r=—2 
ox—13=x+33 
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Il 
— 


u+l=u+4 


u=94 


2x+1=1+x 


x=0x=4 


2x—-1-x-1=1 


x=1x=5 


x+7-x-5=2 
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II 
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Solve Equations in Quadratic Form 


x4 -—7x2+12=0 


(x—3)2—5(x—3)—-36=0 


x= —1,x=12 


x—x—20=0 


x23+9x13+8=0 


x=—1,x=—-512 


6x23 —x13=12 


X = 278,x = — 6427 


6x—2+13x-1+5=0 


x= —-2,x=—35 


Solve Absolute Value Equations 


|4x-—1|-—3=0 
x=1,x=-—-12 
|4x+7|/+2=5 


x=-—-1,x=—52 


3|x—4|+2=11 


x=7,x=1 


\35x—2|+5=2 


no solution 


Glossary 


radical equation 
An equation in which a variable is in the 
radicand of a radical expression is called a 
radical equation. 


Inequalities (1.7) 
By the end of this section, you will be able to: 


* Graph inequalities on the number line 

* Solve linear inequalities 

* Solve Compound Inequalities 

* Solve Absolut Value Inequalities 

¢ Solve applications with linear inequalities 


This Module supports section 1.7 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Graph Inequalities on a Number Line [link] 
2. Solve Linear Inequalities [link] 

3. Compound Inequalities [link] 

4. Absolute Value Inequalities [link] 

5. Applications with Linear Inequalities [link] 
6. Key Concepts [link] 


The inequality x >3 is graphed on this number line 
and written in interval notation. The inequality x <1 
is graphed on this number line and written in 
interval notation. 


Graph Inequalities on the Number Line 


What number would make the inequality x >3 true? 
Are you thinking, “x could be four”? That’s correct, 
but x could be 6, too, or 37, or even 3.001. Any 
number greater than three is a solution to the 
inequality x >3. 

Indicating the solution to an inequality can be 
achieved in several ways. 


* We show all the solutions to the inequality 
x >3 on the number line by shading in all the 
numbers to the right of three, to show that all 
numbers greater than three are solutions. 
Because the number three itself is not a 
solution, we put an open parenthesis at three. 
[link] shows the number line. 

¢ We can also represent inequalities using 
interval notation, in which solution sets are 
indicated with parentheses or brackets. There is 
no upper end to the solution to this inequality. 
In interval notation, we express x >3 as (3,©). 
The symbol © is read as “infinity.” It is not an 
actual number. 

- We can use set-builder notation: { x|x>3 }, 
which translates to “all real numbers x such 
that x is greater than 3.” Notice that braces are 
used to indicate a set. 


To write in Interval Notation 


* The smallest number from the interval is 
written first. 

¢ The largest number in the interval is written 
second, following a comma. 

* Parentheses, ( or ), are used to signify that an 

endpoint value is not included, called 

exclusive. 

Brackets, [ or ], are used to indicate that an 

endpoint value is included, called inclusive. 


The inequality x <1 means all numbers less than or 
equal to one. Here we need to show that one is a 
solution, too. We do that by putting a bracket at 

x= 1. We then shade in all the numbers to the left of 
one, to show that all numbers less than one are 
solutions. See [link]. 


There is no lower end to those numbers. We write 

xX <1 in interval notation as (— ~,1]. The symbol 

— oo is read as “negative infinity.” [link] shows both 
the number line and interval notation. 


The notation for inequalities on a number line and 


in interval notation use the same symbols to express 
the endpoints of intervals. 


Inequalities, Number Lines, and Interval Notation 


a 
(a, 00) 5 (co, a) q 
Both have a left Both have a left Both have a right Both have a right 
p i bracket. parenthesis. bracket. 


The main concept to remember is that parentheses 
represent solutions greater or less than the number, 
and brackets represent solutions that are greater than 
or equal to or less than or equal to the number. Use 
parentheses to represent infinity or negative infinity, 
since positive and negative infinity are not numbers 
in the usual sense of the word and, therefore, cannot 
be “equaled.” 


A few examples of an interval, or a set of numbers 
in which a solution falls, are [ — 2,6 ), or all 
numbers between —2 and 6, including —2, but 
not including 6; ( —1,0 ), all real numbers between, 
but not including —1 and 0; and ( — ~,1 ], all real 
numbers less than and including 1. [link] outlines 
the possibilities. 


. Interval Graph on oe 
aa et eihaienl 
Xe 


— Fs 

aie 
tes nnn A 

~ ™ aii 


x is greater than 
or equal to a 


X is less than or 
equal toa 


X is strictly between 
aandb 


x is between a and b, 
to include a 


X is between a and b, 
to include b 


x is between a and b, 
to include a and b 


First we will look at interval notation with 
inequalities. We will return to the set-builder format 
in a little bit. 


Using Interval Notation to Express All Real 
Numbers Greater Than or Equal to a 


Use interval notation to indicate all real 
numbers greater than or equal to —2. 


Use a bracket on the left of —2 and 
parentheses after infinity: [ —2,° ). The 
bracket indicates that —2 is included in the 
set with all real numbers greater than —2 to 
infinity. 


Graph and write in Interval Notation 


Graph each inequality on the number line and 
write in interval notation. 


® x> -3 © x<2.5 © xs -35 


Shade to the right of 


— 3, and put a bracket 
at + — +} — 
= eae ae 


a Cy oa 
Write in interval 


no 


Shade to the left of 2.5 
and put a parenthesis 
at 


Write in interval 


notation. 
es =~ 2-) eee 
© 
_——— —— ¥ene + a | 
ee ee 
Shade to the left of 


— 35, and put a bracket 


Write in interval 


notation. 


What numbers are greater than two but less than 
five? Are you thinking say, 2.5,3,323,4,4,99? We 
can represent all the numbers between two and five 
with the inequality 2<x<5. We can show 2<x<5 
on the number line by shading all the numbers 
between two and five. Again, we use the 
parentheses to show the numbers two and five are 
not included. See [link]. 


Graph each inequality on the number line and 
write in interval notation. 


@® —3<x<4@® -—6<x<-1@©0sx<2.5 


Shade between 
—3 and 4. 
a 


parentheses at 
— 2 and A. 


v Unie 


Write in 
interval 


@ 


Shade 
between 


—1. 

Puta 
bracket at 
— 6, and 

a 
parenthesis 
at—1L 
Write in 
interval 


© 


Shade 
between 0 
an 

Puta 
bracket at 
O and at 


9EF 


aieVe 


Write in 
interval 


Use interval notation to indicate all real 
numbers between and including —3 and 5. 


This format changes slightly in set-builder 
notation. For example, { x}10<x<30 } describes 
the behavior of x in set-builder notation. The braces 
{} are read as “the set of,” and the vertical bar | is 
read as “such that,” so we would read { x| 
10<x<30 } as “the set of x-values such that 10 is 
less than or equal to x, and x is less than 30.” 


[link] compares inequality notation, set-builder 
notation, and interval notation. 


Set Indicated Set-Builder Interval 
Notation Notation 


All real numbers—-{-x|a<x<b} €asb=} 


between a and D, 
but not including 


aarh 
uwvi vv 


All real numbers { x|x>a } (a,c ) 
greater than a, 
but not including 


m 
uUu 


All real numbers { x|x<b } ( —«,b) 
less than b, but 


natiinoeludina h 
£ivVve BEANE MENSA O: vv 


All- real numbers { x|x=a } [a,oo ) 
greater than a, 


° . 
ineludina m 
prsweruuirig u 


All real numbers { x|x<b } ( —,b ] 
less than b, 


ineludina h 
ate @ Med 


All real numbers—{ xja<x<b} [azb:) 
between a and 5, 


. . 
ineludina m 
pr1weruuirig u 


All real numbers—{ xj|a<x<b} (a,b ] 
between a and 5, 


ineludina h 
erate @ Med 


All real numbers—{ xja<x<b} [ a,b ] 
between a and 5, 
incliding-a-and& 


All real numbers {-x|x<aorx>b } ( — ~,a JU(b, 
less than a or ) 


orantar than h 
Oteaures criais ey 


All real numbers { x|x is a real ( — 0,0 ) 
number } 


So what about when you have two sets of intervals 
that you need to graph? To combine two intervals 
using inequality notation or set-builder notation, we 
use the word “or," and we use the union symbol, U, 
to combine two unconnected intervals. For example, 
the union of the sets {2,3,5} and {4,6} is the set 
{2,3,4,5,6}. It is the set of all elements that belong 
to one or the other (or both) of the original two sets. 
For sets with a finite number of elements like these, 
the elements do not have to be listed in ascending 
order of numerical value. If the original two sets 
have some elements in common, those elements 
should be listed only once in the union set. For sets 
of real numbers on intervals, another example of a 
union is 

{x| |x ]=3}=( —~,-3 ]U[3,< ) 


Describing Sets on the Real-Number Line 


Describe the intervals of values shown in 
[link] using inequality notation, set-builder 
notation, and interval notation. 


To describe the values, x, included in the 
intervals shown, we would say, “ x is a real 
number greater than or equal to 1 and less 


than or equal to 3, or a real number greater 


thane5o" 


Tn aniaialitx 


° ° 
Cat hasitldan natatinn 
Wee Wess 12ULULLU LL, 


Interval notation 


Remember that, when writing or reading 
interval notation, using a square bracket 
means the boundary is included in the set. 
Using a parenthesis means the boundary is not 
included in the set. 


Solve Linear Inequalities 


A linear inequality is much like a linear equation— 
but the equal sign is replaced with an inequality 
sign. A linear inequality is an inequality in one 
variable that can be written in one of the forms, ax 
+b<c,axt+b<c,ax+b>c, or ax+b=c. 


Linear Inequality 
A linear inequality is an inequality in one variable 


that can be written in one of the following forms 
where a, b, and c are real numbers and a~0: 
ax+b<c,ax+b<c,ax+b>c,ax+b=c. 


When we solved linear equations, we were able to 
use the properties of equality to add, subtract, 
multiply, or divide both sides and still keep the 
equality. Similar properties hold true for 
inequalities. 


We can add or subtract the same quantity from both 
sides of an inequality and still keep the inequality. 
For example: 


Notice that the inequality sign stayed the same. 


This leads us to the Addition and Subtraction 
Properties of Inequality. 


ddition and Subtraction Property of Inequality 


For any numbers a, b, and c, if a<b,then 
atc<b+ca—c<b—ca+c>b+ca—c>b—-c 


We can add or subtract the same quantity from 
both sides of an inequality and still keep the 
inequality. 


What happens to an inequality when we divide or 
multiply both sides by a constant? 


Let’s first multiply and divide both sides by a 
positive number. 


The inequality signs stayed the same. 


Does the inequality stay the same when we divide 
or multiply by a negative number? 


Notice that when we filled in the inequality signs, 
the inequality signs reversed their direction. 


When we divide or multiply an inequality by a 
positive number, the inequality sign stays the same. 
When we divide or multiply an inequality by a negative 
number, the inequality sign reverses. 


Multiplication and Division Property of Inequality 
For any numbers a, b, and c, 

multiply or divide by a positive 

ifa< bandc > 0,thenac < beandac < be. 


ifa > bandc > 0,thenac > beandac > be. multiply or 
divide by a 

negativeifa < bandc < 0,thenac > beandac > be. 

ifa > bandc < 0,thenac < beandac < be. 


When we divide or multiply an inequality by a: 


* positive number, the inequality stays the same. 
* negative number, the inequality reverses. 


Sometimes when solving an inequality, as in the 
next example, the variable ends upon the right. We 
can rewrite the inequality in reverse to get the 
variable to the left. 

x >ahas the same meaning asa<x 


Think about it as “If Xander is taller than Andy, 
then Andy is shorter than Xander.” 


Solve each inequality. Graph the solution on 
the number line, and write the solution in 
interval notation. 


@ x—38<34 © 9y<54 © —-15<35z 


aa - arr. | ae 
Add 38 to both sides of 


the inequality. 


SN «Se « eer - 
Simplify. 


ES SS 
Graph the solution on 


the number 
li 


Write the solution in 


interval notation. 


Divide both sides of 


the inequality by 9; 
9 is positive, the 
inequality stays the 


aonama 
VULLwve 


Simplify. 


Graph the solution on 
the number line. 


Ee A 
Write the solution in 


interval notation. 


© 


ee 
Multiply both sides of 


the inequality by 53. 
th Y Stay 


aama 
VULIIwe 


Simplify. 


Rewrite with the 
variable on the left. 


Graph the solution on 
the number line. 


26 _—25_ __24] 
Write the solution in 
interval notation. 


Solve each inequality, graph the solution on 
the number line, and write the solution in 
interval notation: 


@p—34=16 © 9c>72 © 24<38m 


Be careful when you multiply or divide by a 
negative number—remember to reverse the 
inequality sign. 


Solve each inequality, graph the solution on 
the number line, and write the solution in 
interval notation. 


@ —13m=>65 ® n—-2=8 


Divide both sides of 


the inequality by —13. 
negative, the Inequa ty 


aly 


ratrmarana 
Ae VLVYIOVe 


Simplify. 


Graph the solution on 
the number line. 


ry ae ee 
Write the solution in 
interval notation. 


See 2a SS 
Multiply both sides of 


the inequality by — 2, 
Si 

tha innniialiti vwatrarana 
ane AU YUUAILy LEVEL. 


Simplify. 


es a, © 
Graph the solution on 
the number line. 


18 ___17___1) 
Write the solution in 
interval notation. 


Most inequalities will take more than one step to 
solve. We follow the same steps we used in the 


general strategy for solving linear equations, but 
make sure to pay close attention when we multiply 
or divide to isolate the variable. 


Solve the inequality 6y <11y+17, graph the 
solution on the number line, and write the 
solution in interval notation. 


Subtract 11ly from both 
sides to collect 


LvLle 


Simplify. 


Divide both sides of 


the inequality by —5 
ea 


. 
innni14littr 
qauwyuuiicy. 


Simplify. 


ee ees 
Graph the solution on 


the number line. 


Write the solution in 


interval notation. 


Solve the inequality, graph the solution on the 
number line, and write the solution in interval 


notation: 3q=7q- 23. 


When solving inequalities, it is usually easiest to 


collect the variables on the side where the 
coefficient of the variable is largest. This eliminates 
negative coefficients and so we don’t have to 
multiply or divide by a negative—which means we 
don’t have to remember to reverse the inequality 


sign. 


Solve the inequality 8p + 3(p— 12) >7p— 28, 
graph the solution on the number line, and 
write the solution in interval notation. 


Simplify each side as 


eh ane nnecathla 
Ti1ucit uv prYvvyivi.. 


T Motributa 
MlwuUutwWUe 


Cambina lilean tarma 
WYVLLIEVALLLe LLINY LULL. 


Subtract 7p from both 
sides to collect the 
variables on the left, 


cinan 11 ee 
VLLILY Li 


Cimntlifr 


eS 


T1y—26>75—- 238 
cat | aE 


llp—36-—7p>7p 
—28-—7p 


An — 264~ —99 
Tp vu au 


Add 36 to both sides to 4p — 36 + 36 > 


collect the —28+36 


. 
eanctanta an tha riach- 
VVisvLULLD Y4L LLIe 11611. 


Cimnali frr 


Urlliipiiny 


A Q 
Divide both sides of  4p4>84 
the inequality by 
4; the inequality stays 
tha camo, 


Cimnali Fr 


nm 
Ulliipiiny v 


Graph the solution on 
the number line. 


Write the solution in (2, °°) 
interval notation. 


Solve the inequality 9y + 2(y + 6) >5y — 24, 
graph the solution on the number line, and 
write the solution in interval notation. 


Unusual Solution Sets 

Just like some equations are identities and some are 
contradictions, inequalities may be identities or 
contradictions, too. We recognize these forms when 
we are left with only constants as we solve the 
inequality. If the result is a true statement, we have 
an identity. If the result is a false statement, we 
have a contradiction. 


Solve the inequality 8x —2(5 —x) <4(x 
+9)+ 6x, graph the solution on the number 
line, and write the solution in interval 
notation. 


Simplify each 8x 
side as much as —2(5-x)<4(« 
nancahla tO\V1 Aw 
pYvvvuivi.. 1 y7Jj 1 Ua 
Distribute. 8x 
—10+2x< 4x 
-36-+6k 
Combine like 10x -—10<10x 


+t 


arma 194 
LULILLW. 1 WV 


Subtract 10x 
from both sides 
to collect 

the variables 


an thao loft 


Waid LEAL LELE 


Cimnlifir 


Uliiipiizy. 


The x’s are 
gone, and we 
have a true 
statement. 


Graph the 
solution on the 


Nn 


Write the 
solution in 
interval 


notation. 


Unusual Solution Sets 


10x 

—10-10x< 10x 
+ 36 -—10x 
—AL0-<<36 


The inequality 
is an identity. 
The solution is 
all real 


niumhara 
LLULIILVULVe 


Solve the inequality 4b —3(3—b)>5(b 


—6)+ 2b, graph the solution on the number 
line, and write the solution in interval 
notation. 


Fractions and Inequalities 

We can clear fractions in inequalities much as we 
did in equations. Again, be careful with the signs 
when multiplying or dividing by a negative. 


Solve the inequality 13a—18a>524a + 34, 
graph the solution on the number line, and 
write the solution in interval notation. 


a  - <2 — 
Multiply both sides by 
the LCD, 24, 


to 


Simplify. 


Combine like terms. 


Subtract 5a from both 


sides to collect the 
Me 5a > Sa 5a st 18 


m9 
vu SSS SS 


Simplify. 
The statement is false. The inequality is a 
contradiction. 


Thara 1a r~AnmM anliutian 
LULU bo 11U DULULLULL. 


Graph the solution on 
the number line. 


Write the solution in There is no solution. 


interval notation. 


Solve the inequality 14x —112x>16x+78, 


graph the solution on the number line, and 
write the solution in interval notation. 


Solve the inequality 257— 137-4 loz — 35, 


graph the solution on the number line, and 
write the solution in interval notation. 


Identity 


(—00, oo) 


Compound Inequalities 


Now that we know how to solve linear inequalities, 
the next step is to look at compound inequalities. A 


compound inequality is made up of two 
inequalities connected by the word “and” or the 
word “or.” For example, the following are 
compound inequalities. 

x+3> —4and4x—-5<3 

2(y + 1)<Oory—5=-—2 


Compound Inequality 
A compound inequality is made up of two 


inequalities connected by the word “and” or the 


99 
. 


For now, we are going to only focus on the "and" 
form of compound inequalities. There are two ways 
to solve compound inequalities: separating them 
into two separate inequalities or leaving the 
compound inequality intact and performing 
operations on all three parts at the same time. We 
will illustrate both methods. 


Method 1 - Seperate inequalities 

To solve a compound inequality means to find all 
values of the variable that make the compound 
inequality a true statement. We solve compound 
inequalities using the same techniques we used to 
solve linear inequalities. We solve each inequality 
separately and then consider the two solutions. 


To solve a compound inequality with the word 
“and,” we look for all numbers that make both 
inequalities true. 


Let’s start with the compound inequalities with 
“and.” Our solution will be the numbers that are 
solutions to both inequalities known as the 
intersection of the two inequalities. Consider the 
intersection of two streets—the part where the 
streets overlap—belongs to both streets. 


To find the solution of the compound inequality, we 
look at the graphs of each inequality and then find 
the numbers that belong to both graphs—where the 
graphs overlap. 


For the compound inequality x> —3 and x <2, we 
graph each inequality. We then look for where the 


graphs “overlap”. The numbers that are shaded on 
both graphs, will be shaded on the graph of the 
solution of the compound inequality. See [link]. 


We can see that the numbers between — 3 and 2 are 
shaded on both of the first two graphs. They will 
then be shaded on the solution graph. 


The number —3 is not shaded on the first graph and 
so since it is not shaded on both graphs, it is not 
included on the solution graph. 


The number two is shaded on both the first and 
second graphs. Therefore, it is be shaded on the 
solution graph. 


This is how we will show our solution in the next 
examples. 


Solve 6x—3<9 and 2x+9=3. Graph the 
solution and write the solution in interval 
notation. 


and 


Loae aes 


Step 1. 
Solve each 


. i 
nani149litr 
aaucyuUuuiiey. 


2 and 
Step 2. 
Graph each 
sO 

T 
th 
numbers 
that make 
both 
inequalities 
true. The 
final graph 
will show 
all the 
numbers 
that make 
both 
inequalities 
true—the 
numbers 
shaded on 
both of the 
first two 
graphs. 
Step 3. 
Write the 


[—3,2) 


Iw +tA~ 2 
en 1 7moY 


2X+-923 


9v~ —B 
oat vu 


x>—3 


solution in 
interval 

All the 
numbers 
that make 
both 
inequalities 
true are the 
solution to 
the 
compound 
inequality. 


Solve a compound inequality with “and.” 


Solve each inequality. Graph each solution. Then 
graph the numbers that make both inequalities 
true. 

This graph shows the solution to the compound 
inequality. Write the solution in interval notation. 


Solve 3(2x +5) <18 and 2(x—7) < —6. Graph 
the solution and write the solution in interval 


notation. 


3(2x and 2(x-—7)< 
1tAV 10 a fA 
J —_— »o J 1, = f 
Solve each 6x 2x-14< 
Inaoinlitss erie ( 1° re 
HERERO [ME ES e 1 Le = (i VJ 1, =f 
6x-:2 2x<Q 
omg va and x<4 

Graph each 

solution. 


ay Ee 
Graph the 


numbers 
th 
both 

inequalities 


train 
uur. 


Write the (— «,12] 
solution 
in interval 


notation. 


Solve lox— 42-2 and. 2(x— 3) = 4. Graph 
the solution and write the solution in interval 
notation. 


13x-4= and —2(x 
1 of) = 9)\ — A 
= J= 1 
Solve each 13x-—4= —2x+6>4 
Innaii14litss 9) 
PE EEASAS (SEs! ry eo 
1322-2 —2xy>-2 
Seas and x<l1 
Graph each 
solution. 


as 
Graph the 


numbers 

th eee a as ae a ee 
make botn 

inequalities 


train 
uur. 


There are 
no numbers 
that make 
both 


inequalities 


true. 


This is a 
contradiction 
so there is 
no 

solution. 


Method 2 - Operate on all 3 parts 

Sometimes we have a compound inequality that can 
be written more concisely. For example, a<x and 
x<b can be written simply as a<x<b and then we 
call it a double inequality. The two forms are 
equivalent. 


Double Inequality 


A double inequality is a compound inequality such 
as a<x<b. It is equivalent to a<x and x<b. 


Other forms:a <x < bis equivalent toa<xandx <b 
a<x<bis equivalent toa<xandx <b a>x>bis 
equivalent toa>xandx>b a=>x=bis equivalent 
toa => xandx=b 


To solve a double inequality we perform the same 


operation on all three “parts” of the double 
inequality with the goal of isolating the variable in 
the center. 


Solve —4<3x—7 <8. Graph the solution and 
write the solution in interval notation. 


Add 7 to all three 
parts. 


Simplify. 


Divide each part by 
three. 


Simplify. 


Graph the solution. 


Write the solution in 


interval notation. 
>See, eee eee 


When written as a double inequality, 1<x<5, it is 
easy to see that the solutions are the numbers 
caught between one and five, including one, but not 
five. We can then graph the solution immediately as 
we did above. 


Another way to graph the solution of 1<x<5 is to 
graph both the solution of x=>1 and the solution of 
x <5. We would then find the numbers that make 
both inequalities true as we did in previous 
examples. 


Solve the compound inequality. Graph the 


solution and write the solution in interval 
notation: —5<4x-1<7. 


Solve the compound inequality. Graph the 


solution and write the solution in interval 
notation: —3<2x-—5<1l. 


The next example demonstrates solving the 
inequality using both methods described above. 


Solving a Compound Inequality 


Solve the compound inequality: 3<2x+2<6. 


The first method is to write two separate 
inequalities: 3<2x+2 and 2x+2<6. We 
solve them independently. 

3<2x+2 and 2x+2<61<2x 2x<412 <x 
x= 2 


Then, we can rewrite the solution as a 
compound inequality, the same way the 
problem began. 

UNAS ae 


In interval notation, the solution is written as 
det ane 


The second method is to leave the compound 
inequality intact, and perform solving 
procedures on the three parts at the same time. 
3<2x+2<6 1<2x<4 Isolate the variable 
term, and subtract 2 from all three parts. 1 2 
<x <2 Divide through all three parts by 2. 


We get the same solution: [ 1 2 ,2 ). 


Access this online resource for additional 
instruction and practice with solving compound 
inequalities. 


* Compound inequalities 


Absolute Value Inequalities 


Recall from the previous module, the work we did 
with Absolute Value Equations. 


Absolute Value Review 

The absolute value of a number is its distance from 
zero on the number line. 

The absolute value of a number n is written as |n| 
and |n|=0 for all numbers. 

Absolute values are always greater than or equal to 
Zero. 


Example 
If|x| =5thenx = —5orx=5 
The solution can be simplified to a single statement 
by writing x= +5. This is read, “x is equal to 
positive or negative 5”. 


How To Solve Equations with Absolute Value 


Isolate the absolute value expression. Write the 


equivalent equations. Solve each equation. Check 
each solution. 


Now that we have reviewed absolute value and 
solving equations with them, what about 
inequalities? 


Again we will look at our definition of absolute 
value. The absolute value of a number is its distance 
from zero on the number line. For the equation |x| 
=5, we saw that both 5 and —5 are five units from 
zero on the number line. They are the solutions to 
the equation. 


What about the inequality |x| <5? Where are the 
numbers whose distance is less than or equal to 5? 
We know —5 and 5 are both five units from zero. 
All the numbers between —5 and 5 are less than 
five units from zero. See [link]. 


In a more general way, we can see that if |x| <k, 


then —k<x<k. 


What about for those inequalities using "greater 

than?" Now we want to look at the inequality |x| 
>5. Where are the numbers whose distance from 
zero is greater than or equal to five? 


In a more general way, we can see that if |x| =k, 
then xs —k orxsk. 


Absolute Value Inequality 

For an algebraic expression X, and k>0, an 
absolute value inequality is an inequality of the 
form 


| X |<k is equivalent to —-k<X<k | X |>kis 
equivalent to X< —k or X>k 

These statements also apply to | X | <k and | X | 
>k. 


Solve Absolute Value Inequalities 


Isolate the absolute value expression. Write the 
equivalent compound inequality. 

| X |<k is equivalent to —k<X<k|X|>kis 
equivalent to X< —k or X>k Solve the compound 
inequality. Graph the solution Write the solution 
using interval notation. 


Solve |x| <7. Graph the solution and write the 
solution in interval notation. 


Write the equivalent 
inequality. 


Graph the solution. 


Write the solution 


using interval notation. 
fff), __________________-| 


Check: 


To verify, check a value in each section of the 
number line showing the solution. Choose 
numbers such as —8, 1, and 9. 


Solve |x| >4. Graph the solution and write the 
solution in interval notation. 


Ix-l|~ A 
[== - t 
Write the equivalent x< —4orx>4 


ALLEY UULLLY 


Graph the solution. 


Write the solution (— 0, —4)U(4, -) 


. . . 
10cing intarivral Antatinn 
ees) SLAC EL VELL LAWLULEU Lhe 


Check: 


To verify, check a value in each section of the 
number line showing the solution. Choose 
numbers such as —6, O, and 7. 


Solve |2x—3]|=5. Graph the solution and write 
the solution in interval notation. 


Step 1. Isolate the 
absolute value 
expression. It is 


ianlatad 
LUVLIULOCU. 


Step 2. Write the 2x—3= —5o0r2x—325 
equivalent compouna 

See: 

incqudii vy. 


Step 3. Solve the 2x < —2or2x=8 


rPamnaiund man1190 lit tx7 wa —lory>4 
vvuliipyule inequality a: buyuLaAa — 


Step 4. Graph the 
solution. 
2 8 108 
Step 5. Write the (— co, —1]U[4, --) 
solution using interval 


. 
natatinan 
LLULULLULL 


Check: 
The check is left to 


you. 


Solve |5x —6| <4. Graph the solution and write 
the solution in interval notation. 


Step 1. Isolate the |5x—6| <4 
absolute value 
expression. 


Tt ta itanlatad 
ZU dv typviureu. 


Step 2. Write the —4<5x-6<4 
equivalent compouna 


see . 
alit 
incgG Uaut ty. 


Step 3. Solve the 2<5x<10 

PaAmnAnniI1N a inanniialit tx7 9EB-w—9 

SE Pe ee NS eA 3 aa — A 

Step 4. Graph the 

solution. 
EE 

Step 5. Write the [25,2] 


solution using interval 


. 
natatinn 
LLULULLULL. 


Check: 
The check is left to 
you. 


Using a Graphical Approach to Solve 
Absolute Value Inequalities 


Given the equation y= — 1 2 | 4x—5 | +3, 
determine the x-values for which the y-values 
are negative. 


We are trying to determine where y <0, which 
is when — 1 2 | 4x—5|+3<0. We begin by 
isolating the absolute value. 


— 12]| 4x-—5 |<-—3 Multiply both sides by - 
2, and reverse the inequality. | 4x—5 |>6 


Next, we solve for the equality | 4x—5 | =6. 
4x-—5=6 4x—5= —6 4x=11 or 4x=—-1 x= 
114x=-14 


Now, we can examine the graph to observe 
where the y-values are negative. We observe 
where the branches are below the x-axis. 
Notice that it is not important exactly what the 
graph looks like, as long as we know that it 
crosses the horizontal axis at x= — 14 and 
x= 11 4, and that the graph opens 
downward. See [link]. 


[missing resource: 
CNX_CAT_Figure_02_07_006.jpg] 


Access these online resources for additional 
instruction and practice with linear inequalities 
and absolute value inequalities. 


Interval notation 


How to solve linear inequalities 
How to solve an inequality 
Absolute value equations 
Compound inequalities 
Absolute value inequalities 


Solve Applications with Linear 
Inequalities 


Many real-life situations require us to solve 
inequalities. The method we will use to solve 
applications with linear inequalities is very much 
like the one we used when we solved applications 
with equations. 


We will read the problem and make sure all the 
words are understood. Next, we will identify what 
we are looking for and assign a variable to represent 
it. We will restate the problem in one sentence to 
make it easy to translate into an inequality. Then, 
we will solve the inequality. 


Sometimes an application requires the solution to be 
a whole number, but the algebraic solution to the 
inequality is not a whole number. In that case, we 
must round the algebraic solution to a whole 
number. The context of the application will 
determine whether we round up or down. 


Dawn won a mini-grant of $4,000 to buy 
tablet computers for her classroom. The tablets 


she would like to buy cost $254.12 each, 
including tax and delivery. What is the 
maximum number of tablets Dawn can buy? 


Step 1. Readthe problem. Step 2. Identifywhat 
you are looking for.the maximum number of 
tablets Dawn can buy Step 3. Namewhat you 
are looking for. Choose a variable to represent 
thatquantity.Letn = the number of tablets. Step 
4. Translate. Write a sentence that gives 
theinformation to find it. Translate into an 
inequality.$254.12 times the number of tablets 
isno more than $4,000.254.12n < 4000 Step 5. 
Solvethe inequality.Butnmust be a whole 
number oftablets, so round to 
15.n<15.74n<15 Step 6. Checkthe answer in 
the problemand make sure it makes 
sense.Rounding down the price to $250, 
15tablets would cost $3,750, while 16tablets 
would be $4,000. So amaximum of 15 tablets 
at $254.12seems reasonable. Step 7. 
Answerthe question with a complete 
sentence.Dawn can buy a maximum of 15 
tablets. 


Taleisha’s phone plan costs her $28.80 a 


month plus $0.20 per text message. How many 
text messages can she send/receive and keep 
her monthly phone bill no more than $50? 


Step 1. Readthe problem. Step 2. Identifywhat 
you are looking for.the number of text 
messages Taleisha can make Step 3. Namewhat 
you are looking for. Choose a variable to 
represent thatquantity.Lett =the number of 
text messages. Step 4. TranslateWrite a 
sentence thatgives the information to find 
it.Translate into an inequality.$28.80 plus 
$0.20 times the number oftext messages is less 
than or equal to $50.28.80 + 0.20t< 50 Step 5. 
Solvethe inequality.0.2t < 21.2t < 106text 
messages Step 6. Checkthe answer in the 
problemand make sure it makes 
sense. Yes, 28.80 + 0.20(106) =50. Step 7. 
Writea sentence that answers the 
question.Taleisha can send/receive no more 
than106 text messages to keep her bill nomore 
than $50. 


Sergio and Lizeth have a very tight vacation 
budget. They plan to rent a car from a 
company that charges $75 a week plus $0.25 a 


mile. How many miles can they travel during 
the week and still keep within their $200 
budget? 


Sergio and Lizeth can travel no more than 500 
miles. 


Profit is the money that remains when the costs 
have been subtracted from the revenue. In the next 
example, we will find the number of jobs a small 
businesswoman needs to do every month in order to 
make a certain amount of profit. 


Felicity has a calligraphy business. She charges 
$2.50 per wedding invitation. Her monthly 


expenses are $650. How many invitations must 
she write to earn a profit of at least $2,800 per 
month? 


Step 1. Readthe problem. Step 2. Identifywhat 
you are looking for.the number of invitations 
Felicity needs to write Step 3. Namewhat you 
are looking for.Letj =the number of 
invitations. Choose a variable to represent it. 


Step 4. Translate.Write a sentence thatgives 
the information to find it. Translate into an 
inequality.$2.50 times the number of 
invitationsminus $650 is at least $2,800.2.50j 
— 650 = 2,800 Step 5. Solvethe inequality. 
2.5) = 3,450j = 1,380invitations Step 6. 
Checkthe answer in the problemand make sure 
it makes sense. If Felicity wrote 1400 
invitations, herprofit would 

be2.50(1400) — 650,or$2,850. This is more 
than $2800. Step 7. Writea sentence that 
answers the question.Felicity must write at 
least 1,380 invitations. 


Elliot has a landscape maintenance business. 
His monthly expenses are $1,100. If he charges 
$60 per job, how many jobs must he do to 


earn a profit of at least $4,000 a month? 


Elliot must work at least 85 jobs. 


There are many situations in which several 
quantities contribute to the total expense. We must 
make sure to account for all the individual expenses 


when we solve problems like this. 


Malik is planning a six-day summer vacation 
trip. He has $840 in savings, and he earns $45 
per hour for tutoring. The trip will cost him 


$525 for airfare, $780 for food and 
sightseeing, and $95 per night for the hotel. 
How many hours must he tutor to have 
enough money to pay for the trip? 


Step 1. Readthe problem. Step 2. Identifywhat 
you are looking for.the number of hours Malik 
must tutor Step 3. Namewhat you are looking 
for.Choose a variable to represent 
thatquantity. Leth =the number of hours. Step 
4. Translate.Write a sentence thatgives the 
information to find it. The expenses must be 
less than or equal tothe income. The cost of 
airfare plus thecost of food and sightseeing 
and the hotelbill must be less than the savings 
plus theamount earned tutoring. Translate into 
an inequality. 525+780 + 95(6) < 840+ 45h 
Step 5. Solvethe inequality. 1,875<840+ 45h 
1,035 <45h 23 <h h=>23 Step 6. Checkthe 
answer in the problemand make sure it makes 
sense.We substitute 23 into the inequality. 
1,875 <840 + 45h1,875 < 840 + 45(23)1,875 < 1895 


Step 7. Writea sentence that answers the 
question.Malik must tutor at least 23 hours. 


Brenda’s best friend is having a destination 
wedding and the event will last three days. 
Brenda has $500 in savings and can earn $15 
an hour babysitting. She expects to pay $350 
airfare, $375 for food and entertainment and 


$60 a night for her share of a hotel room. How 
many hours must she babysit to have enough 
money to pay for the trip? 


Brenda must babysit at least 27 hours. 


Key Concepts 


¢ Inequalities, Number Lines, and Interval 
Notation 
X>ax>ax<ax<a 


¢ Linear Inequality 


© A linear inequality is an inequality in one 
variable that can be written in one of the 
following forms where a, b, and c are real 
numbers and a~0: 
ax+b<c,ax+b<c,ax+b>c,ax+b=c. 


¢ Addition and Subtraction Property of 
Inequality 


© For any numbers a, b, and c, if a<b,then 
a+c=—b+ca=—c<b=—cat+c>btca=—c>D 
mig 

© We can add or subtract the same quantity 
from both sides of an inequality and still 
keep the inequality. 


¢ Multiplication and Division Property of 
Inequality 


© For any numbers a, b, and c, 
multiply or divide by apositive 
ifa < bandc > 0,thenac < beandac < be. 
ifa > bandc > 0,thenac > beandac > be. 
multiply or divide by anegative 
ifa < bandc < 0,thenac > beandac > be. 
ifa > bandc < 0,thenac < beandac < be. 


Pa DY eee | ee ee! PP ne eee een 4 
BR BEL OEIW J CC BECEE J EERE EDEEEL SS 6=6LEKK ep eeetrzel Te] 


= = ~ 


is greater is greater is less than is less than 


than than or or equal to 
equal to is smaller 
is more than is at most 
than is at least 
has fewer is no more 
islarger isnoless_ than than 
than than 
is lower is the 
exceeds is the than maximum 
minimum 


Absolute Value 

The absolute value of a number is its distance 
from 0 on the number line. 

The absolute value of a number n is written as | 
n| and |n| =0 for all numbers. 

Absolute values are always greater than or 
equal to zero. 


Practice Makes Perfect 
Graph Inequalities on the Number Line 


In the following exercises, graph each inequality on 
the number line and write in interval notation. 


@ —4<x<2 
® -5<x<-2 
© —3.75<x<0 


@ 


© 


© 


For the following exercises, write the set in interval 
notation or in set-builder notation. 


{x| -—1<x<3} 


Cay 
C56) 
{ x| x<6} 
{ x| x<4} 
Cae) 
[—3,5) 


{x| -3sx<5} 


Solve Linear Inequalities 


In the following exercises, solve each inequality, 
graph the solution on the number line, and write the 
solution in interval notation. 


@ b+78=>16 
® 6y<48 
© 40<58k 


@ 


© 


© 


@ —7d>105 
® —18>q-6 


q> 108 
106 107 108 109 110 
(108, co) 


In the following exercises, solve each inequality, 
graph the solution on the number line, and write the 
solution in interval notation. 


su<8u-21 


9p>14p-18 


_ 18 
p< Ss 
6 5 4% 3 a 


(-~. 3) 


9y+ 5(y+3)<4y—35 


6n—12(3—n)<9(n—-4)+9n 


9u+ 5(2u—5)=12(u—1)+7u 


45h — 23(h— 9) =115(2h+ 90) 


12v+ 3(4v—1)<19(v— 2) + 5v 


In the following exercises, solve each inequality, 
graph the solution on the number line, and write the 
solution in interval notation. 


ook —77 


18q — 4(10 — 3q) <5(6q — 8) 


—218y < —1528 


d+29>—-—61 


Solve Compound Inequalities with “and” 
In the following exercises, solve each inequality, 


graph the solution, and write the solution in interval 
notation. 


x<4andx>-2 


4x-—1<7 and 2x+8=>4 


—3<2x-5<1 


—1<3x+2<8 


—6<4x-2<-2 


Solve Absolute Value Inequalities 


In the following exercises, solve each inequality. 
Graph the solution and write the solution in interval 
notation. 


J2x—1|>5 


[3x-7|+3<1 


|6x—5| <7 


Ix—7|=1 


|x-2|+4=10 


Solve Applications with Linear Inequalities 


In the following exercises, solve. 


The elevator in Yehire’s apartment building has 
a sign that says the maximum weight is 2100 
pounds. If the average weight of one person is 
150 pounds, how many people can safely ride 
the elevator? 


A maximum of 14 people can safely ride in the 
elevator. 


Kimuyen needs to earn $4,150 per month in 
order to pay all her expenses. Her job pays her 
$3,475 per month plus 4% of her total sales. 
What is the minimum Kimuyen’s total sales 
must be in order for her to pay all her 
expenses? 


$16,875 


Nataly is considering two job offers. The first 
job would pay her $83,000 per year. The 
second would pay her $66,500 plus 15% of her 
total sales. What would her total sales need to 
be for her salary on the second offer be higher 
than the first? 


$110,000 


Kiyoshi’s phone plan costs $17.50 per month 
plus $0.15 per text message. What is the 
maximum number of text messages Kiyoshi can 
use so the phone bill is no more than $56.60? 


260 messages 


Kellen wants to rent a banquet room in a 
restaurant for her cousin’s baby shower. The 
restaurant charges $350 for the banquet room 
plus $32.50 per person for lunch. How many 
people can Kellen have at the shower if she 
wants the maximum cost to be $1,500? 


35 people 


Noe installs and configures software on home 
computers. He charges $125 per job. His 
monthly expenses are $1,600. How many jobs 
must he work in order to make a profit of at 
least $2,400? 


32 jobs 


Melissa makes necklaces and sells them online. 
She charges $88 per necklace. Her monthly 


expenses are $3,745. How many necklaces must 
she sell if she wants to make a profit of at least 
$1,650? 


62 necklaces 


Cesar is planning a four-day trip to visit his 
friend at a college in another state. It will cost 
him $198 for airfare, $56 for local 
transportation, and $45 per day for food. He 
has $189 in savings and can earn $35 for each 
lawn he mows. How many lawns must he mow 
to have enough money to pay for the trip? 


seven lawns 


Eun-Kyung works as a tutor and earns $60 per 
hour. She has $792 in savings. She is planning 
an anniversary party for her parents. She would 
like to invite 40 guests. The party will cost her 
$1,520 for food and drinks and $150 for the 
photographer. She will also have a favor for 
each of the guests, and each favor will cost 
$7.50. How many hours must she tutor to have 
enough money for the party? 


20 hours 


Everyday Math 


Maximum weight on a boat In 2004, a water 
taxi sank in Baltimore harbor and five people 
drowned. The water taxi had a maximum 
capacity of 3,500 pounds (25 people with 
average weight 140 pounds). The average 
weight of the 25 people on the water taxi when 
it sank was 168 pounds per person. What 
should the maximum number of people of this 
weight have been? 


20 people 


Shower budget Penny is planning a baby 
shower for her daughter-in-law. The restaurant 
charges $950 for up to 25 guests, plus $31.95 
for each additional guest. How many guests can 
attend if Penny wants the total cost to be no 
more than $1,500? 


42 guests 


Glossary 


compound inequality 


A compound inequality is made up of two 
inequalities connected by the word “and” or 
the word “or.” 


interval 
an interval describes a set of numbers within 
which a solution falls 


interval notation 
a mathematical statement that describes a 
solution set and uses parentheses or brackets 
to indicate where an interval begins and ends 


linear inequality 
similar to a linear equation except that the 
solutions will include sets of numbers 


Relations and Functions (2.1) 
By the end of this section, you will be able to: 


¢ Find the domain and range of a relation 
* Determine if a relation is a function 

¢ Find the value of a function 

¢ Use the Vertical Line Test 


This Module supports section 2.1 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


. Domain and Range [link] 

. Identify if a Relation is a Function [link] 
. Find the Value of a Function [link] 

. Vertical Line Test [link] 

. Read Information from Graphs [link] 

. Key Concepts [link] 


Find the Domain and Range of a Relation 


As we go about our daily lives, we have many data 
items or quantities that are paired to our names. 


Our social security number, student ID number, 
email address, phone number and our birthday are 
matched to our name. There is a relationship 
between our name and each of those items. 


When your professor gets her class roster, the names 
of all the students in the class are listed in one 
column and then the student ID number is likely to 
be in the next column. If we think of the 
correspondence as a set of ordered pairs, where the 
first element is a student name and the second 
element is that student’s ID number, we call this a 
relation. 

(Student name, Student ID #) 


The set of all the names of the students in the class 
is called the domain of the relation and the set of 
all student ID numbers paired with these students is 
the range of the relation. 


There are many similar situations where one 
variable is paired or matched with another. The set 
of ordered pairs that records this matching is a 
relation. 


Relation 
A relation is any set of ordered pairs,(x,y). All the 
-values in the ordered pairs together make up the 


domain. All the y-values in the ordered pairs 


together make up the range. 


{(1, 2), (2, 4), (3, 6), (4, 8), (S, 10)} 


The domain is {1, 2, 3, 4,5}. The range is {2, 4, 6, 8, 
10}. Note that each value in the domain is also 
known as an input value, or independent variable, 
and is often labeled with the lowercase letter x. 
Each value in the range is also known as an output 
value, or dependent variable, and is often labeled 
lowercase letter y. 


For the relation {(1,1),(2,4),(3,9),(4,16), 
525): 


@ Find the domain of the relation. 


© Find the range of the relation. 


{(1,1),(2,4),(3,9),(4,16),(5,25)} 


@ The domain is the set of all x-values of the 
relation. {1,2,3,4,5} 


© The range is the set of all y-values of the 


relation. {1,4,9,16,25} 


For the relation {(1,1),(2,8),(3,27),(4,64), 
(5,125)}: 


@ Find the domain of the relation. 


® Find the range of the relation. 
@ {1,2,3,4,5} 
® {1,8,27,64,125} 


Mapping 

A mapping is sometimes used to show a relation. 
The arrows show the pairing of the elements of the 
domain with the elements of the range. 


Use the mapping of the relation shown to @ 
list the ordered pairs of the relation, © find 
the domain of the relation, and © find the 


range of the relation. 


@) The arrow shows the matching of the 
person to their birthday. We create ordered 
pairs with the person’s name as the x-value 
and their birthday as the y-value. 


{(Alison, April 25), (Penelope, May 23), (June, 
August 2), (Gregory, September 15), (Geoffrey, 
January 12), (Lauren, May 10), (Stephen, July 
24), (Alice, February 3), (Liz, August 2), 
(Danny, July 24)} 


© The domain is the set of all x-values of the 


relation. 


{Alison, Penelope, June, Gregory, Geoffrey, 
Lauren, Stephen, Alice, Liz, Danny} 


© The range is the set of all y-values of the 
relation. 


{January 12, February 3, April 25, May 10, 
May 23, July 24, August 2, September 15} 


A graph is yet another way that a relation can be 
represented. The set of ordered pairs of all the 
points plotted is the relation. The set of all x- 
coordinates is the domain of the relation and the set 
of all y-coordinates is the range. Generally we write 
the numbers in ascending order for both the domain 
and range. 


Use the graph of the relation to @ list the 
ordered pairs of the relation © find the 
domain of the relation © find the range of the 
relation. 


@) The ordered pairs of the relation are: {(1,5), 
( -_ a a 1),(4, _ 2)(O32; a 2),( az 3,4)}. 


© The domain is the set of all x-values of the 
relation: {—3,0,1,2,4}. 


Notice that while — 3 repeats, it is only listed 
once. 


© The range is the set of all y-values of the 
relation: {—2,—1,3,4,5}. 


Notice that while — 2 repeats, it is only listed 
once. 


(a) This relationship is a function because each 
input is associated with a single output. Note that 
input q and r both give output n. (b) This 
relationship is also a function. In this case, each 
input is associated with a single output. (c) This 
relationship is not a function because input q is 
associated with two different outputs. 


Determine if a Relation is a Function 


A special type of relation, called a function, occurs 
extensively in mathematics. A function is a relation 
that assigns to each element in its domain exactly 
one element in the range. For each ordered pair in 
the relation, each x-value is matched with only one 
y-value. In other words, no x-values are repeated. 


Function 
A function is a relation in which each possible 
input value leads to exactly one output value. We 


say “the output is a function of the input.” 
The input values make up the domain, and the 
output values make up the range. 


The birthday example helps us understand this 
definition. Every person has a birthday but no one 
has two birthdays. It is okay for two people to share 


a birthday. It is okay that Danny and Stephen share 
July 24th as their birthday and that June and Liz 
share August 2nd. Since each person has exactly one 
birthday, the relation is a function. 


The relation shown by the graph in [link] includes 
the ordered pairs (— 3,—1) and (—3,4). Is that okay 
in a function? No, as this is like one person having 
two different birthdays. 


Using the example set above, 
{(1, 2), (2, 4), (3, 6), (4, 8), (5, 10)} 


this relation is a function because each element in 
the domain, {1, 2,3, 4,5}, is paired with exactly one 
element in the range, {2, 4, 6, 8, 10}. [link] 
compares relations that are functions and not 
functions. 


Relation is a Function Relation is a Function Relation is NOT a Function 


Inputs Outputs Inputs Outputs Inputs Outputs 


(b) 


Use the set of ordered pairs to (i) determine 
whether the relation is a function (ii) find the 
domain of the relation (iii) find the range of 
the relation. 


@ {( = 327 6 = ZO), ia 151); (050), Cet) (258); 
(3,27)} 


© es — 3),(4, as 25s i 1);(0,0),C5 1) 42), 
(9,3)} 


@ {( ae B27), — 2,8),( a 1,1),(0,0),(1,1),(2,8), 
(3,27)} 


(i) Each x-value is matched with only one y- 
value. So this relation is a function. 


(ii) The domain is the set of all x-values in the 
relation. 
The domain is: {—3, —2,—1,0,1,2,3}. 


(iii) The range is the set of all y-values in the 
relation. Notice we do not list range values 
twice. 

The range is: {27,8,1,0}. 


© 1(9; = 3),(4, a BD ie = 1),(0,0),(1,1),(4,2), 
(9,3)} 


(i) The x-value 9 is matched with two y-values, 
both 3 and —3. So this relation is not a 
function. 


(ii) The domain is the set of all x-values in the 
relation. Notice we do not list domain values 
twice. 


The domain is: {0,1,2,4,9}. 


(iii) The range is the set of all y-values in the 


relation. 
Dnemangets: (oe I Oale 


Use the mapping to ® determine whether the 
relation is a function © find the domain of the 
relation © find the range of the relation. 


@ Both Lydia and Marty have two phone 
numbers. So each x-value is not matched with 
only one y-value. So this relation is not a 
function. 


© The domain is the set of all x-values in the 


relation. The domain is: {Lydia, Eugene, Janet, 
Rick, Marty} 


© The range is the set of all y-values in the 
relation. The range is: 


{321-549-3327, 427-658-2314, 321-964-7324, 
684-358-7961, 684-369-7231, 798-367-8541} 


In algebra, more often than not, functions will be 
represented by an equation. It is easiest to see if the 
equation is a function when it is solved for y. If each 
value of x results in only one value of y, then the 
equation defines a function. 


Determine whether each equation is a 
function. 


@ 2x+y=7 © y=x2+1 ©x+y2=3 


@ 2x+y=7 


For each value of x, we multiply it by —2 and 
then add 7 to get the y-value 


For example, if x =3: 


We have that when x=3, then y=1. It would 
work similarly for any value of x. Since each 
value of x, corresponds to only one value of y 
the equation defines a function. 


® y=x2+1 


For each value of x, we square it and then add 
1 to get the y-value. 


For example, if x = 2: 


We have that when x=2, then y=5. It would 
work similarly for any value of x. Since each 
value of x, corresponds to only one value of y 
the equation defines a function. 


© 


Isolate the y term. 


Let’s substitute x= 2. 


This give us two valuesy=ly=—1 
for y. 


We have shown that when x=2, then y=1 and 
y = — 1. It would work similarly for any value 
of x. Since each value of x does not 


corresponds to only one value of y the 
equation does not define a function. 


Determine whether each equation is a 
function. 


@ x+y2=4 © y=x2-7 © y=5x-4 


Find the Value of a Function 


It is very convenient to name a function and most 
often we name it f, g, h, F, G, or H. In any function, 
for each x-value from the domain we get a 
corresponding y-value in the range. For the function 
f, we write this range value y as f(x). This is called 
function notation and is read f of x or the value of f 
at x. In this case the parentheses does not indicate 
multiplication. 


Function Notation 
For the function y = f(x) 
fis the name of the function xis the domain value 
f(x)is the range valueycorresponding to the valuex 
We read f(x) as f of x or the value of f at x. 
Example 
lh is f of a We name the function f; height is a 
function of age. h=f(a) We use parentheses to 
indicate the function input. f(a) We name the 
function f; the expression is read as “f of a.” 
Remember, we can use any letter to name the 
function; the notation h(a) shows us that h 
depends on a. The value a must be put into the 
function h to get a result. The parentheses indicate 
that age is input into the function; they do not 
indicate multiplication. 


We call x the independent variable as it can be any 
value in the domain. We call y the dependent 
variable as its value depends on x. 


Independent and Dependent Variables 
For the function y = f(x), 


is the independent variable as it can be any value 
in the domain ythe dependent variable as its value 
depends onx 


Much as when you first encountered the variable x, 
function notation may be rather unsettling. It seems 
strange because it is new. You will feel more 
comfortable with the notation as you use it. 


Let’s look at the equation y = 4x — 5. To find the 
value of y when x= 2, we know to substitute x =2 
into the equation and then simplify. 


Let x=2. 


The value of the function at x= 2 is 3. 


We do the same thing using function notation, the 
equation y =4x—5 can be written as f(x) =4x—5. 
To find the value when x= 2, we write: 


The value of the function at x= 2 is 3. 


This process of finding the value of f(x) for a given 
value of x is called evaluating the function. 


For the function f(x) =2x2+3x-—1, evaluate 
the function. 


@ f(3) © f(—2) © f(a) 


To evaluate f(3), 
substitute 3 for x. 


Simplify. 


To evaluate f(a), 
substitute a for x. 


Simplify. 


For the function f(x) = 3x2 —2x+1, evaluate 
the function. 


@ f(3) © f(—1) © f(t) 


@ f(3)=22 © f(—1)=6 © f(t) =3t2—-2t—-1 


In the last example, we found f(x) for a constant 
value of x. In the next example, we are asked to find 
g(x) with values of x that are variables. We still 
follow the same procedure and substitute the 
variables in for the x. 


For the function g(x) =3x—5, evaluate the 
function. 


@ g(h2) © g(x+2) © g(x)+g(2) 


To evaluate 
g(h2), 


Y_aly\— 3x5 __| 
A et ee ees | 

To evaluate g(x+ 2), 

substitute x+ 2 for x. 
Fe) Pe) 
Cb Ss A ee ee SE if 


Simplify. 


ee 
To evaluate 


g(x) +9(2), first 
G 


Notice the difference between part © and ©. 
We get g(x + 2) =3x+1 and g(x)+ (2) =3x 
— 4. So we see that g(x + 2) = g(x)+ g(2). 


For the function g(x) = 4x—7, evaluate the 
function. 


@ g(m2) © g(x—3) © g(x) -g(3) 


@ 4m2—7 © 4x-19 


© x-12 


Some functions are defined by mathematical rules 
or procedures expressed in equation form. If it is 
possible to express the function output with a 
formula involving the input quantity, then we can 
define a function in algebraic form. For example, 
the equation 2n+6p=12 expresses a functional 
relationship between n and p. We can rewrite it to 
decide if p is a function of n. 


Does the equation x 2 + y 2 =1 represent a 
function with x as input and y as output? If 


so, express the relationship as a function y= f( 
Daye 


First we subtract x 2 from both sides. 
V2 — x2 


We now try to solve for y in this equation. 
Soa l= ee eS xe anda. hee? 


We get two outputs corresponding to the same 


input, so this relationship cannot be 
represented as a single function y=f( x ). If 
we graph both functions on a graphing 
calculator, we will get the upper and lower 
semicircles. 


If x—8 y 3 =0, express y as a function of x. 


y=f(x)=x32 


Many everyday situations can be modeled using 
functions. 


The number of unread emails in Sylvia’s 
account is 75. This number grows by 10 
unread emails a day. The function 

N(t)=75 + 10t represents the relation between 
the number of emails, N, and the time, t, 
measured in days. 


@) Determine the independent and dependent 


variable. 


® Find N(5). Explain what this result means. 


@ The number of unread emails is a function 
of the number of days. The number of unread 
emails, N, depends on the number of days, t. 
Therefore, the variable N, is the dependent 
variable and the variable t is the independent 
variable. 


© Find N(5). Explain what this result means. 


Substitute in t=5. 


Simplify. 


Since 5 is the number of days, N(5), is the 
number of unread emails after 5 days. After 5 
days, there are 125 unread emails in the 


account. 


Access this online resource for additional 
instruction and practice with relations and 
functions. 


¢ Introduction to Functions 
¢ Find Domain and Range 


Vertical Line Test 


In the last section we learned how to determine if a 
relation is a function. The relations we looked at 
were expressed as a set of ordered pairs, a mapping 
or an equation. We will now look at how to tell if a 
graph is that of a function. 


An ordered pair (x,y) is a solution of a linear 
equation, if the equation is a true statement when 
the x- and y-values of the ordered pair are 
substituted into the equation. 


The graph of a linear equation is a straight line 
where every point on the line is a solution of the 
equation and every solution of this equation is a 
point on this line. 


In [link], we can see that, in graph of the equation 
y = 2x — 3, for every x-value there is only one y- 
value, as shown in the accompanying table. 


A relation is a function if every element of the 
domain has exactly one value in the range. So the 
relation defined by the equation y=2x—3 isa 
function. If we look at the graph, each vertical 
dashed line only intersects the line at one point. 
This makes sense as in a function, for every x-value 
there is only one y-value. If the vertical line hit the 
graph twice, the x-value would be mapped to two y- 
values, and so the graph would not represent a 
function. This leads us to the vertical line test. A set 


of points in a rectangular coordinate system is the 
graph of a function if every vertical line intersects 
the graph in at most one point. If any vertical line 
intersects the graph in more than one point, the 
graph does not represent a function. 


ertical Line Test 
A set of points in a rectangular coordinate system 
is the graph of a function if every vertical line 
intersects the graph in at most one point. 
If any vertical line intersects the graph in more 
than one point, the graph does not represent a 


function. 


Function Not a Function Not a Function 


Determine whether each graph is the graph of 
a function. 


@ Since any vertical line intersects the graph 
in at most one point, the graph is the graph of 
a function. 


© One of the vertical lines shown on the 
graph, intersects it in two points. This graph 
does not represent a function. 


Determine whether each graph is the graph of 
a function. 


Read Information from Graphs 


We will start by reading the domain and range of a 
function from its graph. Remember the domain is 
the set of all the x-values in the ordered pairs in the 
function. To find the domain we look at the graph 
and find all the values of x that have a 
corresponding value on the graph. Follow the value 
x up or down vertically. If you hit the graph of the 
function then x is in the domain. Remember the 
range is the set of all the y-values in the ordered 
pairs in the function. To find the range we look at 
the graph and find all the values of y that have a 
corresponding value on the graph. Follow the value 
y left or right horizontally. If you hit the graph of 


the function then y is in the range. 


Use the graph of the function to find its 
domain and range. Write the domain and 
range in interval notation. 


To find the domain we look at the graph and 
find all the values of x that correspond to a 
point on the graph. The domain is highlighted 
in red on the graph. The domain is [—3,3]. 


To find the range we look at the graph and 
find all the values of y that correspond to a 
point on the graph. The range is highlighted in 
blue on the graph. The range is [—1,3]. 


Use the graph of the function to find its 
domain and range. Write the domain and 
range in interval notation. 


The domain is [—5,1]. The range is [— 4,2]. 


Key Concepts 
* Function Notation: For the function y = f(x) 


© fis the name of the function 

© xis the domain value 

© f(x) is the range value y corresponding to 
the value x 
We read f(x) as f of x or the value of f at x. 


* Independent and Dependent Variables: For 
the function y = f(x), 


© xis the independent variable as it can be 
any value in the domain 

© y is the dependent variable as its value 
depends on x 


¢ Vertical Line Test 


© Aset of points in a rectangular coordinate 
system is the graph of a function if every 
vertical line intersects the graph in at most 
one point. 

© If any vertical line intersects the graph in 
more than one point, the graph does not 
represent a function. 

© Graph of a Function 


M The graph of a function is the graph 
of all its ordered pairs, (x,y) or using 
function notation, (x,f(x)) where 
y = f(x). 
fname of functionxx-coordinate of the 
ordered pairf(x)y-coordinate of the 
ordered pair 


Practice Makes Perfect 
Find the Domain and Range of a Relation 


In the following exercises, for each relation @ find 
the domain of the relation © find the range of the 
relation. 


{(1,4),(2,8),(3,12),(4,16),(5,20)} 


@ {1, 2, 3, 4,5} © {4, 8, 12, 16, 20} 


AC157),(5,5),4759),¢ 7 2, = 3)€ = 2,8)} 


O41 :5,7;.=2} © 47, 3,.9;.= 3,8} 


{(11,3),( a 2, . 7),(4, = 8),(4,17),( 6,9)} 


In the following exercises, use the mapping of the 
relation to @ list the ordered pairs of the relation, 
® find the domain of the relation, and © find the 
range of the relation. 


@ (Rebecca, January 18), (Jennifer, April 1), 
(John, January 18), (Hector, June 23), (Luis, 
February 15), (Ebony, April 7), (Raphael, 
November 6), (Meredith, August 19), (Karen, 
August 19), (Joseph, July 30) 

® {Rebecca, Jennifer, John, Hector, Luis, 
Ebony, Raphael, Meredith, Karen, Joseph} 

© {January 18, April 1, June 23, February 15, 
April 7, November 6, August 19, July 30} 


In the following exercises, use the graph of the 
relation to @ list the ordered pairs of the relation © 
find the domain of the relation © find the range of 
the relation. 


‘© (2, a), (4, = 3); (=—2Z; = 1), (= 3; 4), (4, = 1); 
(0, —3) ® {-3, =2,; 0, 2; 4} 
© {-3, -1, 3, 4} 


Determine if a Relation is a Function 


In the following exercises, use the set of ordered 
pairs to ® determine whether the relation is a 
function, © find the domain of the relation, and © 


find the range of the relation. 


{( ~~ 3, 9);( _ 2,4),( 7 1,1), 
(0,0),(1,1),(2,4),(3,9)} 


@ yes ® {—3, —2, —1, 0, 1, 2, 3} © {9, 4, 1, 
0} 


{( ai 3527 ),( = 258 )s\ = 11); 
(0,0),(1,1),(2,8),(3,27)} 


@ yes ® {-—3, —2, —1,0, 1, 2, 3} © 0, 1, 8, 
27% 


In the following exercises, determine whether each 
equation is a function. 


@ 2x+y=-3 
® y=x2 
©x+y2=—-5 


@ yes © yes © no 


@ y—3x3=2 


® x+y2=3 
©3x-—2y=6 


@ yes ® no © yes 


Find the Value of a Function 


In the following exercises, evaluate the function: © 


f(2) © f(—1) © f(a). 


f(x) =5x-3 


@® f(2)=7 © f(-1)=—8 © f(a)=5a-—3 


f(x) =x2-—x+3 


@ f(2)=5 © f(-1)=5 
© f(a)=a2—a+3 


f(x) =2x2-—x+3 


@ f(2)=9 © f(-—1)=6 
© f(a)=2a2—a+3 


In the following exercises, evaluate the function. 


F(x) = 2x2—-—3x+1; 
PC= 3) 


f(x) =x+2x—1; f(2) 


Use the Vertical Line Test 


@ 


@ no © yes 


Read Information from a Graph of a Function 
In the following exercises, use the graph of the 
function to find its domain and range. Write the 
domain and range in interval notation. 


D: [2,°°), R: [0, ) 


D: (-90, 00), R: [4, °°) 


Glossary 


dependent variable 
an output variable 


domain of a relation 
The domain of a relation is all the x-values in 
the ordered pairs of the relation. 


independent variable 
an input variable 


function 
A function is a relation that assigns to each 
element in its domain exactly one element in 


the range. 


mapping 
A mapping is sometimes used to show a 
relation. The arrows show the pairing of the 
elements of the domain with the elements of 
the range. 


range of a relation 
The range of a relation is all the y-values in 
the ordered pairs of the relation. 


relation 
A relation is any set of ordered pairs,(x,y). All 
the x-values in the ordered pairs together 
make up the domain. All the y-values in the 
ordered pairs together make up the range. 


vertical line test 
a method of testing whether a graph 
represents a function by determining whether 
a vertical line intersects the graph no more 
than once 


More on Functions (2.2) 
This module will look at even/odd functions, and 
introduce difference quotients as they identify slope. 


This Module supports section 2.2 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Determining Even and Odd Functions [link] 
2. Difference Quotient and Slope [link] 
3. Key Concepts [link] 


(a) The cubic toolkit function (b) Horizontal 
reflection of the cubic toolkit function (c) Horizontal 
and vertical reflections reproduce the original cubic 
function. 


Determining Even and Odd Functions 


Some functions exhibit symmetry so that reflections 
result in the original graph. For example, 
horizontally reflecting the toolkit functions f(x) = x 
2 or f(x) =| x | will result in the original graph. We 
say that these types of graphs are symmetric about 
the y-axis. A function whose graph is symmetric 


about the y-axis is called an even function. 


If the graphs of f(x)= x3 or f(x)= 1x were 
reflected over both axes, the result would be the 
original graph, as shown in [link]. 


We say that these graphs are symmetric about the 
origin. A function with a graph that is symmetric 
about the origin is called an odd function. 


Note: A function can be neither even nor odd if it 
does not exhibit either symmetry. For example, 
f(x)= 2x is neither even nor odd. Also, the only 
function that is both even and odd is the constant 
function f(x)=0. 


Even and Odd Functions 
function is called an even function if for every 


The graph of an even function is symmetric about 
the y-axis. 


function is called an odd function if for every 


The graph of an odd function is symmetric about 
the origin. 


Given the formula for a function, determine if 
the function is even, odd, or neither. 


. Determine whether the function satisfies 
f(x) = f(-—x). If it does, it is even. 

. Determine whether the function satisfies 
f(x) = —f(-—.x). If it does, it is odd. 

. If the function does not satisfy either rule, it is 
neither even nor odd. 


Determining whether a Function Is Even, 
Odd, or Neither 


Is the function f(x)= x 3 +2x even, odd, or 
neither? 


Without looking at a graph, we can determine 
whether the function is even or odd by finding 
formulas for the reflections and determining if 
they return us to the original function. Let’s 


begin with the rule for even functions. 
f(-—x)= (-—x) 3 +2(-x)=- x3 -2x 


This does not return us to the original 
function, so this function is not even. We can 
now test the rule for odd functions. 
—f(-—x)=-( -—- x3 -2x)= x3 +2x 


Because —f(—x)=f(x), this is an odd 
function. 


Analysis 

Consider the graph of f in [link]. Notice that 
the graph is symmetric about the origin. For 
every point (x,y ) on the graph, the 
corresponding point ( —x,—y ) is also on the 
graph. For example, (1, 3) is on the graph of f, 
and the corresponding point (—1,—3) is also 
on the graph. 


2 
(-1, -3) 9 -3 
4 
5 


Is the function f(s)= s 4 +3s2 +7 even, 
odd, or neither? 


f(x)=3x4 


even 


h(S«1 x 3x 


Difference Quotient 


While we will look more closely at slope in the next 
section, 


hat is Slope? 
The slope of a line, m, represents the veritcal 
change in y over the horizontal change in x. Given 
two points, (x1,y1) and (x2,y2), the 
following formula determines the slope of a line 


containing these points: 

m—y2—ylx2— xl 

Slope also indicates the direction in which a line 
slants as well as its steepness. Slope is sometimes 
described as rise over run. 


We can use the slope of a line to a function at a 
point (a,f(a)) to estimate the rate of change, or the 
rate at which one variable changes in relation to 
another variable. We can obtain the slope by 
choosing a value of x near a and drawing a line 
through the points (a,f(a)) and (x,f(x)), as shown in 
[link]. The slope of this line is given by an equation 
in the form of a difference quotient: 

m= f(x) —f(a)x—a. 


We can also calculate the slope of a line to a 
function at a value a by using this equation and 
replacing x with a+h, where h is a value close to 0. 


We can then calculate the slope of the line through 
the points (a,f(a)) and (a+h,f(a+h)). In this case, 
we find the line has a slope given by the following 
difference quotient with increment h: 
m=f(a+h)—f(aja+h—a=f(at+h)-—f(a)h. 


Difference Quotient 

Let f be a function defined on an interval I 
containing a. If xa is in I, then 
Q=f(x)-—f(a)x—a 

is a difference quotient. 

Also, if h #0 is chosen so that a+h is in I, then 
Q=f(a+h)-—f(a)h 

is a difference quotient with increment h. 


Given the function g(x)= x 2 + 2x, simplify 
g(x)— g(a) x-a,x#a. 


g(x)-— g(a) x-a =xt+a+2,x4#a 


Evaluating Functions at Specific Values 


Evaluate f(x )= x 2 +3x-—4 at 


1 
2 
oe 
4. 


Replace the x in the function with each 
specified value. 


1. Because the input value is a number, 2, 
we can use simple algebra to simplify. 
f(2) = 22 +3(2)-—4 = 4+6-4 = 6 

2. In this case, the input value is a letter so 
we cannot simplify the answer any 
further. 
f(a)=a2+3a—4 

3. With an input value of a+h, we must use 
the distributive property. 
f(at+h) = (ath) 2 +3(a+h)-—4 =a2 
Zdhe hie oad ohn A 

4. In this case, we apply the input values to 
the function more than once, and then 
perform algebraic operations on the 
result. We already found that 
fiath)= a2 +2ah+ h2 +3a+3h-4 


and we know that 
fia)=a2+3a-4 


Now we combine the results and simplify. 


f(at+h)—f(a)h = (a2 +2ah+ h2 +3a 
+3h-—4)-—(a2 +3a—4)h = 2ah+ h2 
+3hh = h(Qat+h+3)h Factor out h. = 
2a+h-+ 3Simplify. 


Key Concepts 


Even functions are symmetric about the y- axis, 
whereas odd functions are symmetric about the 
origin. 

Even functions satisfy the condition 

f(x) =f(-— x). 

Odd functions satisfy the condition f(x) = 

— f(—x). 

A function can be odd, even, or neither. See 
[link]. 

Difference quotient 

Q=f(x)-—f(a)x—a 

Difference quotient with increment h 
Q=f(at+h)—f(ajat+h—a=f(at+h)—f(a)h 


Practice Makes Perfect 


Even / Odd 


For the following exercises, determine whether the 
function is odd, even, or neither. 


h(x)= 1x +3x 
odd 
g(x)=2x 4 


even 


Slope Basics (2.3) 
By the end of this section, you will be able to: 


¢ Find the slope of a line 

* Graph a line given a point and the slope 

* Graph a line using its slope and intercept 

¢ Find an equation of the line given the slope and 
y-intercept 

¢ Find an equation of the line given the slope and 
a point 

¢ Find an equation of the line given two points 


This Module supports section 2.3 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Defining Slope [link] 

2. Slope and Equations [link] 

3. Graphing and Slope [link] 

4. Vertical and Horizontal Lines [link] 
5. Key Concepts [link] 


Defining Slope 


When you graph linear equations, you may notice 
that some lines tilt up as they go from left to right 
and some lines tilt down. Some lines are very steep 
and some lines are flatter. 


In mathematics, the measure of the steepness of a 
line is called the slope of the line. 


The concept of slope has many applications in the 
real world. In construction the pitch of a roof, the 
slant of the plumbing pipes, and the steepness of the 
stairs are all applications of slope. and as you ski or 
jog down a hill, you definitely experience slope. 


We can assign a numerical value to the slope of a 
line by finding the ratio of the rise and run. The rise 
is the amount the vertical distance changes while 
the run measures the horizontal change, as shown in 
this illustration. Slope is a rate of change. See 
[link]. 


Slope of a Line 
The slope of a line is m=riserun. 
The rise measures the vertical change and the run 


measures the horizontal change. 


Locate two points on the line whose coordinates 
are integers. Starting with one point, sketch a right 
triangle, going from the first point to the second 
point. Count the rise and the run on the legs of the 
triangle. Take the ratio of rise to run to find the 
slope: m=riserun. 


To find the slope of a line, we locate two points on 
the line whose coordinates are integers. Then we 
sketch a right triangle where the two points are 
vertices and one side is horizontal and one side is 
vertical. 


Find the slope of the line shown. 


Locate two points on (0,5) and (3,3) 
the graph whose 
coordinates are 


amtrara 
TNS Sys We 


Starting at (0,5), sketch 
a right triangle to 

(3,3) as shown in this 
graph. 


Count the rise— since 
it goes down, it is 


. 
nawratiarra 
div Hutivre. 


Camunt tha ruin 
WUVUULLE LILLE LULL 


TTan tha alana farmiile 
Vow ULe oLUpPe 12 421LUILL. 


The rise is —2. 


Substitute the values ofm = — 23 


. 
tha rian and win 
Ltd Low ULL LULL. 


Cimnlifrx, 
Urlriipiiny 


The slope of the line is 
— pe 
So y decreases by 2 

units as x increases by 


3 units. 


Find the slope of the line shown. 


How do we find the slope of horizontal and vertical 
lines? To find the slope of the horizontal line, y= 4, 
we could graph the line, find two points on it, and 
count the rise and the run. Let’s see what happens 
when we do this, as shown in the graph below. 


What is the rise?The rise is 0. What is the run?The 
run is 3. What is the slope?m = riserun m =03 m=0 
The slope of the horizontal liney = 4is 0. 


Let’s also consider a vertical line, the line x=3, as 
shown in the graph. 


What is the rise?The rise is 2. What is the run?The 
run is 0. What is the slope?m = riserun m= 20 


The slope is undefined since division by zero is 
undefined. So we say that the slope of the vertical 
line x =3 is undefined. 


All horizontal lines have slope 0. When the y- 
coordinates are the same, the rise is 0. 


The slope of any vertical line is undefined. When 
the x-coordinates of a line are all the same, the run 
is 0. 


Slope of a Horizontal and Vertical Line 
The slope of a horizontal line, y=b, is 0. 
The slope of a vertical line, x =a, is undefined. 


Find the slope of each line: © x=8 © y=—5. 


@x=8 

This is a vertical line. Its slope is undefined. 
®y=-5 

This is a horizontal line. It has slope 0. 


Quick Guide to the Slopes of Lines 


Sometimes we’ll need to find the slope of a line 
between two points when we don’t have a graph to 
count out the rise and the run. We could plot the 
points on grid paper, then count out the rise and the 
run, but as we'll see, there is a way to find the slope 
without graphing. Before we get to it, we need to 
introduce some algebraic notation. 


We will use (x1,y1) to identify the first point and 
(x2,y2) to identify the second point. 


Let’s see how the rise and run relate to the 
coordinates of the two points by taking another look 
at the slope of the line between the points (2,3) and 
(7,6), as shown in this graph. 


Since we have two points, we will use subscript 
notation.(2,x1,3y1)(7,6x2,y2) m=riserun On the 
graph, we counted the rise of 3 and the run of 
5.m=35 Notice that the rise of 3 can be found by 
subtracting the y-coordinates, 6 and 3, and the run 
of 5 can be found by subtracting thex-coordinates 7 
and 2. We rewrite the rise and run by putting in the 
coordinates.m = 6 — 37 — 2 But 6 isy2,they- 
coordinate of the second point and 3 isy1,they- 
coordinate of the first point. So we can rewrite the 
slope using subscript notation.m = y2—y17 —2 Also 
7 is thex-coordinate of the second point and 2 is 
thex-coordinate of the first point. So again we 
rewrite the slope using subscript 

notation.m = y2—y1x2—x1 


Slope of a line between two points 


The slope of the line between two points (x1,y1) 
and (x2,y2) is: 
m= y2—ylx2—xl. 


Use the slope formula to find the slope of the 
line through the points (— 2,—3) and (—7,4). 


We'll call(— 2, — 3)point# land(— 7,4)point#2. 
(x1,yl — 2, —3)(x2,y2 — 7,4) Use the slope 
formula.m = y2 — y1x2—x1 Substitute the 
values. yof the second point minusyof the first 
point xof the second point minusxof the first 
pointm = 4 —(—3)—7—(—2) Simplify. 
m=7-5m=-—75 

Let’s verify this slope on the graph shown. 


m=riserun m=7—-5 m=-—75 


Finding the Slope of a Line Given Two 
Points 


Find the slope of a line that passes through the 
pomts (2,— | and (— 5.3): 


We substitute the y-values and the x-values 
into the formula. 
m—3—(—1) —5—-2—-4 —-7 — —47 


The slope is — 47. 


nalysis 


It does not matter which point is called (x1,y1 
) or (x2,y2). As long as we are consistent with 
the order of the y terms and the order of the x 
terms in the numerator and denominator, the 
calculation will yield the same result. 


Use the slope formula to find the slope of the 
line through the pair of points: (— 2,6) and 
( iT SH = 4). 


Slope and Equations 


Now that we've defined slope, and looked at the 
Standard form of a line( Ax + By =C), there are two 
other forms of a linear equation in addition to the 
Standard form: 
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where m=slope (x1, y where m=slope and 
1) is a point on the line. b=y-intercept. 


What if all you are given is 2 points of a line? We 
know from the previous section that you could use 
them to determine slope, but the this process will 
also allow us to find out what the linear equation 
would look like. 


The Slope of a Line 

The slope of a line, m, represents the veritcal 
change in y over the horizontal change in x. Given 
two points, (x 1, y 1) and (x 2, y 2), the 
following formula determines the slope of a line 


containing these points: 

ie V2 ny ae 

Slope also indicates the direction in which a line 
slants as well as its steepness. Slope is sometimes 
described as rise over run. 


Suppose we have a line that has slope m and that 
contains some specific point (x1,y1) and some other 
point, which we will just call (x,y). We can write the 
slope of this line and then change it to a different 
form. 


m=y-—ylx—x1 Multiply both sides of the equation 
byx — x1.m(x— x1) = (y—ylx—x1)(x—x1) 
Simplify.m(x — x1) =y—yl Rewrite the equation 
with theyterms on the left.y — yl =m(x—x1) 


Point Slope Form 
Given one point and the slope, the point-slope 


formula will lead to the equation of a line: 
—yl=m(x- x1) 


What happens if you only have two points? Can we 
find the slope with just two points? Yes, using the 
steps we looked at in the previous section. Once we 
have the slope, we can use it and one of the given 
points to find the equation. The following example 
gives two points, so you need to solve for slope first 
and then use one of the points. 


Find the slope using the given points. 
m=y2—y1x2—x1 Choose one point. Substitute the 
values into the point-slope form: y — yl =m(x—x1). 
Write the equation in slope-intercept form. 


Finding the Equation of a Line Passing 
Through Two Given Points 


Find the equation of the line passing through 
the points (3,4 ) and (0,—3). Write the 
final equation in slope-intercept form. 


First, we calculate the slope using the slope 
formula and two points. 
m= —3-40-3= -7 -3=73 


Next, we use the point-slope formula with the 
slope of 7 3, and either point. Let’s pick the 
point (3;4)) for (xa y 1): 

y—4 = 73 (x—-3) y—4 = 73 x—7Distribute 
the73.y =73x-3 


The equation is written as y= 7 3 x—3. (this 
is known as Slope-intercept form). 


Analysis 


To prove that either point can be used, let us 
use the second point (0,—3 ) and see if we 
get the same equation. 

y= (3) = 7 Ske Oy eS = 7 oxy = 7 3x 
=o 


We see that the same line will be obtained 
using either point. This makes sense because 
we used both points to calculate the slope. 


Find an equation of a line that contains the 
points (— 3,5) and (— 3,4). Write the equation 
in slope-intercept form. 


Again, the first step will be to find the slope. 


Find the slope of the line 

through(— 3,5)and(— 3,4).m=y2—ylx2—x1 
m=4—5-—3-—-(-—3) m=-—10 The slope is 
undefined. 


This tells us it is a vertical line. Both of our 
points have an x-coordinate of —2. So our 
equation of the line is x= — 2. Since there is no 
y, we cannot write it in slope-intercept form. 


You may want to sketch a graph using the two 
given points. Does your graph agree with our 
conclusion that this is a vertical line? 


How to Find the Equation of a Line Given Two 
Points 


Find an equation of a line that contains the 
points (—3,—1) and (2, —2) Write the 
equation in slope-intercept form. 


In the examples above you will note the form of the 
equation we get after using point-slope form is: 
y=mx-+b. where m=slope and b=y-intercept. 
Practice identifying them below. 


Identifying the Slope and y-intercept of a 
Line Given an Equation 


Identify the slope and y-intercept, given the 
equation y= — 34 x—4. 


As the line is in y=mx+b form, the given 
line has a slope of m= — 34. The y-intercept 
is b= —4. 


Analysis 


The y-intercept is the point at which the line 
crosses the y-axis. On the y-axis, x=0. We can 
always identify the y-intercept when the line is in 
slope-intercept form, as it will always equal b. Or, 
just substitute x =O and solve for y. 


We can easily determine the slope and intercept of a 
line if the equation is written in slope-intercept 
form, y=mx+b. Now we will do the reverse—we 
will start with the slope and y-intercept and use 
them to find the equation of the line. 

Find the equation given a slope and a point 


* Identify the slope. 

* Identify the point. 

* Substitute the values into the point-slope form, 
y—-yl=m(x—x1). 


¢ Write the equation in slope-intercept form. 


Finding the Equation of a Line Given the 
Slope and One Point 


Write the equation of the line with slope m= 
— 3 and passing through the point ( 4,8 ). 
Then solve the equation for y. 


Using the point-slope formula, substitute —3 
for m and the point (4,8) for (x1,y1). 
y-yl=m(x- x1)y—-8 = —-3(x-4) y-8 
SS mt Ga AO) 


Analysis 


Note that any point on the line can be used to find 
the equation. If done correctly, the same final 
equation will be obtained. 


Find the equation of a line with slope m= — 25 
and containing the point (10, —5). 


Find the equation of the line shown in the 
graph. 
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We need to find the slope and y-intercept of 
the line from the graph so we can substitute 
the needed values into the slope-intercept 
form, y=mx+b. 


To find the slope, we choose two points on the 
graph. 


The y-intercept is (0, — 4) and the graph passes 
through (3, — 2). 


Find the slope, by 
counting the rise and 


Yr11 
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Find the y-intercept. 
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Substitute the values 
into y=mx+b. 


Find an equation of a horizontal line that 


contains the point (— 2,—6). Write the 
equation in slope-intercept form. 


Every horizontal line has slope 0. We can 
substitute the slope and points into the point- 
slope form, y — yl =m(x—x1). 


Identify the slope. 


Identify the point. 


Substitute the values 
into y—yl=m(x—x1). 


(2 a eT 0 0 | 
Simplify. 
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Write in slope-interceptlt is in y-form, but 
form. could be written y = Ox 

=6. 


Did we end up with the form of a horizontal 
line, y=a? 


Graphing and Slope 


We can also graph a line when we know one point 
and the slope of the line. We will start by plotting 
the point and then use the definition of slope to 
draw the graph of the line. 


How to graph a Line Given a Point and the 
Slope 


Graph the line passing through the point (1, 
— 1) whose slope is m= 34. 


You can check your work by finding a third 
point. Since the slope is m= 34, it can also be 
written as m= — 3-4 (negative divided by 
negative is positive!). Go back to (1,—1) and 
count out the rise, —3, and the run, —4. 


Graph the line passing through the point (2, 


— 2) with the slopem = 43. 


Graph the line passing through the point 
(— 2,3) with the slope m=14. 


Graph a line given a point and the slope. 


Plot the given point. Use the slope formula 

im =riserun to identify the rise and the run. Starting 
at the given point, count out the rise and run to 
mark the second point. Connect the points with a 
line. 


Graphing with Slope and Intercept 

We have graphed linear equations by plotting 
points, using intercepts, recognizing horizontal and 
vertical lines, and using one point and the slope of 
the line. Once we see how an equation in slope— 
intercept form and its graph are related, we’ll have 


one more method we can use to graph lines. 


See . Let’s look at the graph of the equation 
y = 12x+3 and find its slope and y-intercept. 


The red lines in the graph show us the rise is 1 and 
the run is 2. Substituting into the slope formula: 
m=riserun m= 12 


The y-intercept is (0,3). 


Look at the equation of this line. 


Look at the slope and y-intercept. 


When a linear equation is solved for y, the 
coefficient of the x term is the slope and the 
constant term is the y-coordinate of the y-intercept. 
We say that the equation y=12x+3 is in slope— 
intercept form. Sometimes the slope-intercept form 
is called the “y-form.” 


Slope Intercept Form of an Equation of a Line 
The slope—intercept form of an equation of a line 
with slope m and y-intercept, (0,b) is y=mx +b. 


Let’s practice finding the values of the slope and y- 
intercept from the equation of a line. 


po 


Identify the slope and y-intercept of the line 
from the equation: 


@ y= —47x-2 © x+3y=9 


@) We compare our equation to the slope— 
intercept form of the equation. 


Write the slope- 
intercept form of the 
Q———— 
Write the equation of 
the line. 


Identify the slope. 


Identify the y-interce dt. 


® When an equation of a line is not given in 


slope-intercept form, our first step will be to 
solve the equation for y. 
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Subtract x from each 


Write the slope- 
intercept form of the 


cg 
Write the equation of 
the line. 


Identify the y-interce st. 


Identify the slope and y-intercept from the 


equation of the line. 
@ y= —43x+1 © 3x+2y=12 


= — 43;(0,1) 


@ m 
® m= — 32;(0,6) 


We have graphed a line using the slope and a point. 
Now that we know how to find the slope and y- 
intercept of a line from its equation, we can use the 
y-intercept as the point, and then count out the 
slope from there. 


Graph the line of the equation y= —x+ 4 using 
its slope and y-intercept. 
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The equation is in y=—-x+4 
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Identify the rise over m=-—11 
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Count out the rise and rise —1, run 1 
run to mark the second 
point. 


Draw the line as shown in the graph. 


Graph the line of the equation y= —x —3 using 
its slope and y-intercept. 


Now that we have graphed lines by using the slope 
and y-intercept, let’s summarize all the methods we 
have used to graph lines. 


Vertical and Horizontal Lines 


Some linear equations have only one variable. They 
may have just x and no y, or just y without an x. 
This changes how we make a table of values to get 
the points to plot. 


Let’s consider the equation x = — 3. This equation 
has only one variable, x. The equation says that x is 
always equal to — 3, so its value does not depend on 
y. No matter what is the value of y, the value of x is 
always —3. 


So to make a table of values, write — 3 in for all the 
x-values. Then choose any values for y. Since x does 
not depend on y, you can choose any numbers you 
like. But to fit the points on our coordinate graph, 
we'll use 1, 2, and 3 for the y-coordinates. See 
[link]. 
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—3 3 (— 3,3) 


Plot the points from the table and connect them 
with a straight line. Notice that we have graphed a 
vertical line. 


What if the equation has y but no x? Let’s graph the 
equation y =4. This time the y-value is a constant, 
so in this equation, y does not depend on x. Fill in 4 
for all the y’s in and then choose any values 
for x. We'll use 0, 2, and 4 for the x-coordinates. 


x7— A 

J — t 

w wT (=, x7r\ 
vn J Ways 
n A (1. AN 
Vv I Wow 
9 A 9 AN 
a 1 Lar 
4 4 (4,4) 


In this figure, we have graphed a horizontal line 
passing through the y-axis at 4. 


Vertical and Horizontal Lines 
vertical line is the graph of an equation of the 
form x=a. 


The line passes through the x-axis at (a,0). 
horizontal line is the graph of an equation of 

the form y=b. 

The line passes through the y-axis at (0,b). 


Graph: @ x=2 © y=-1. 


@) The equation has only one variable, x, and 
x is always equal to 2. We create a table where 
x is always 2 and then put in any values for y. 
The graph is a vertical line passing through the 
x-axis at 2. 
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(2,3) 


© Similarly, the equation y= —1 has only one 
variable, y. The value of y is constant. All the 
ordered pairs in the next table have the same 
y-coordinate. The graph is a horizontal line 
passing through the y-axis at —1. 
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Graph the equations: © x= —2 © y=3. 


What is the difference between the equations y = 4x 
and y=4? 


The equation y = 4x has both x and y. The value of y 
depends on the value of x, so the y -coordinate 
changes according to the value of x. The equation 

y =4 has only one variable. The value of y is 
constant, it does not depend on the value of x, so 
the y-coordinate is always 4. 


Notice, in the graph, the equation y = 4x gives a 
slanted line, while y= 4 gives a horizontal line. 


Graph y= — 3x and y= — 3 in the same 


rectangular coordinate system. 


We notice that the first equation has the 
variable x, while the second does not. We 
make a table of points for each equation and 
then graph the lines. The two graphs are 


Graph the equations in the same rectangular 
coordinate system: y=3 and y=3x. 


Key Concepts 
* Slope of a Line 
© The slope of a line is m=riserun. 


© The rise measures the vertical change and 
the run measures the horizontal change. 


How to find the slope of a line from its 
graph using m=riserun. 


Locate two points on the line whose 
coordinates are integers. Starting with one 
point, sketch a right triangle, going from the 
first point to the second point. Count the rise 
and the run on the legs of the triangle. Take the 
ratio of rise to run to find the slope: 
m=riserun. 


Slope of a line between two points. 


© The slope of the line between two points 
(x1,y1) and (x2,y2) is: 
m=y2-—ylx2—xl. 


How to graph a line given a point and the 
slope. 


Plot the given point. Use the slope formula 
m=riserun to identify the rise and the run. 
Starting at the given point, count out the rise 
and run to mark the second point. Connect the 
points with a line. 


Slope Intercept Form of an Equation of a 


Line 


© The slope-intercept form of an equation of 
a line with slope m and y-intercept, (0,b) is 
y=mx+b 


We have seen that we can use either the slope- 
intercept form or the point-slope form to find 
an equation of a line. Which form we use will 
depend on the information we are given. 


To Write an 
Equation of a 
Lin€é 


° 
Tf aitrane TTlane TLaume 
Et O61 write weve 2 ULEEEC 


Slope and y-- —-slope-intercept- y=mx+b 


ntarannt 
ALLL eEpe 


Slope anda point-slope y-yl=m(x 


nnint —_ +1) 
pve arty 


Two points point-slope y—-yl=m({x 


—xl1) 


Practice Makes Perfect 
Find the Slope of a Line 


In the following exercises, find the slope of each line 
shown. 


20 


54 


= 13 


In the following exercises, find the slope of each 
line. 


y=3 


undefined 
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In the following exercises, use the slope formula to 
find the slope of the line between each pair of 
points. 


(2,5),(4,0) 

=52 
(—353)(4,—9) 
387 
(=1,=2),(2,5) 
73 

(4,-—5),(Q1, - 2) 
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Graph a Line Given a Point and the Slope 


In the following exercises, graph each line with the 
given point and slope. 


(2,5);m= —13 


(—1,-4); m=43 


y-intercept 3; m= —25 


(— 4,2); m=4 


Graph a Line Using Its Slope and Intercept 


In the following exercises, identify the slope and y- 
intercept of each line. 


y= —7x+3 


m= —7;(0,3) 


3x+y=5 


m= —3;(0,5) 


6x+4y=12 


m= —32;(0,3) 


ox — 2y =6 


m= 52;(0, — 3) 


In the following exercises, graph the line of each 
equation using its slope and y-intercept. 


y=3x-1 


y=-x+3 


3x—2y=4 


In the following exercises, find the equation of a line 
with given slope and y-intercept. Write the equation 
in slope-intercept form. 


slope 3 and 
y-intercept (0,5) 


y=3xt+5 


slope —3 and 
y-intercept (0, — 1) 


y= —3x-1 


slope 15 and 


y-intercept (0, — 5) 


y=15x-5 


In the following exercises, find the equation of the 
line shown in each graph. Write the equation in 
slope-intercept form. 
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y=3x-5 
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y= —43x+3 
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y=—2 


In the following exercises, find the equation of a line 
with given slope and containing the given point. 
Write the equation in slope-intercept form. 


m=58, point (8,3) 


y=58x—-2 


m= —7, point (—1,—3) 


v= = 7x10 


Horizontal line containing (— 2,5) 


y=9 


In the following exercises, find the equation of a line 
containing the given points. Write the equation in 
slope-intercept form. 


(2,6) and (5,3) 


y=—-x+8 


(-—3,-—4) and (5-2). 


y =14x-134 


(7,2) and (7, —2). 
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Glossary 


point-slope form 
The point-slope form of an equation of a line 
with slope m and containing the point (x1,y1) 
is y-—yl=m(x—x]l). 


More on Slope (2.4) 
By the end of this section, you will be able to: 


* Use slopes to identify parallel and 
perpendicular lines 

¢ Find an equation of a line parallel to a given 
line 

* Find an equation of a line perpendicular to a 
given line 

¢ Find average rate of change 


This Module supports section 2.4 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Identify and Graph Parallel Lines [link] 

2. Identify and Graph Perpendicular Lines [link] 
3. Rates of Change [link] 

4. Key Concepts [link] 


Identify and Graph Parallel Lines 


Two lines that have the same slope are called 


parallel lines. Parallel lines have the same 
steepness and never intersect. 


We say this more formally in terms of the 
rectangular coordinate system. Two lines that have 
the same slope and different y-intercepts are called 
parallel lines. See 


Verify that both lines have the same slope, m= 25, 
and different y-intercepts. 


What about vertical lines? The slope of a vertical 
line is undefined, so vertical lines don’t fit in the 


definition above. We say that vertical lines that have 
different x-intercepts are parallel, like the lines 
shown in this graph. 


Parallel Lines 
Parallel lines are lines in the same plane that do 
mot intersect. 


* Parallel lines have the same slope and 
different y-intercepts. 
¢ If m1 and m2 are the slopes of two parallel 


lines then m1 = m2. 
¢ Parallel vertical lines have different x- 
intercepts. 


Since parallel lines have the same slope and 
different y-intercepts, we can now just look at the 
slope-intercept form of the equations of lines and 
decide if the lines are parallel. 


Use slopes and y-intercepts to determine if the 
lines are parallel: 


@ 3x—2y=6 and y=32x+1 © y=2x-3 and 
—6x+3y= —9. 


@ 

3x — 2y = 6andy = 32x + 1Solve the first 
equation fory. —2y= —3x+6—2y—2= —3x 
+ 6—2The equation is now in slope—intercept 
form.y = 32x — 3The equation of the second 
line is alreadyin slope—intercept form.y = 32x 
+ 1Identify the slope andy-intercept of both 
lines.y = 32x — 3y =mx + bm= 32y = 32x 

+ ly =mx-+ by =32y-intercept is(O, — 3)y- 
intercept is(0,1) 


The lines have the same slope and different y- 
intercepts and so they are parallel. 

You may want to graph the lines to confirm 
whether they are parallel. 


® 

y = 2x — 3and — 6x+ 3y = — 9The first equation 
is already in slope—intercept form.y = 2x 

— 3Solve the second equation fory. —6x+ 3y= 
— 93y = 6x — 93y3 = 6x — 93y = 2x — 3The 
second equation is now in slope—intercept 
form.y = 2x — 3Identify the slope andy- 
intercept of both lines.y = 2x — 3y =mx 

+ bm = 2y = 2x — 3y = mx + bm = 2y-intercept 
is(O, — 3)y-intercept is(0, — 3) 

The lines have the same slope, but they also 
have the same y-intercepts. Their equations 
represent the same line and we say the lines 
are coincident. They are not parallel; they are 
the same line. 


Use slopes and y-intercepts to determine if the 
lines are parallel: 


@ 2x+5y=5 and y= —25x—4 © y= —-12x 
= land x-2y—— 2 


@ parallel © not parallel; same line 


Use slopes and y-intercepts to determine if the 
lines are parallel: 


@ y= —4 and y=3 © x= —2 and x=~—5. 


@ y=—4andy=3 

We recognize right away from the equations 
that these are horizontal lines, and so we know 
their slopes are both 0. 

Since the horizontal lines cross the y-axis at 

y = —4 and at y=3, we know the y-intercepts 
are (0, — 4) and (0,3). 

The lines have the same slope and different y- 
intercepts and so they are parallel. 

® x= -—2andx=—5 

We recognize right away from the equations 
that these are vertical lines, and so we know 
their slopes are undefined. 

Since the vertical lines cross the x-axis at x= 
—2 and x= —5, we know the y-intercepts are 
(—2,0) and (—5,0). 

The lines are vertical and have different x- 
intercepts and so they are parallel. 


Use slopes and y-intercepts to determine if the 
lines are parallel: 


@ y=8 and y= —6 © x=1 and x=—5. 


@ parallel © parallel 


Find an Equation of a Line Parallel to a Given 
Line 


Suppose we need to find an equation of a line that 
passes through a specific point and is parallel to a 
given line. We can use the fact that parallel lines 
have the same slope. So we will have a point and 
the slope—just what we need to use the point-slope 
equation. 


First, let’s look at this graphically. 
This graph shows y = 2x — 3. We want to graph a 


line parallel to this line and passing through the 
point (— 2,1). 


We know that parallel lines have the same slope. So 
the second line will have the same slope as y = 2x 

— 3. That slope is m||=2. We’ll use the notation ml 
to represent the slope of a line parallel to a line with 
slope m. (Notice that the subscript || looks like two 
parallel lines.) 


The second line will pass through (— 2,1) and have 
m=2. 


To graph the line, we start at(— 2,1) and count out 
the rise and run. 


With m=2 (or m= 21), we count out the rise 2 and 
the run 1. We draw the line, as shown in the graph. 


Do the lines appear parallel? Does the second line 
pass through(— 2,1)? 


We were asked to graph the line, now let’s see how 
to do this algebraically. 


We can use either the slope-intercept form or the 
point-slope form to find an equation of a line. Here 
we know one point and can find the slope. So we 
will use the point-slope form. 


Find an equation of a line parallel to a given line. 


Find the slope of the given line. Find the slope of 


the parallel line. Identify the point. Substitute the 
values into the point-slope form: y— yl =m(x—x1). 
Write the equation in slope-intercept form. 


How to Find the Equation of a Line Parallel to a 
Given Line and a Point 


Find an equation of a line parallel to y=2x—3 
that contains the point (— 2,1). Write the 
equation in slope-intercept form. 


Look at graph with the parallel lines shown 
previously. Does this equation make sense? 
What is the y-intercept of the line? What is the 
slope? 


Find an equation of a line parallel to the line 
y =3x+1 that contains the point (4,2). Write 
the equation in slope-intercept form. 


Find an equation of a line parallel to the line 
y = 12x —3 that contains the point (6,4). 


Write the equation in slope-intercept form. 


Identify and Graph Perpendicular Lines 


Let’s look at the lines whose equations are y= 14x 
—1 and y= —4x+2, shown in 


These lines lie in the same plane and intersect in 
right angles. We call these lines perpendicular. 


If we look at the slope of the first line, m1 =14, and 
the slope of the second line, m2 = — 4, we can see 
that they are negative reciprocals of each other. If we 


multiply them, their product is —1. 
ml1m214(-—4)-1 


This is always true for perpendicular lines and 
leads us to this definition. 


Perpendicular Lines 
Perpendicular lines are lines in the same plane 
that form a right angle. 


* If m1 and m2 are the slopes of two 
perpendicular lines, then: 


© their slopes are negative reciprocals of 
each other, m1 = —1m2. 

© the product of their slopes is —1, 
ml‘m2= -—1. 


* A vertical line and a horizontal line are always 
perpendicular to each other. 


We were able to look at the slope—intercept form of 
linear equations and determine whether or not the 
lines were parallel. We can do the same thing for 
perpendicular lines. 


We find the slope—intercept form of the equation, 


and then see if the slopes are opposite reciprocals. If 
the product of the slopes is — 1, the lines are 
perpendicular. 


Use slopes to determine if the lines are 
perpendicular: 


@ y= —5x—4 and x—5y=5 © 7x+2y=3 
and 2x+7y=5 


@ 

The first equation is in slope-intercept 

form.y = — 5x — 4Solve the second equation 
fory.x—5y=5—5y= —-x+5—5y—-5=-x 
+5—5y=15x-— 1Identify the slope of each 
line.y = —5x—4y=mx+bm1 = —5y=15x 
—ly=mx+bm2=15 

The slopes are negative reciprocals of each 
other, so the lines are perpendicular. We check 
by multiplying the slopes, Since —5(15)= —1, 
it checks. 


® 

Solve the equations fory.7x + 2y = 32y = — 7x 
+O2V2—= —/XPS2y— —/ 2X4 922% 

+ 7y =5S7y = — 2X+57y7 = —2x+57y= — 27x 
+ 57Identify the slope of each line.y =mx 


+bm1 = —72y=mx+bm1 = — 27 

The slopes are reciprocals of each other, but 
they have the same sign. Since they are not 
negative reciprocals, the lines are not 
perpendicular. 


Use slopes to determine if the lines are 
perpendicular: 


@ y= —3x+2 and x—3y=4 © 5x+4y=1 
and 4x+ 5y=3. 


@ perpendicular © not perpendicular 


Use slopes to determine if the lines are 
perpendicular: 


@ y=2x—5 and x+2y=—6 © 2x-9y=3 
and 9x—2y=1. 


@ perpendicular © not perpendicular 


Find an Equation of a Line Perpendicular to a 
Given Line 

Suppose we need to find a line passing through a 
specific point and which is perpendicular to a given 
line. We can use the fact that perpendicular lines 
have slopes that are negative reciprocals. We will 
again use the point-slope equation, like we did with 
parallel lines. 


This graph shows y = 2x — 3. Now, we want to graph 
a line perpendicular to this line and passing through 
(— 2,1). 


We know that perpendicular lines have slopes that 
are negative reciprocals. 


We'll use the notation m-L to represent the slope of 
a line perpendicular to a line with slope m. (Notice 
that the subscript L looks like the right angles made 
by two perpendicular lines.) 

y = 2x — 3perpendicular line m= 2m1l= —12 


We now know the perpendicular line will pass 
through (— 2,1) with mL = —12. 


To graph the line, we will start at (— 2,1) and count 
out the rise — 1 and the run 2. Then we draw the 
line. 


Do the lines appear perpendicular? Does the second 
line pass through(— 2,1)? 


We were asked to graph the line, now, let’s see how 
to do this algebraically. 


We can use either the slope-intercept form or the 
point-slope form to find an equation of a line. In this 
example we know one point, and can find the slope, 
so we will use the point-slope form. 


How to Find the Equation of a Line 
Perpendicular to a Given Line and a Point 


Find an equation of a line perpendicular to 
y = 2x — 3 that contains the point (— 2,1). 
Write the equation in slope-intercept form. 


Find an equation of a line perpendicular to the 
line y=3x+ 1 that contains the point (4,2). 
Write the equation in slope-intercept form. 


y= —13x+103 


Find an equation of a line perpendicular to the 
line y=12x— 3 that contains the point (6,4). 


Write the equation in slope-intercept form. 


Find an equation of a line perpendicular to a given 
line. 


Find the slope of the given line. Find the slope of 
the perpendicular line. Identify the point. 
Substitute the values into the point-slope form, y 


—yl=m(x-—x1). Write the equation in slope- 
intercept form. 


Find an equation of a line perpendicular to 
x =5 that contains the point (3, — 2). Write the 
equation in slope-intercept form. 


Again, since we know one point, the point- 
slope option seems more promising than the 
slope-intercept option. We need the slope to 
use this form, and we know the new line will 
be perpendicular to x=5. This line is vertical, 
so its perpendicular will be horizontal. This 


tells us the mL=0. 


Identify the point.(3, — 2) Identify the slope of 
the perpendicular line. Substitute the values 
intoy — yl =m(x—x1).Simplify.mL = Oy 
—yl=m(x-xl)y—-(— 2) =0(«-3)y+2=0y= 
Ps 


Sketch the graph of both lines. On your graph, 
do the lines appear to be perpendicular? 


Find an equation of a line that is perpendicular 
to the line x=4 that contains the point (4, 
—5).. Write the equation in slope-intercept 


form. 


In [link], we used the point-slope form to find the 
equation. We could have looked at this in a different 
way. 


We want to find a line that is perpendicular to x=5 
that contains the point (3,—2). This graph shows us 


the linex=5 and the point (3, — 2). 


We know every line perpendicular to a vertical line 
is horizontal, so we will sketch the horizontal line 
through (3, — 2). 


Do the lines appear perpendicular? 


If we look at a few points on this horizontal line, we 
notice they all have y-coordinates of — 2. So, the 
equation of the line perpendicular to the vertical 
line x=5 is y= —2. 


Find an equation of a line that is perpendicular 
to y= —3 that contains the point (— 3,5). 


Write the equation in slope-intercept form. 


The line y= —3 is a horizontal line. Any line 
perpendicular to it must be vertical, in the 
form x=a. Since the perpendicular line is 
vertical and passes through (— 3,5), every 
point on it has an x-coordinate of —3. The 
equation of the perpendicular line is x= —3 


You may want to sketch the lines. Do they 
appear perpendicular? 


Find an equation of a line that is perpendicular 
to the line y= —5 that contains the point (—4, 
— 5). Write the equation in slope-intercept 
form. 


ccess these online resources for additional 


instruction and practice with finding the equation 
of a line. 


Write an Equation of Line Given its slope and 

Y-Intercept 

¢ Using Point Slope Form to Write the Equation 
of a Line, Find the equation given slope and 
point 

¢ Find the equation given two points 

¢ Find the equation of perpendicular and 

parallel lines 


Rate of Change 


A rate of change is a relationship or unit rate that 
shows how one variable or quantity changes with 
another. 


Hours Spent Working | Batches of Cookies Made 


The most common way to investigate rates of 


change is in numerical or tabular form of data. How 
the values of x change compared to how the values 
of y change is called the rate of change. From hour 
1 to hour 2, 6 batches of cookies were made. From 
hour 2 to hour 3, 6 more batches were made. This 
relationship of change is often represented with a 
ratio where the dependent variable is in the 
numerator and the independent variable is in the 
denominator. The rate of change here would be: 


6 batches of cookies 
1 hour spent working 


Recall from the previous chapter, that slope is 
sometimes described as rise over run. We can assign 
a numerical value to the slope of a line by finding 
the ratio of the rise and run. The rise is the amount 
the vertical distance changes while the run measures 
the horizontal change, as shown in this illustration. 
Slope is a rate of change. 


Note on Slope 

The slope of a line, m, represents the veritcal 
change in y over the horizontal change in x. Given 
two points, (xl sy 1j-and (x2. 2)),the 
following formula determines the slope of a line 
containing these points: 


1 = V2 et Vol XD ell 
Slope also indicates the direction in which a line 
slants as well as its steepness. 


So rate of change describes how an output quantity 
changes relative to the change in the input quantity. 
To find the average rate of change over the 
specified period of time, we divide the change in the 
output value by the change in the input value. 
Average rate of change = Change in output Change 
in input = Ay Ax =y2—-y1x2-—-x1l=f(x2 
y-f(x1)x2-—x1l 


The Greek letter A (delta) signifies the change in a 
quantity; we read the ratio as “delta-y over delta-x” 
or “the change in y divided by the change in x. ” 
Occasionally we write Af instead of Ay, which still 
represents the change in the function’s output value 
resulting from a change to its input value. It does 
not mean we are changing the function into some 
other function. 


Gasoline costs have experienced some wild 
fluctuations over the last several decades. [link] 
[footnote] lists the average cost, in dollars, of a 
gallon of gasoline for the years 2005-2012. The 
cost of gasoline can be considered as a function of 
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If we were interested only in how the gasoline 
prices changed between 2005 and 2012, we could 
compute that the cost per gallon had increased 
from $2.31 to $3.68, an increase of $1.37. While 
this is interesting, it might be more useful to look 
at how much the price changed per year. 


In our example, the gasoline price increased by 
$1.37 from 2005 to 2012. Over 7 years, the average 
rate of change was 


Ay Ax = $1.37 7 years ~ 0.196 dollars per year 


On average, the price of gas increased by about 
19.6¢ each year. 


Other examples of rates of change include: 


¢ A population of rats increasing by 40 rats per 
week 

¢ Acar traveling 68 miles per hour (distance 
traveled changes by 68 miles each hour as time 
passes) 


* Acar driving 27 miles per gallon (distance 
traveled changes by 27 miles for each gallon) 

¢ The current through an electrical circuit 
increasing by 0.125 amperes for every volt of 
increased voltage 

* The amount of money in a college account 
decreasing by $4,000 per quarter 


Rate of Change 

A rate of change describes how an output quantity 
changes relative to the change in the input 
quantity. The units on a rate of change are “output 
units per input units.” 

The average rate of change between two input 
values is the total change of the function values 
(output values) divided by the change in the input 
values. 

My Ax = 1Cx 2 )—fCx 1) x2) — x 


Given the value of a function at different 
points, calculate the average rate of change of a 
function for the interval between two values x 
1 and x2. 


1. Calculate the difference y 2 — y 1 =Ay. 
2. Calculate the difference x 2 — x 1 =Ax. 
3. Find the ratio Ay Ax. 


Computing an Average Rate of Change 


Using the data in [link], find the average rate 
of change of the price of gasoline between 
2007 and 2009. 


In 2007, the price of gasoline was $2.84. In 
2009, the cost was $2.41. The average rate of 
change is 

Ay Ax = y2—y1x2-—x1 = $2.41-—$2.84 
2009 — 2007 = —$0.43 2 years = — $0.22 per 
year 


Analysis 


Note that a decrease is expressed by a negative 
change or “negative increase.” A rate of change is 
negative when the output decreases as the input 
increases or when the output increases as the input 
decreases. 


Computing Average Rate of Change for a 
Function Expressed as a Formula 


Compute the average rate of change of f( x )= 
x 2 — 1x on the interval [2, 4]. 


We can start by computing the function values 
at each endpoint of the interval. 

f(2) =22-12f(14) =42-14=4-12 
= 16-14=72=634 


Now we compute the average rate of change. 
Average rate of change = f(4)—f(2) 4-2 = 
634 —724-2 = 4942 = 498 


Find the average rate of change of f(x )=x—2 
x on the interval [1, 9]. 


Computing Average Rate of Change from a 
Graph 


Given the function g(t ) shown in [link], find 
the average rate of change on the interval [ 
= 11,24 |. 


At t= —1, [link] shows g( —1 )=4. At t=2, 
the graph shows g( 2 )=1. 


g(t) 


The horizontal change At=3 is shown by the 
red arrow, and the vertical change Ag(t) = —3 
is shown by the turquoise arrow. The average 
rate of change is shown by the slope of the 
orange line segment. The output changes by —3 
while the input changes by 3, giving an 
average rate of change of 

Ae ee — eo — 


nalysis 


Note that the order we choose is very important. If, 
for example, we use y2 — y1x1— x2, wewill 
not get the correct answer. Decide which point will 
be 1 and which point will be 2, and keep the 
coordinates fixed as (x1,y1) and (x2,y2). 


Computing Average Rate of Change from a 
Table 


After picking up a friend who lives 10 miles 
away and leaving on a trip, Anna records her 
distance from home over time. The values are 
shown in [link]. Find her average speed over 
the first 6 hours. 


t 1 2 3) 4] Si} 6y 7 


D@) 10 55 90 153 214 240 292 300 


(mites} 


Here, the average speed is the average rate of 


change. She traveled 282 miles in 6 hours. 
292-10 6—0 = 282 6 = 47 


The average speed is 47 miles per hour. 
Analysis 
Because the speed is not constant, the average 
speed depends on the interval chosen. For the 


interval [2,3], the average speed is 63 miles per 
hour. 


Finding an Average Rate of Change as an 
Expression 


Find the average rate of change of g(t )= t 2 
+3t+1 on the interval [0, a]. The answer will 
be an expression involving a in simplest form. 


We use the average rate of change formula. 
Average rate of change = g(a) —g(0) a—O 
Evaluate. = (a2 +3a+1)—(02 +3(0)+1) 
a—O Simplify. = a2 +3a+1-—1 a Simplify 
and factor. = a(a+3) a Divide by the common 
factor a. = a+3 


This result tells us the average rate of change 
in terms of a between t=O and any other 
point t=a. For example, on the interval 


[0,5], the average rate of change would be 
5+3=8. 


Find the average rate of change of f(x)= x 2 
+2x—8 on the interval [5,a] in simplest 
forms in terms 

of a. 


Access this online resource for additional 
instruction and practice with rates of change. 


* Average Rate of Change 


Key Concepts 


¢ Parallel Lines 


© Parallel lines are lines in the same plane 
that do not intersect. 
Parallel lines have the same slope and 
different y-intercepts. 
If m1 and m2 are the slopes of two parallel 
lines then m1 =m2. 
Parallel vertical lines have different x- 
intercepts. 


* Perpendicular Lines 


© Perpendicular lines are lines in the same 
plane that form a right angle. 

© Ifm1 and m2 are the slopes of two 
perpendicular lines, then: 
their slopes are negative reciprocals of 


each other, m1 = —1m2. 
the product of their slopes is —1,m1m2= 
ab, 


© A vertical line and a horizontal line are 
always perpendicular to each other. 


* How to find an equation of a line parallel to 
a given line. 


Find the slope of the given line. Find the slope 
of the parallel line. Identify the point. 
Substitute the values into the point-slope form: 
y — yl =m(x—x1). Write the equation in slope- 
intercept form 


* How to find an equation of a line 


perpendicular to a given line. 


Find the slope of the given line. Find the slope 
of the perpendicular line. Identify the point. 
Substitute the values into the point-slope form, 
y — yl =m(x-—x1) Write the equation in slope- 
intercept form. 


Average rate of change Ay Ax = f(x2)-—f( x1) 


x2—-—xl 


A rate of change relates a change in an output 
quantity to a change in an input quantity. The 
average rate of change is determined using only 
the beginning and ending data. See [link]. 
Identifying points that mark the interval on a 
graph can be used to find the average rate of 
change. See [link]. 

Comparing pairs of input and output values in 
a table can also be used to find the average rate 
of change. See [link]. 

An average rate of change can also be 
computed by determining the function values 
at the endpoints of an interval described by a 
formula. See [link] and [link]. 

The average rate of change can sometimes be 


determined as an expression. See [link]. 


Practice Makes Perfect 


Use Slopes to Identify Parallel and Perpendicular 
Lines In the following exercises, use slopes and y- 
intercepts to determine if the lines are parallel, 
perpendicular, or neither. 


y = 34x— 333x-—4y= —2 


parallel 


2x — 4y =6;x-— 2y=3 


neither 


4x — 2y =5;3x + by =8 


perpendicular 


3x — 6y = 12;6x —3y=3 


neither 


3x — 2y = 832x + 3y =6 


perpendicular 


Find an Equation of a Line Parallel to a Given 
Line 


In the following exercises, find an equation of a line 
parallel to the given line and contains the given 
point. Write the equation in slope-intercept form. 


line y=4x+ 2, 
point (1,2) 
y=4x-2 

line 2x-—y=6, 
point (3,0). 
y=2x-6 

line x= — 4, 


point (— 3,—5). 


x=-3 


line y=5, 
point (2, — 2) 


yore 


Find an Equation of a Line Perpendicular to a 
Given Line 


In the following exercises, find an equation of a line 
perpendicular to the given line and contains the 


given point. Write the equation in slope-intercept 
form. 


line y= —2x+3, 
point (2,2) 


y=12x+1 


line y= 34x— 2, 
point (— 3,4) 


y= — 43x 


line 2x+5y=6, 
point (0,0) 


y =52x 


line x=3, 
point (3,4) 


yea 


line x=7, 
point (— 3, — 4) 


Goma: 


line y—3=0, 
point (— 2, — 4) 


x=—-2 


line y-axis, 
point (3,4) 


y=4 


Mixed Practice 


In the following exercises, find the equation of each 
line. Write the equation in slope-intercept form. 


Containing the points (4,3) and (8,1) 


y=—-12x+5 


m= 16, containing point (6,1) 


y = 16x 


Parallel to the line 4x + 3y =6, containing point 
(0, = 3) 


y= —43x—-3 


m= — 34, containing point (8, —5) 


y= —34x+1 


Perpendicular to the line y—1=0, point (— 2,6) 


x=-2 


Containing the points (— 3, — 4) and (2,—5) 


y=—-15x—235 


Perpendicular to the line x— 2y=5, point 
( - 2,2) 


y=—-2x-2 


Rates of Change 

For the following exercises, find the average rate of 
change of each function on the interval specified for 
real numbers b or h in simplest form. 


f(x )=4x2 —7 on [1, b] 


4(b+1) 


f(x)=2x2 +1 on [x,xt+h] 


4x+2h 


For the following exercises, find the average rate of 
change of each function on the interval specified. 


h(x )=5-2x2 on [-2,4] 
4 

g(x )=3x3—-1 on [-3,3] 

27 

p(t)= (t2 —4)(t+1)t2+3 on [-3,1] 
~0.167 


Glossary 


average rate of change 
the difference in the output values of a 
function found for two values of the input 
divided by the difference between the inputs 


parallel lines 
Parallel lines are lines in the same plane that 
do not intersect. 


perpendicular lines 
Perpendicular lines are lines in the same 
plane that form a right angle. 


rate of change 
the change of an output quantity relative to 
the change of the input quantity 


Transformations of Functions (2.5) 
By the end of this section, you will be able to: 


* Identify graphs of basic functions 
* Identify and graph various transformations of 
functions 


This Module supports section 2.5 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


. Identify Basic (Parent) Functions [link] 

. Vertical and Horizontal Transformations [link] 

. Reflections about the Axis [link] 

. Stretching and Shrinking Transformations 
[link] 

. Sequences of Transformations [link] 

. Key Concepts [link] 


Identify Graphs of Basic Functions 


We can write y = 2x — 3 as in function notation as 
f(x) = 2x — 3. It still means the same thing. The graph 


of the function is the graph of all ordered pairs (x,y) 
where y = f(x). So we can write the ordered pairs as 
(x,f(x)). It looks different but the graph will be the 
same. 


Compare the graph of y=2x—3 previously shown in 
with the graph of f(x) =2x —3 shown in 
. Nothing has changed but the notation. 


Graph of a Function 
The graph of a function is the graph of all its 
ordered pairs, (x,y) or using function notation, 


(x,f(x)) where y = f(x). 
fname of functionxx-coordinate of the ordered 
pairf(x)y-coordinate of the ordered pair 


As we move forward in our study, it is helpful to be 
familiar with the graphs of several basic functions 
and be able to identify them. 


We wrote linear equations in several forms, but it 
will be most helpful for us here to use the slope- 
intercept form of the linear equation. The slope- 
intercept form of a linear equation is y=mx+b. In 
function notation, this linear function becomes 

f(x) =mx-+b where m is the slope of the line and b is 
the y-intercept. 


The domain is the set of all real numbers, and the 
range is also the set of all real numbers. 


Linear Function 


fy =mx+b 
m, b: all real numbers 
m: slope of the line 
b: y-intercept 
Domain: (—c0, oo) 
Range: (co, co) 


We will use the graphing techniques we used 
earlier, to graph the basic functions. 


Graph: f(x) = — 2x—4. 


We recognize this as a4 


Te £, . 
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Find the slope and y- 


intanrannt 
LLLECVUL SS E/ c 
Graph using the slope 
intercept. 


a 


The next function whose graph we will look at is 
called the constant function and its equation is of 
the form f(x) =b, where b is any real number. If we 
replace the f(x) with y, we get y=b. We recognize 
this as the horizontal line whose y-intercept is b. 
The graph of the function f(x) =b, is also the 
horizontal line whose y-intercept is b. 


Notice that for any real number we put in the 
function, the function value will be b. This tells us 
the range has only one value, b. 


Constant Function 


fw=b 
b: any real number 
b: y-intercept 
Domain: (—oo, 00) 
Range: b 


Graph: f(x) =4. 


fA 
We recognize this as a 
ennoatant frannatinn 
The graph will be a 
horizontal line through 


Graph: f(x) = — 2. 


The identity function, f(x) =x is a special case of the 
linear function. If we write it in linear function 
form, f(x) =1x+0, we see the slope is 1 and the y- 
intercept is 0. 


Identity Function 


fixyy=x 
m: 1 
b:0 
Domain: (—co, oo) 
Range: (—co, co) 


The next function we will look at is not a linear 
function. So the graph will not be a line. The only 
method we have to graph this function is point 
plotting. Because this is an unfamiliar function, we 
make sure to choose several positive and negative 
values as well as O for our x-values. 


Graph: f(x) =x2. 


We choose x-values. We substitute them in and 
then create a chart as shown. 


Looking at the result in [link], we can summarize 
the features of the square function. We call this 
graph a parabola. As we consider the domain, notice 
any real number can be used as an x-value. The 
domain is all real numbers. 


The range is not all real numbers. Notice the graph 
consists of values of y never go below zero. This 
makes sense as the square of any number cannot be 
negative. So, the range of the square function is all 
non-negative real numbers. 


Square Function 


f= 


Domain: (—00, 00) 
Range: [0, oo) 


The next function we will look at is also not a linear 
function so the graph will not be a line. Again we 
will use point plotting, and make sure to choose 
several positive and negative values as well as 0 for 
our x-values. 


Graph: f(x) =x3. 


We choose x-values. We substitute them in and 
then create a chart. 


Graph: f(x) = — x3. 


a 


Looking at the result in [link], we can summarize 
the features of the cube function. As we consider the 
domain, notice any real number can be used as an x- 
value. The domain is all real numbers. 


The range is all real numbers. This makes sense as 
the cube of any non-zero number can be positive or 
negative. So, the range of the cube function is all 
real numbers. 


Cube Function 


flxy=¥ 
Domain: (—co, oo) 
Range: (—oo, oo) 


The next function we will look at does not square or 
cube the input values, but rather takes the square 
root of those values. 


Let’s graph the function f(x) =x and then summarize 
the features of the function. Remember, we can only 
take the square root of non-negative real numbers, 
so our domain will be the non-negative real 
numbers. 


We choose x-values. Since we will be taking 

the square root, we choose numbers that are 

perfect squares, to make our work easier. We 
substitute them in and then create a chart. 


Graph: f(x) = —x. 


Square Root Function 


fix) = yx 
Domain: [0, oo) 
Range: [0, co) 
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Our last basic function is the absolute value 
function, f(x) = |x|. Keep in mind that the absolute 
value of a number is its distance from zero. Since we 
never measure distance as a negative number, we 
will never get a negative number in the range. 


Graph: f(x) = |x|. 


We choose x-values. We substitute them in and 
then create a chart. 


Graph: f(x) = — |x|. 


Absolute Value Function 


fix) = xl 
Domain: (—oo, 00) 
Range: [0, oo) 


Vertical shift by k=1 of the cube root function 
f(x)= x 3 .Horizontal shift of the function f(x)= x 3 
. Note that h= +1 shifts the graph to the left, that 
is, towards negative values of x. 


Vertical and Horizontal Transformations 


One simple kind of transformation involves shifting 
the entire graph of a function up, down, right, or 
left. The simplest shift is a vertical shift, moving 
the graph up or down, because this transformation 
involves adding a positive or negative constant to 
the function. In other words, we add the same 
constant to the output value of the function 
regardless of the input. For a function 

g(x) =f(x)+k, the function f(x ) is shifted 


vertically k units. See [link] for an example. 
f(x) 


To help you visualize the concept of a vertical shift, 
consider that y=f( x ). Therefore, f(x )+k is 
equivalent to y+k. Every unit of y is replaced by y 
+k, so the y-value increases or decreases depending 
on the value of k. The result is a shift upward or 
downward. 


Given a function f( x ), a new function 
g(x) =f(x)+k, where k is a constant, is a vertical 


shift of the function f(x ). All the output values 
change by k units. If k is positive, the graph will 
shift up. If k is negative, the graph will shift down. 


Horizontal Shifts 


We just saw that the vertical shift is a change to the 
output, or outside, of the function. We will now look 
at how changes to input, on the inside of the 
function, change its graph and meaning. A shift to 
the input results in a movement of the graph of the 
function left or right in what is known as a 
horizontal shift, shown in [link]. 


For example, if f(x)= x2, then g(x)= (x—2) 2 is 
a new function. Each input is reduced by 2 prior to 
squaring the function. The result is that the graph is 
shifted 2 units to the right, because we would need 
to increase the prior input by 2 units to yield the 
same output value as given in f. 


Horizontal Shift 
Given a function f, a new function g(x )=f(x—h 
), where h is a constant, is a horizontal shift of 


the function f. If h is positive, the graph will shift 


right. If h is negative, the graph will shift left. 


Adding a Constant to an Input 


Returning to our building airflow example 
from [link], suppose that in autumn the 


facilities manager decides that the original 
venting plan starts too late, and wants to begin 
the entire venting program 2 hours earlier. 
Sketch a graph of the new function. 


We can set V(t ) to be the original program 
and F(t ) to be the revised program. 

V(t) = the original venting plan F(t) = 
starting 2 hrs sooner 


In the new graph, at each time, the airflow is 
the same as the original function V was 2 
hours later. For example, in the original 
function V, the airflow starts to change at 8 
a.m., whereas for the function F, the airflow 
starts to change at 6 a.m. The comparable 
function values are V(8)=F(6). See [link]. 
Notice also that the vents first opened to 220 
ft 2 at 10 a.m. under the original plan, while 
under the new plan the vents reach 220 ft 2 
at 

8 a.m., so V(10)=F(8). 


In both cases, we see that, because F(t ) starts 
2 hours sooner, h= —2. That means that the 
same output values are reached when 

F(t) =V(t—( —2 ))=V(t+2 ). 
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Note that V(t+2) has the effect of shifting the 
graph to the left. 


Horizontal changes or “inside changes” affect the 
domain of a function (the input) instead of the 
range and often seem counterintuitive. The new 
function F(t ) uses the same outputs as V(t ), but 
matches those outputs to inputs 2 hours earlier 
than those of V(t ). Said another way, we must 
add 2 hours to the input of V to find the 
corresponding output for F:F(t) = V(t+ 2). 


Identifying a Horizontal Shift of a Toolkit 
Function 


[link] represents a transformation of the 
toolkit function f(x)= x 2. Relate this new 
function g(x) to f(x), and then find a formula 
for g(x). 


Notice that the graph is identical in shape to 
the f(x)= x2 function, but the x-values are 
shifted to the right 2 units. The vertex used to 
be at (0,0), but now the vertex is at (2,0). The 
graph is the basic quadratic function shifted 2 
units to the right, so 

g(x) = f(x —2) 


Notice how we must input the value x=2 to 
get the output value y=0; the x-values must 
be 2 units larger because of the shift to the 
right by 2 units. We can then use the 


definition of the f(x) function to write a 
formula for g(x) by evaluating f(x— 2). 

f(x) = x 2 g(x) = f(x—2) g(x) = fx-2)= & 
—2)2 


Analysis 

To determine whether the shift is +2 or —2, 
consider a single reference point on the graph. 
For a quadratic, looking at the vertex point is 
convenient. In the original function, f(0)=0. 
In our shifted function, g(2)=0. To obtain the 
output value of 0 from the function f, we need 
to decide whether a plus or a minus sign will 
work to satisfy g(2) =f(x —2)=f(0)=0. For 
this to work, we will need to subtract 2 units 
from our input values. 


Interpreting Horizontal versus Vertical 
Shifts 


The function G(m) gives the number of 
gallons of gas required to drive m miles. 
Interpret G(m)+10 and G(m+10). 


GGm)+10 can be interpreted as adding 10 to 
the output, gallons. This is the gas required to 
drive m miles, plus another 10 gallons of gas. 


The graph would indicate a vertical shift. 


G(Gm+10) can be interpreted as adding 10 to 
the input, miles. So this is the number of 
gallons of gas required to drive 10 miles more 
than m miles. The graph would indicate a 
horizontal shift. 


Given the function f(x)= x, graph the 
original function f(x) and the transformation 


g(x)=f(x+2) on the same axes. Is this a 
horizontal or a vertical shift? Which way is the 
graph shifted and by how many units? 


The graphs of f(x) and g(x) are shown below. 
The transformation is a horizontal shift. The 
function is shifted to the left by 2 units. 
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Combining Vertical and Horizontal Shifts 


Now that we have two transformations, we can 
combine them. Vertical shifts are outside changes 
that affect the output (y-) values and shift the 
function up or down. Horizontal shifts are inside 
changes that affect the input (x-) values and shift 
the function left or right. Combining the two types 
of shifts will cause the graph of a function to shift 
up or down and left or right. 


Given a function and both a vertical and a 
horizontal shift, sketch the graph. 


1. Identify the vertical and horizontal shifts from 
the formula. 
2. The vertical shift results from a constant 


added to the output. Move the graph up for a 
positive constant and down for a negative 
constant. 

3. The horizontal shift results from a constant 
added to the input. Move the graph left for a 
positive constant and right for a negative 
constant. 

4. Apply the shifts to the graph in either order. 


Graphing Combined Vertical and 
Horizontal Shifts 


Given f(x)=| x |, sketch a graph of h(x) =f(x 
+1)-3. 


The function f is our toolkit absolute value 
function. We know that this graph has a V 
shape, with the point at the origin. The graph 
of h has transformed f in two ways: f(x+1) 
is a change on the inside of the function, 
giving a horizontal shift left by 1, and the 
subtraction by 3 in f(x+1)—3 is a change to 
the outside of the function, giving a vertical 
shift down by 3. The transformation of the 
graph is illustrated in [link]. 


Let us follow one point of the graph of f(x)=| 


* The point (0,0) is transformed first by 
shifting left 1 unit: (0,0)—(—1,0) 

* The point (—1,0) is transformed next by 
shifting down 3 units: (—1,0)—(—1,—3) 


y=|k+1|-3 


{++ =x 
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Given f(x)=| x |, sketch a graph of h(x) =f(x 
=e 


h(x) = |x — 2| + 4 


Identifying Combined Vertical and 
Horizontal Shifts 


Write a formula for the graph shown in [link], 
which is a transformation of the toolkit square 
root function. 
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The graph of the toolkit function starts at the 
origin, so this graph has been shifted 1 to the 
right and up 2. In function notation, we could 
write that as 

h(x) =f(x-1)+2 


Using the formula for the square root function, 
we can write 
h(x)= x-1 +2 


Analysis 

Note that this transformation has changed the 
domain and range of the function. This new 
graph has domain [1,°) and range [2,). 


Vertical and horizontal reflections of a function. 


Graphing Functions Using Reflections 
about the Axes 


Another transformation that can be applied to a 
function is a reflection over the x- or y-axis. A 
vertical reflection reflects a graph vertically across 
the x-axis, while a horizontal reflection reflects a 
graph horizontally across the y-axis. The reflections 
are shown in [link]. 
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Notice that the vertical reflection produces a new 
graph that is a mirror image of the base or original 
graph about the x-axis. The horizontal reflection 
produces a new graph that is a mirror image of the 
base or original graph about the y-axis. 


Reflections 

Given a function f(x), a new function g(x) = — f(x) 
is a vertical reflection of the function f(x), 
sometimes called a reflection about (or over, or 
through) the x-axis. 

Given a function f(x), a new function g(x)=f(—x) 
is a horizontal reflection of the function f(x), 
sometimes called a reflection about the y-axis. 


Given a function, reflect the graph both 
vertically and horizontally. 


1. Multiply all outputs by —-1 for a vertical 
reflection. The new graph is a reflection of the 
original graph about the x-axis. 

. Multiply all inputs by —-1 for a horizontal 
reflection. The new graph is a reflection of the 
original graph about the y-axis. 


Reflecting a Graph Horizontally and 
Vertically 


Reflect the graph of s(t)= t (a) vertically and 
(b) horizontally. 


1. Reflecting the graph vertically means that 
each output value will be reflected over 
the horizontal t-axis as shown in [link]. 
Vertical reflection of the square root 
function 


Because each output value is the opposite 
of the original output value, we can write 
V(t) = —s(t) or V(t)=— t 


Notice that this is an outside change, or 
vertical shift, that affects the output s(t) 
values, so the negative sign belongs 
outside of the function. 


. Reflecting horizontally means that each 
input value will be reflected over the 
vertical axis as shown in [link]. 
Horizontal reflection of the square root 
function 


5 4-3-3 ft 


Because each input value is the opposite 


of the original input value, we can write 
H(t)=s(—t) or H(t)= —t 


Notice that this is an inside change or 
horizontal change that affects the input 
values, so the negative sign is on the 
inside of the function. 


Note that these transformations can affect 
the domain and range of the functions. 
While the original square root function 
has domain [0,°°) and range [0,), the 
vertical reflection gives the V(t) function 
the range ( — ~,0 ] and the horizontal 
reflection gives the H(t) function the 
domain ( — -,0 ]. 


Reflect the graph of f(x) =|x—1| (a) vertically 


and (b) horizontally. 


Vertical stretch and compression 


Stretching and Shrinking 
Transformations 


Adding a constant to the inputs or outputs of a 
function changed the position of a graph with 
respect to the axes, but it did not affect the shape of 
a graph. We now explore the effects of multiplying 
the inputs or outputs by some quantity. 


We can transform the inside (input values) of a 
function or we can transform the outside (output 
values) of a function. Each change has a specific 


effect that can be seen graphically. 


Vertical Stretches and Compressions 


When we multiply a function by a positive constant, 
we get a function whose graph is stretched or 
compressed vertically in relation to the graph of the 
original function. If the constant is greater than 1, 
we get a vertical stretch; if the constant is between 
O and 1, we get a vertical compression. [link] 
shows a function multiplied by constant factors 2 
and 0.5 and the resulting vertical stretch and 
compression. 


Vertical 

stretch ? 
2f(x) 
f(x) 
0.5f(x) 


Vertical 
compression 


ertical Stretches and Compressions 
Given a function f(x), a new function g(x) =af(x), 
here a is a constant, is a vertical stretch or 


vertical compression of the function f(x). 


* If a>1, then the graph will be stretched. 

¢ If O<a<1, then the graph will be 
compressed. 

¢ If a<O, then there will be combination of a 
vertical stretch or compression with a vertical 
reflection. 


Given a function, graph its vertical stretch. 


1. Identify the value of a. 
2. Multiply all range values by a. 


3. If a>1, the graph is stretched by a factor of 
a. 


If 0<a<1, the graph is compressed by a 
factor of a. 


If a<O, the graph is either stretched or 
compressed and also reflected about the x- 
axis. 


Graphing a Vertical Stretch 


A function P(t ) models the population of 


fruit flies. The graph is shown in [link]. 


P(t) 


A scientist is comparing this population to 
another population, Q, whose growth follows 
the same pattern, but is twice as large. Sketch 
a graph of this population. 


Because the population is always twice as 
large, the new population’s output values are 
always twice the original function’s output 
values. Graphically, this is shown in [link]. 


If we choose four reference points, (0, 1), (3, 
3), (6, 2) and (7, 0) we will multiply all of the 
outputs by 2. 


The following shows where the new points for 
the new graph will be located. 
COP (02 ss) (20) (6,2) Ca: 


a CTU a7 0) 


Symbolically, the relationship is written as 


Q(t) = 2P(t) 


This means that for any input t, the value of 
the function Q is twice the value of the 
function P. Notice that the effect on the graph 
is a vertical stretching of the graph, where 
every point doubles its distance from the 
horizontal axis. The input values, t, stay the 
same while the output values are twice as 
large as before. 


Recognizing a Vertical Stretch 


The graph in [link] is a transformation of the 
toolkit function f(x)= x 3. Relate this new 


function g(x) to f(x), and then find a formula 
for g(x). 


When trying to determine a vertical stretch or 
shift, it is helpful to look for a point on the 
graph that is relatively clear. In this graph, it 
appears that g(2)=2. With the basic cubic 
function at the same input, f(2)= 23 =8. 
Based on that, it appears that the outputs of g 
are 14 the outputs of the function f because 
g(2)= 1 4 f(2). From this we can fairly safely 
conclude that g(x)= 1 4 f(x). 


We can write a formula for g by using the 
definition of the function f. 
g(xy)= 14f®)=14x3 


Horizontal Stretches and Compressions 


Now we consider changes to the inside of a 
function. When we multiply a function’s input by a 
positive constant, we get a function whose graph is 
stretched or compressed horizontally in relation to 
the graph of the original function. If the constant is 
between 0 and 1, we get a horizontal stretch; if the 
constant is greater than 1, we get a horizontal 
compression of the function. 
y 
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Horizontal 
compression 
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Horizontal 
stretch 


Given a function y=f(x), the form y=f(bx) results 
in a horizontal stretch or compression. Consider the 


function y= x 2. Observe [link]. The graph of y= 
(0.5x ) 2 isa horizontal stretch of the graph of the 
function y= x 2 bya factor of 2. The graph of y= 
(2x) 2 isa horizontal compression of the graph of 
the function y= x 2 by a factor of 2. 


Horizontal Stretches and Compressions 

Given a function f(x), a new function g(x) = f(bx), 
where b is a constant, is a horizontal stretch or 
horizontal compression of the function f(x). 


- If b>1, then the graph will be compressed by 
Wi bye 
* If 0<b<1, then the graph will be stretched 
by ibe 
¢ If b<O, then there will be combination of a 
horizontal stretch or compression with a 


horizontal reflection. 


Given a description of a function, sketch a 
horizontal compression or stretch. 


1. Write a formula to represent the function. 
2. Set g(x)=f(bx) where b>1 fora 
compression or 0<b<1 fora stretch. 


Graphing a Horizontal Compression 


Suppose a scientist is comparing a population 
of fruit flies to a population that progresses 
through its lifespan twice as fast as the original 
population. In other words, this new 


population, R, will progress in 1 hour the 
same amount as the original population does 
in 2 hours, and in 2 hours, it will progress as 
much as the original population does in 4 
hours. Sketch a graph of this population. 


Symbolically, we could write 
R(1) = P(2), R(2) = P(4), and in general, R(t) 
= (21), 


See [link] for a graphical comparison of the 
original population and the compressed 
population. 

(a) Original population graph (b) Compressed 
population graph 
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Analysis 


Note that the effect on the graph is a horizontal 


compression where all input values are half of their 
original distance from the vertical axis. 


Recognizing a Horizontal Compression on a 
Graph 


Relate the function g(x) to f(x) in [link]. 


The graph of g(x) looks like the graph of f(x) 
horizontally compressed. Because f(x) ends at 
(6,4) and g(x) ends at (2,4), we can see that 
the x- values have been compressed by 1 3, 
because 6( 13 )=2. We might also notice that 
g(2)=f( 6) and g(1)=f( 3 ). Either way, we 
can describe this relationship as g(x)=f( 3x ). 
This is a horizontal compression by 13. 


Analysis 


Notice that the coefficient needed for a horizontal 
stretch or compression is the reciprocal of the 
stretch or compression. So to stretch the graph 
horizontally by a scale factor of 4, we need a 
coefficient of 14 in our function: f( 14x ). This 
means that the input values must be four times 
larger to produce the same result, requiring the 
input to be larger, causing the horizontal 
stretching. 


Write a formula for the toolkit square root 
function horizontally stretched by a factor of 
3. 


g(x)=f( 1 3 x ) so using the square root 
function we get g(x)= 13x 


Performing a Sequence of 
Transformations 


When combining transformations, it is very 
important to consider the order of the 


transformations. For example, vertically shifting by 
3 and then vertically stretching by 2 does not create 
the same graph as vertically stretching by 2 and 
then vertically shifting by 3, because when we shift 
first, both the original function and the shift get 
stretched, while only the original function gets 
stretched when we stretch first. 


When we see an expression such as 2f(x)+3, which 
transformation should we start with? The answer 
here follows nicely from the order of operations. 
Given the output value of f(x), we first multiply by 
2, causing the vertical stretch, and then add 3, 
causing the vertical shift. In other words, 
multiplication before addition. 


Horizontal transformations are a little trickier to 
think about. When we write g(x)=f(2x+3), for 
example, we have to think about how the inputs to 
the function g relate to the inputs to the function 
f. Suppose we know f(7)=12. What input to g 
would produce that output? In other words, what 
value of x will allow g(x)=f(2x+3)=12? We 
would need 2x+3=7. To solve for x, we would 
first subtract 3, resulting in a horizontal shift, and 
then divide by 2, causing a horizontal compression. 


This format ends up being very difficult to work 
with, because it is usually much easier to 
horizontally stretch a graph before shifting. We can 
work around this by factoring inside the function. 


f(bx + p)=f( b(x+ pb)) 


Let’s work through an example. 
f(x )= (2x+4)2 


We can factor out a 2. 
f(x )= (2(x+2))2 


Now we can more clearly observe a horizontal shift 
to the left 2 units and a horizontal compression. 
Factoring in this way allows us to horizontally 
stretch first and then shift horizontally. 


Combining Transformations 

When combining vertical transformations written 
in the form af(x)+k, first vertically stretch by a 
and then vertically shift by k. 

When combining horizontal transformations 
written in the form f(bx-h), first horizontally shift 
by h and then horizontally stretch by 1b. 
When combining horizontal transformations 
written in the form f(b(x-h)), first horizontally 


stretch by 1b and then horizontally shift by h. 
Horizontal and vertical transformations are 
independent. It does not matter whether horizontal 
or vertical transformations are performed first. 


Finding a Triple Transformation of a Graph 


Use the graph of f(x ) in [link] to sketch a 
scrape: kxj—i 12 x i) 3: 


To simplify, let’s start by factoring out the 
inside of the function. 
f(1 2x+1)-—3=f(1 2@+2))-3 


By factoring the inside, we can first 
horizontally stretch by 2, as indicated by the 
1 2 on the inside of the function. Remember 
that twice the size of 0 is still 0, so the point 
(0,2) remains at (0,2) while the point (2,0) 
will stretch to (4,0). See [link]. 


Next, we horizontally shift left by 2 units, as 
indicated by x+2. See [link]. 


f(x) 
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Last, we vertically shift down by 3 to complete 


our sketch, as indicated by the —3 on the 
outside of the function. See [link]. 


f(x) 
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Access this online resource for additional 
instruction and practice with transformation of 
functions. 


¢ Function Transformations 


Key Concepts 


¢ Graph of a Function 


© The graph of a function is the graph of all 
its ordered pairs, (x,y) or using function 
notation, (x,f(x)) where y = f(x). 
fname of functionxx-coordinate of the 
ordered pairf(x)y-coordinate of the 
ordered pair 


¢ Linear Function 


* Constant Function 


* Identity Function 


* Square Function 


¢ Cube Function 


* Square Root Function 


¢ Absolute Value Function 


Constant function f( x )=c, where c isa 
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Parent Functions 


Transformations 


Vertical shift 


Horizontal shift 
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Horizontal compression. 
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g(x) =f(bx) (b>1) 


Practice Makes Perfect 
Identify Graphs of Basic Functions 
In the following exercises, ® graph each function © 


state its domain and range. Write the domain and 
range in interval notation. 


f(x) =3x+4 


@ 


® D:(- °°, °°), R:(- 2, 0) 


f(x)= -x-2 


® D:(- °°, 02), R:(- 9, 00) 


f{x)=5 


@ 


®) D:(-°, °°), R:{5} 


f(x) = — 2x 


@ 


© D:(-0°,°0), R:(-09, 02) 


f(x) = 3x2 


@ 


® D:{- 2,0), R:[0, °°) 


f(x) =12x2 


@ 


® (-00, 00), R:[- 2,0) 


f(x) = — 2x3 


@ 


© D:(- 2, °°), R:(- 99, 09) 


f(x) =x3+2 


@ 


© D:(- 2, °°), R:(-99, 09) 


f(x) = 2x 


@ 


® D:[0, <), R:[0, -) 


f(x)=x-1 


@ 


® D:[1, <<), R:[0, -) 


f(x) = 3|x| 


@ 


®© Dsl =, co), r= 00, co ) 


f(x) = |x|+1 


@ 


® D:(-29, °°), R:[1, °°) 


For the following exercises, write a formula for the 
function obtained when the graph is shifted as 
described. 


f(x)=| x | is shifted down 3 units and to the 
right 1 unit. 


g(x) =|x-1|-—3 


f(x)= 1x2 is shifted up 2 units and to the left 
4 units. 


g(x)= 1(«+4)2 42 


For the following exercises, describe how the graph 
of the function is a transformation of the graph of 
the original function f. 


y=f(x+ 43) 


The graph of f(x+ 43) is a horizontal shift to 
the left 43 units of the graph of f. 


y=f(x)+8 


The graph of f(x)+8 is a vertical shift up 8 
units of the graph of f. 


y=f(x+4)-1 


The graph of f(x+ 4)—1 is a horizontal shift to 
the left 4 units and a vertical shift down 1 unit 
of the graph of f. 


For the following exercises, describe how the graph 
of each function is a transformation of the graph of 
the original function f. 


g(x) = — f(x) 


The graph of g is a vertical reflection (across 
the x -axis) of the graph of f. 


g(x) = 4fCx) 


The graph of g is a vertical stretch by a factor 
of 4 of the graph of f. 


g(x) = (Sx) 


The graph of g is a horizontal compression by 
a factor of 15 of the graph of f. 


g(x) = 3f( —x ) 


The graph of g is a horizontal reflection across 
the y -axis and a vertical stretch by a factor of 
3 of the graph of f. 


For the following exercises, write a formula for the 
function g that results when the graph of a given 
toolkit function is transformed as described. 


The graph of f(x)=|x| is reflected over the y - 
axis and horizontally compressed by a factor of 
14. 


g(x) =| —4x| 


The graph of f(x)= 1x2 _ is vertically 
compressed by a factor of 13, then shifted to 
the left 2 units and down 3 units. 


g(x)= 13 (x+2)2 —-3 


Glossary 


horizontal compression 
a transformation that compresses a function’s 
graph horizontally, by multiplying the input 
by a constant b>1 


horizontal reflection 
a transformation that reflects a function’s 
graph across the y-axis by multiplying the 
input by —1 


horizontal shift 
a transformation that shifts a function’s graph 
left or right by adding a positive or negative 
constant to the input 


horizontal stretch 
a transformation that stretches a function’s 
graph horizontally by multiplying the input 
by a constant 0<b<1 


vertical compression 
a function transformation that compresses the 
function’s graph vertically by multiplying the 
output by a constant 0<a<1 


vertical reflection 
a transformation that reflects a function’s 
graph across the x-axis by multiplying the 
output by —1 


vertical shift 
a transformation that shifts a function’s graph 
up or down by adding a positive or negative 
constant to the output 


vertical stretch 
a transformation that stretches a function’s 
graph vertically by multiplying the output by 
a constant a>1 


Composite Functions and Domain (2.6) 
By the end of this section, you will be able to: 


¢ Find and evaluate composite functions 

* Combine functions using algebraic operations. 

* Create a new function by composition of 
functions. 

* Evaluate composite functions. 

* Find the domain of a composite function. 

* Decompose a composite function into its 
component functions. 


This Module supports section 2.6 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


. Domain Review [link] 


. Combine Composite Function [link] 

. Find and Evaluate Composite Function [link] 
. Find Domain of a Composite Function [link] 
. Decompose a Composite Function [link] 

. Key Concepts [link] 


Domain Review 


In this section, we will practice determining 
domains and ranges for specific functions. We can 
write the domain and range in interval notation, 
which uses values within brackets to describe a set 
of numbers. In interval notation, we use a square 
bracket [ when the set includes the endpoint and a 
parenthesis ( to indicate that the endpoint is either 
not included or the interval is unbounded. For 
example, if a person has $100 to spend, he or she 
would need to express the interval that is more than 
0 and less than or equal to 100 and write (0, 100 ]. 
We will discuss interval notation in greater detail 
later. 


Let’s turn our attention to finding the domain of a 
function whose equation is provided. Oftentimes, 
finding the domain of such functions involves 
remembering three different forms. First, if the 
function has no denominator or an even root, 
consider whether the domain could be all real 
numbers. Second, if there is a denominator in the 
function’s equation, exclude values in the domain 
that force the denominator to be zero. Third, if there 
is an even root, consider excluding values that 
would make the radicand negative. 

Before we begin, let us review the conventions 
of interval notation: 


¢ The smallest number from the interval is 


written first. 

The largest number in the interval is written 
second, following a comma. 

Parentheses, ( or ), are used to signify that an 
endpoint value is not included, called 
exclusive. They represent solutions greater or 


less than the number. 


Brackets, [ or ], are used to indicate that an 


endpoint value is included, called inclusive. 
They also represent solutions that are greater 
than or equal to or less than or equal to the 


number 


Set Indicated Set-Builder Interval 
All real numbers {x|a<x<b } (a,b ) 
between a and 3, 

but not including 

anoarh 

All real numbers { x|x>a } (a,oo ) 
greater than a, 

but not including 

All real numbers { x|x<b } ( —,b) 


less than b, but 


nat inaliadina h 
21U 1110 1UUL1L se U 


All real numbers { x|x>a } 


[ a,oo ) 


greater than a, 

innliding m 

ALI LUULLLLEA uUu 

All real numbers { x|x<b } ( —,b ] 


less than b, 
rlas ding Lh 


ica uUui111ls YU 


All real numbers { x|a<x<b } [ a,b ) 
between a and 5, 

includins-a 

All real numbers { x|a<x<b } (a,b ] 


between a and 5, 
elidinac h 


inca UUs YU 


All real numbers { x|a<x<b } [ a,b ] 
between a and 5, 


eluding A anAh 
includine U ULI. VY 


All real numbers { x|x<aorx>b }( — %,a )U( b, 
less than a or ) 


arantar tha h 
&* VU CCL Uta YU 


All real numbers {x|xisareal (—~-~,0 ) 
number } 


This format set-builder notation: { x|10<x<30 } 
describes the behavior of x in set-builder notation. 
The braces {} are read as “the set of,” and the 
vertical bar | is read as “such that,” so we would 
read { x}|10<x<30 } as “the set of x-values such 
that 10 is less than or equal to x, and x is less than 
30.” 


Finding the Domain of a Function as a Set 


of Ordered Pairs 


Find the domain of the following function: { ( 
2 AOD 109 C4 20))C2, 20) C6, 40a 


First identify the input values. The input value 
is the first coordinate in an ordered pair. There 
are no restrictions, as the ordered pairs are 
simply listed. The domain is the set of the first 
coordinates of the ordered pairs. 

{2,3,4,5,6} 


How To 
Given a function written in equation form, find 
the domain. 


1. Identify the input values. 

2. Identify any restrictions on the input and 
exclude those values from the domain. 

3. Write the domain in interval form, if possible. 


Finding the Domain of a Function 


Find the domain of the function f(x)= x 2 
—l. 


The input value, shown by the variable x in 
the equation, is squared and then the result is 
lowered by one. Any real number may be 
squared and then be lowered by one, so there 
are no restrictions on the domain of this 
function. The domain is the set of real 
numbers. 


In interval form, the domain of f is ( — ~,° 


): 


Given a function written in an equation form 
that includes a fraction, find the domain. 


1. Identify the input values. 

2. Identify any restrictions on the input. If there 
is a denominator in the function’s formula, set 
the denominator equal to zero and solve for x 
. If the function’s formula contains an even 
root, set the radicand greater than or equal to 
0, and then solve. 

. Write the domain in interval form, making 
sure to exclude any restricted values from the 
domain. 


Finding the Domain of a Function Involving 


a Denominator 


Find the domain of the function f(x)= x+1 
2-X. 


When there is a denominator, we want to 
include only values of the input that do not 
force the denominator to be zero. So, we will 
set the denominator equal to O and solve for x. 
2 Xe Oe Xe 


Now, we will exclude 2 from the domain. The 
answers are all real numbers where x<2 or 
x >2 as shown in [link]. We can use a symbol 
known as the union, U, to combine the two 
sets. In interval notation, we write the 
solution: ( — °,2 )U( 2,°¢ ). 


x<2orx>2 


; 


(--~, 2) U (2, oo) 


Given a function written in equation form 
including an even root, find the domain. 


1. Identify the input values. 


2. Since there is an even root, exclude any real 
numbers that result in a negative number in 
the radicand. Set the radicand greater than or 
equal to zero and solve for x. 

3. The solution(s) are the domain of the function. 
If possible, write the answer in interval form. 


Finding the Domain of a Function with an 
Even Root 


Find the domain of the function f(x)= 7—-x. 
When there is an even root in the formula, we 


exclude any real numbers that result in a 
negative number in the radicand. 


Set the radicand greater than or equal to zero 
and solve for x. 
aK) ee KG) RA 


Now, we will exclude any number greater than 
7 from the domain. The answers are all real 
numbers less than or equal to 7, or (— ~,7]. 


Find the domain of the function f(x)= 5+2x. 


Combining Functions Using Algebraic 
Operations 


Function composition is only one way to combine 
existing functions. Another way is to carry out the 
usual algebraic operations on functions, such as 
addition, subtraction, multiplication and division. 
We do this by performing the operations with the 
function outputs, defining the result as the output of 
our new function. 


Suppose we need to add two columns of numbers 
that represent a husband and wife’s separate annual 
incomes over a period of years, with the result being 
their total household income. We want to do this for 
every year, adding only that year’s incomes and 
then collecting all the data in a new column. If 

w(y) is the wife’s income and h(y) is the husband’s 
income in year y, and we want T to represent the 
total income, then we can define a new function. 
TCy )=hCy )+wly ) 


If this holds true for every year, then we can focus 
on the relation between the functions without 
reference to a year and write 

T=h+w 


Just as for this sum of two functions, we can define 
difference, product, and ratio functions for any pair 
of functions that have the same kinds of inputs (not 
necessarily numbers) and also the same kinds of 
outputs (which do have to be numbers so that the 
usual operations of algebra can apply to them, and 
which also must have the same units or no units 
when we add and subtract). In this way, we can 
think of adding, subtracting, multiplying, and 
dividing functions. 


For two functions f(x ) and g(x ) with real 
number outputs, we define new functions f+, f—g, 
fg, and fg_ by the relations 

Sum (f+ g)(x) = f(x)+g(x) Difference (f— g)(x) = 
f(x) — g(x) Product (fg)(x) = f(x)g(x) Quotient ( f g ) 
(x) = f(x) g(x) where g(x) = 0 


Performing Algebraic Operations on 
Functions 


Find and simplify the functions ( g—f )( x ) 
and (gf)(x), given f(x )=x—1 and g(x 
)= x 2 —1. Are they the same function? 


Begin by writing the general form, and then 
substitute the given functions. 

(g—f(x) = g(x)-f@) (¢-N() = x2 -1-G& 
—1) (g-@ = x2 -x (g—-f)() = x&-1) ( 
g f(x) = g(x) f(x) (g f(x) = x2 -1x-1( 
gf )(x) = (K+1)(K—-1) x—1 where x#1 (gf) 
(x) = x+1 


No, the functions are not the same. 


Note: For (gf )( x ), the condition x41 is 
necessary because when x=1, the 
denominator is equal to 0, which makes the 
function undefined. 


Find and simplify the functions ( fg )( x ) and 
Ceo) Cx: 
f(x )=x-—1 and g(x)=x2-1 


Are they the same function? 


( fg )(x )=fC x Jg(x J=(x-1)(x2 -1)=x 
Oe ee ee ke) — 1) Oe) x 
Slee 1 ae 


No, the functions are not the same. 


Find and Evaluate Composite Functions 


Before we introduce the functions, we need to look 
at another operation on functions called 
composition. In composition, the output of one 
function is the input of a second function. For 
functions f and g, the composition is written feg and 
is defined by: 

( fog (x )=f( g(x) ) 


We read the left-hand side as “f composed with g at 
x,” and the right-hand side as “f of g of x.” The 
two sides of the equation have the same 
mathematical meaning and are equal. The open 
circle symbol ° is called the composition operator. 
We use this operator mainly when we wish to 
emphasize the relationship between the functions 
themselves without referring to any particular input 
value. Composition is a binary operation that takes 
two functions and forms a new function, much as 
addition or multiplication takes two numbers and 
gives a new number. However, it is important not to 
confuse function composition with multiplication 
because, as we learned above, in most cases 

f(g(x)) = fx) g(x). 


To do a composition, the output of the first function, 
g(x), becomes the input of the second function, f, 
and so we must be sure that it is part of the domain 


of f. 


It is also important to understand the order of 
operations in evaluating a composite function. We 
follow the usual convention with parentheses by 
starting with the innermost parentheses first, and 
then working to the outside. In the equation above, 
the function g takes the input x first and yields an 
output g(x ). Then the function f takes g(x ) as 
an input and yields an output f( g(x ) ). 


g(x), the output of g 
is the input of f 


(fF g)(x) = FG@) 


f 


x is the input of g 


In general, fog and gef are different functions. In 
other words, in many cases f( g(x ) )#g( f(x ) ) for 
all x. We will also see that sometimes two functions 
can be composed only in one specific order. 


For example, if f(x )= x2 and g(x )=x+d2, then 
f(g(x)) = f(k+2) = (k+2)2 =x2 +4x+4 


but 
g(f(x)) = gfx2) =x2+2 


These expressions are not equal for all values of x, 
so the two functions are not equal. It is irrelevant 


that the expressions happen to be equal for the 
single input value x=— 12. 


Note that the range of the inside function (the first 
function to be evaluated) needs to be within the 
domain of the outside function. Less formally, the 
composition has to make sense in terms of inputs 
and outputs. 


Composition of Functions 

hen the output of one function is used as the 
input of another, we call the entire operation a 
composition of functions. For any input x and 
functions f and g, this action defines a composite 
function, which we write as feg such that 

fog (x )=f( g(x) ) 


The domain of the composite function feg is all x 
such that x is in the domain of g and g(x) isin 
the domain of f. 

It is important to realize that the product of 
functions fg is not the same as the function 
composition f( g(x ) ), because, in general, f( x )g( 
x )= fC g(x ) ). 


The next example will demonstrate that (f°g)(x), 
(gef)(x) and (f-g)(x) usually result in different 
outputs. 


For functions f(x) = 4x—5 and g(x) =2x+3, 
find: @ (fog)(x), © (gef)(x), and © (f-g)(x). 


Use the definition of 
(fog)(x). 


Simplify. 


Use the definition of 
(fog)(x). 


Distribute. 


Simplify. 


Notice the difference in the result in part @ 
and part ©. 


© Notice that (f-g)(x) is different than (f>g)(x). 
In part @ we did the composition of the 
functions. Now in part © we are not 
composing them, we are multiplying them. 


Use the definition of(fg¢)(x).(f-g) 

(x) = f(x)-g(x)Substitutef(x) = 4x 

— 5andg(x) = 2x + 3.(f-g)(x) = (4x — 5)-(2x 
+ 3)Multiply.(f-g)(x) = 8x2 + 2x—15 


For functions f(x) = 3x—2 and g(x)=5x+1, 
find @ (feg)(x) © (gef)(x) © (fg)(x). 


@ 15x+1 © 15x-9 
© 15x2—7x-2 


In the next example we will evaluate a composition 
for a specific value. 


For functions f(x) =x2—4, and g(x) =3x+2, 
find: @ (feg)(— 3), © (gef)(—1), and © (fef) 


(2): 


Use the definition of 
(feg)(—3). 


Simplify. 


Simplify. 


Use the definition of 
(gef)(— 1). 


Simplify. 


Use the definition of 
(fef)(2). 


Simplify. 


For functions f(x) =x2—9, and g(x) =2x+5, 
find @ (feg)(—2), © (gef)(—3), and © (fof) 


(4). 


Finding the Domain of a Composite 
Function 


As we discussed previously, the domain of a 
composite function such as feg is dependent on the 
domain of g and the domain of f. It is important to 
know when we can apply a composite function and 
when we cannot, that is, to know the domain of a 
function such as feg. Let us assume we know the 
domains of the functions f and g separately. If we 
write the composite function for an input x as f( g( 
x ) ), we can see right away that x must be a 
member of the domain of g in order for the 
expression to be meaningful, because otherwise we 
cannot complete the inner function evaluation. 
However, we also see that g( x ) must be a member 
of the domain of f, otherwise the second function 
evaluation in f( g(x ) ) cannot be completed, and 
the expression is still undefined. Thus the domain of 


feg consists of only those inputs in the domain of g 
that produce outputs from g belonging to the 
domain of f. Note that the domain of f composed 
with g is the set of all x such that x is in the 
domain of g and g(x ) is in the domain of f. 


Domain of a Composite Function 

The domain of a composite function f( g(x ) ) is 
the set of those inputs x in the domain of g for 
Which g(x ) is in the domain of f. 

HOW TO 


Given a function composition f(g(x)), 
determine its domain. 


1. Find the domain of g. 

2. Find the domain of f. 

3. Find those inputs x in the domain of g for 
which g(x ) is in the domain of f. That is, 
exclude those inputs x from the domain of g 
for which g(x ) is not in the domain of f. 
The resulting set is the domain of feg. 


Finding the Domain of a Composite 
Function 


Find the domain of 
( fog )(x) where f(x)= 5x-—Jland g(x)= 4 


3x —2 


The domain of g(x ) consists of all real 
numbers except x= 2 3, since that input 
value would cause us to divide by 0. Likewise, 
the domain of f consists of all real numbers 
except 1. So we need to exclude from the 
domain of g(x ) that value of x for which g( 
|e 

43x-2 =14 = 3x-26 = 3xx =2 


So the domain of feg is the set of all real 
numbers except 23 and 2. This means that 
x# 23 orx4#2 


We can write this in interval notation as 


Finding the Domain of a Composite 
Function Involving Radicals 


Find the domain of 
( fog )(x) where f(x)= x+2and g(x)= 3-x 


Because we cannot take the square root of a 
negative number, the domain of g is ( — ~,3 
]. Now we check the domain of the composite 


function 
( fog )(x) = 3-x+2 


Forties \(xji—"3— x42. 5—x4-2 = 0) since 
the radicand of a square root must be positive. 
Since square roots are positive, 3—x =O, or, 
3—x =0, which gives a domain of (-~,3]. 


Analysis 

This example shows that knowledge of the 
range of functions (specifically the inner 
function) can also be helpful in finding the 
domain of a composite function. It also shows 
that the domain of fg can contain values that 
are not in the domain of f, though they must 
be in the domain of g. 


Find the domain of 
( fog )(x) where f(x)= 1x—2and g(x)= x 


+4 


Decomposing a Composite Function into 
its Component Functions 


In some cases, it is necessary to decompose a 
complicated function. In other words, we can write 
it as a composition of two simpler functions. There 
may be more than one way to decompose a 
composite function, so we may choose the 
decomposition that appears to be most expedient. 


Decomposing a Function 


Write f(x)= 5— x2 as the composition of 
two functions. 


We are looking for two functions, g and h, so 
f(x) = g(h(x)). To do this, we look for a 
function inside a function in the formula for 
f(x). As one possibility, we might notice that 
the expression 5— x 2 is the inside of the 
square root. We could then decompose the 
function as 

h(x)=5— x 2 and g(x)= x 


We can check our answer by recomposing the 
functions. 
g(h(x))=eg(5- x2)=5-x2 


Write f(x)= 43-— 4+ x2 as the composition 
of two functions. 


Possible answer: 


e(x)= 44+ x2h(x)= 43-x f=he¢g 


Access these online resources for additional 
instruction and practice with composite functions. 


Composite Functions 

Composite Function Notation Application 
Composite Functions Using Graphs 
Decompose Functions 

Composite Function Values 


Key Concepts 


* The domain of a function includes all real input 
values that would not cause us to attempt an 
undefined mathematical operation, such as 
dividing by zero or taking the square root of a 


negative number. 

The domain of a function can be determined by 
listing the input values of a set of ordered pairs. 
See [link]. 

The domain of a function can also be 
determined by identifying the input values of a 
function written as an equation. See [link], 
[link], and [link]. 

Interval values represented on a number line 
can be described using inequality notation, set- 
builder notation, and interval notation. See 
[link]. 

For many functions, the domain and range can 
be determined from a graph. See [link] and 
[link]. 

An understanding of toolkit functions can be 
used to find the domain and range of related 
functions. See [link], [link], and [link]. 
Composition of Functions: The composition 
of functions f and g, is written feg and is 
defined by 

(feg)(x) = f(g(x)) 

We read f(g(x)) as f of g of x. 

We can perform algebraic operations on 
functions. See [link]. 

When functions are combined, the output of 
the first (inner) function becomes the input of 
the second (outer) function. 

The function produced by combining two 
functions is a composite function. See [link] 
and [link]. 


¢ The order of function composition must be 
considered when interpreting the meaning of 
composite functions. See [link]. 

¢ A composite function can be evaluated by 
evaluating the inner function using the given 
input value and then evaluating the outer 
function taking as its input the output of the 
inner function. 

* The domain of a composite function consists of 
those inputs in the domain of the inner 
function that correspond to outputs of the inner 
function that are in the domain of the outer 
function. See [link] and [link]. 

¢ Just as functions can be combined to form a 
composite function, composite functions can be 
decomposed into simpler functions. 

* Functions can often be decomposed in more 
than one way. See [link]. 


Practice Makes Perfect 


For the following exercises, find the domain of each 
function using interval notation. 


f(x)=5-2x2 


(— 0,00) 


f(x )=3- 6-2x 


C= co 3] 


f(x )= 3x+14x+2 


f(x)= x-3x2 +9x-22 


2x+15-x 


b= 0° 5) 


f(x)= x-6x-4 


[6,°) 


f(x)= x2 —9xx 2 -81 


For f(x)= 1x and g(x)= x—1, write the 
domain of (f°g)(x) in interval notation. 


(1) 


Given f(x)= x 2 + 2x and g(x)=6-— x 2, find f 
+¢,f—g,fg,and fg. 

(f+g)( x )=2x+6, domain: (— ~,~) 

(f—g)(x )=2x2 +2x—6, domain: (— ~,~) 


(fg)(x )=- x4 -2x3 +6x2 +12x, domain: 
(— ~,°) 


(fg)(x)= x2 +2x6— x2, domain: (—~&, 
=6 JUC— 6.4 6JUC6 23) 


Given f(x)=2 x 2 + 4x and g(x)= 1 2x, find f 
+¢,f—g,fg, andfg. 


(f+g)(x)=4x3+4+8x2+4+1 2x, domain: 
(= co ,0)U(O, ~ ) 


(f-g)(x)= 4x3 +8x2 —1 2x, domain: 
(= co ,0)U(O, ~ ) 


(fg)( x )=x+2, domain: (— ~,0)U(0, ~) 
(f¢)(x)=4x3 4+8x2, domain: 
Ci co ,0)U(O, ~ ) 


Given f(x)=3x2 and g(x)= x—5, find f+g, 
f—g,fg, andfg. 

(f+g)(x)=3 x 2 + x—5, domain: [5,-) 
(f—g)(x)=3 x 2 — x—5, domain: [5,-) 
(fg)(x)=3 x 2x—5, domain: [5,0) 


(fg)@)= 3x2x-—-5, domain: (5,0) 


Find and Evaluate Composite Functions 


In the following exercises, find @ (f° g)(x), © (g° f) 
(x), and © (f- g)(0). 


f(x) =4x+3 and g(x)=2x+5 


@ 8x+23 © 8x+11 © 
8x2 + 26x+15 


f(x) =6x—5 and g(x) =4x+1 


@ 24x+1 © 24x-19 
© 24x2+14x-—5 


f(x) = 3x and g(x) = 2x2 — 3x 


@ 6x2—9x © 18x2—9x 
© 6x3 — 9x2 


For the following exercises, use each pair of 
functions to find f( g(x )) and g( f(x) ). Simplify 
your answers. 


fX)= x +2,g(%)= x2 +3 


f(g(x))= x2 +3 +2, g(f(x))=x+4x +7 


For the following exercises, find functions f(x) and 
g(x) so the given function can be expressed as 
h(x) = f( g(x) ). 


h(x)= (x-5) 3 


sample: f(x)= x 3 g(x)=x-—5 


h(x) = 4 (x+2) 2 

sample: f(x)= 4x g(x) = (x+2) 2 
h(x) = 2x+6 

sample: f(x)= x g(x)=2x+6 


Glossary 


composite function 
the new function formed by function 
composition, when the output of one function 
is used as the input of another 


Inverse Functions (2.7) 
By the end of this section, you will be able to: 


¢ Determine whether a function is one-to-one 
¢ Find the inverse of a function 


This Module supports section 2.7 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. One-to-One Functions [link] 

2. Define Inverse of a Function [link] 
3. Find Inverse of a Function [link] 
4. Key Concepts [link] 


Determine Whether a Function is One-to- 
One 


When we first introduced functions, we said a 
function is a relation that assigns to each element in 
its domain exactly one element in the range. For 
each ordered pair in the relation, each x-value is 
matched with only one y-value. 


We used the birthday example to help us understand 
the definition. Every person has a birthday, but no 
one has two birthdays and it is okay for two people 
to share a birthday. Since each person has exactly 
one birthday, that relation is a function. 


A function is one-to-one if each value in the range 
has exactly one element in the domain. For each 
ordered pair in the function, each y-value is 
matched with only one x-value. 


Our example of the birthday relation is not a one-to- 
one function. Two people can share the same 
birthday. The range value August 2 is the birthday 
of Liz and June, and so one range value has two 
domain values. Therefore, the function is not one-to- 


one. 


One-to-One Function 

A function is one-to-one if each value in the range 
corresponds to one element in the domain. For 
each ordered pair in the function, each y-value is 
matched with only one x-value. There are no 
repeated y-values. 


For each set of ordered pairs, determine if it 
represents a function and, if so, if the function 
is one-to-one. 


@ {( re SEPA = 2,6), -t* 151);(050) (12 (258), 
(3,27)} and ® {(0,0),(1,1),(4,2),(9,3),(16,4)}. 


@ 
{( = SEP ATO NG aa 236) iA na I 1)(O:0) (12,8): 
(3,27)} 


Each x-value is matched with only one y-value. 
So this relation is a function. 


But each y-value is not paired with only one x- 
value, (— 3,27) and (3,27), for example. So 


this function is not one-to-one. 


© 
{(0,0),(1,1),(4,2),(9,3),(16,4)} 


Each x-value is matched with only one y-value. 
So this relation is a function. 


Since each y-value is paired with only one x- 
value, this function is one-to-one. 


For each set of ordered pairs, determine if it 
represents a function and if so, is the function 
one-to-one. 


@ {( a 35 he: 6),( oe 2, _ 4),( oe ibs Fr 2),(0;0);CE, 2); 


(2,4),(3,6)} ® {(—4,8),(—2,4),(—1,2),(0,0), 
(1,2),(2,4),(4,8)5 


@ One-to-one function 
© Function; not one-to-one 


To help us determine whether a relation is a 
function, we use the vertical line test. A set of points 


in a rectangular coordinate system is the graph of a 
function if every vertical line intersects the graph in 
at most one point. Also, if any vertical line intersects 
the graph in more than one point, the graph does 
not represent a function. 


The vertical line is representing an x-value and we 
check that it intersects the graph in only one y- 
value. Then it is a function. 


To check if a function is one-to-one, we use a similar 
process. We use a horizontal line and check that 
each horizontal line intersects the graph in only one 
point. The horizontal line is representing a y-value 
and we check that it intersects the graph in only one 
x-value. If every horizontal line intersects the graph 
of a function in at most one point, it is a one-to-one 
function. This is the horizontal line test. 


Horizontal Line Test 
If every horizontal line intersects the graph of a 


function in at most one point, it is a one-to-one 
function. 


We can test whether a graph of a relation is a 
function by using the vertical line test. We can then 
tell if the function is one-to-one by applying the 


horizontal line test. 


Determine @ whether each graph is the graph 
of a function and, if so, © whether it is one-to- 


one. 


Since any vertical line intersects the graph in 
at most one point, the graph is the graph of a 
function. Since any horizontal line intersects 
the graph in at most one point, the graph is 
the graph of a one-to-one function. 


© 


Since any vertical line intersects the graph in 
at most one point, the graph is the graph of a 
function. The horizontal line shown on the 
graph intersects it in two points. This graph 
does not represent a one-to-one function. 


Determine @ whether each graph is the graph 
of a function and, if so, © whether it is one-to- 
one. 


@ Not a function © One-to-one function 


Defining the Inverse of a Function 


Let’s look at a one-to one function, f, represented by 
the ordered pairs {(0,5),(1,6),(2,7),(3,8)}. For each 
x-value, f adds 5 to get the y-value. To ‘undo’ the 
addition of 5, we subtract 5 from each y-value and 
get back to the original x-value. We can call this 
“taking the inverse of f” and name the function f—1. 


Notice that that the ordered pairs of f and f—1 have 
their x-values and y-values reversed. The domain of 
f is the range of f—1 and the domain of f—1 is the 
range of f. 


Inverse of a Function Defined by Ordered Pairs 

If f(x) is a one-to-one function whose ordered pairs 
are of the form (x,y), then its inverse function f 

— 1(x) is the set of ordered pairs (y,x). 


The range of a function f(x) is the domain of the 
inverse function f —1 (x). 
The domain of f(x) is the range of f —1 (x). 


In the next example we will find the inverse of a 
function defined by ordered pairs. 


Find the inverse of the function {(0,3),(1,5), 
(2,7),(3,9)}. Determine the domain and range 
of the inverse function. 


This function is one-to-one since every x-value 
is paired with exactly one y-value. 


To find the inverse we reverse the x-values and 
y-values in the ordered pairs of the function. 
Function{(0,3),(1,5),(2,7),(3,9)}Inverse 
Function{(3,0),(5,1),(7,2),(9,3)}Domain of 
Inverse Function{3,5,7,9}Range of Inverse 
Function{0,1,2,3} 


Find the inverse of {(0,4),(1,7),(2,10),(3,13)}. 
Determine the domain and range of the 
inverse function. 


Inverse function: {(4,0),(7,1),(10,2),(13,3)}. 
Domain: {4,7,10,13}. Range: {0,1,2,3}. 


Since every point on the graph of a function f(x) is a 
mirror image of a point on the graph of f—1(x), we 


say the graphs are mirror images of each other 
through the line y=x. We will use this concept to 
graph the inverse of a function in the next example. 


Graph, on the same coordinate system, the 
inverse of the one-to one function shown. 


We can use points on the graph to find points 
on the inverse graph. Some points on the 
et oln lies (eyo) (cy ID OE 
(3,4). 


So, the inverse function will contain the 


pomts:(—3,—9)¢—1, >) (0. — 1) 220) (453): 


Notice how the graph of the original function 
and the graph of the inverse functions are 
mirror images through the line y =x. 


Given a function f(x), we represent its inverse as f 
— 1 (x), read as “f inverse of x.” The raised —1 is 
part of the notation. It is not an exponent; it does 
not imply a power of —1 .In other words, f —1 
(x) does not mean 1 f(x) because 1 f(x) is the 
reciprocal of f and not the inverse. 


The “exponent-like” notation comes from an 
analogy between function composition and 


multiplication: just as a —1a=1 (1 is the identity 
element for multiplication) for any nonzero number 
a, so f —1 ef equals the identity function, that is, 
(f —1 of )(@)= f -1(f&))=f -1(y)=x 


Inverse Functions 

For any one-to-one function f(x)=y, a function f 
—1(x) is an inverse function of f if f —1 
(y)=x. This can also be written as f —1 (f(x))=x 
for all x in the domain of f. It also follows that f( 
f —1 (x))=x for all x in the domain of f —1 if 
— is the inverse Of 1 

The notation f —1 is read “ f inverse.” Like any 
other function, we can use any variable name as 
the input for f —1 , so we will often write f —1 


(x), which we read as “f inverse of x.” Keep in 
mind that 


f —1 (x)= 1 f(x) 

and not all functions have inverses. 

Inverse function, which is a function for which 
the input of the original function becomes the 
output of the inverse function and the output of the 
original function becomes the input of the inverse 
function. 

f — 1(f(x)) = x,for allxin the domain offf(f 

— 1(x)) =x,for allxin the domain off—1 


When we began our discussion of an inverse 
function, we talked about how the inverse function 
‘undoes’ what the original function did to a value in 
its domain in order to get back to the original x- 
value. This holds for all x in the domain of f. 
Informally, this means that inverse functions “undo” 
each other. However, just as zero does not have a 
reciprocal, some functions do not have inverses. 


For example, y=4x and y= 1 4x are inverse 
functions. 
(f —1 of (x)= f -—1(4x)=14( 4x )=x 


and 
(fef —1 )(x)=f(14x)=4(014x)=x 


We can use this property to verify that two 
functions are inverses of each other. 


How To 

Given two functions f(x) and g(x), test 
whether the functions are inverses of each 
other. 


1. Determine whether f(g(x))=x or g(f(x)) =x. 
2. If either statement is true, then both are true, 


and g=f —1 and f= g —1. If either 
statement is false, then both are false, and g= 
1h guard) fee Il 


Verify that f(x) =5x—1 and g(x)=x+15 are 


inverse functions. 


The functions are inverses of each other if 
g(f(x)) =x and f(g(x)) =x. 


Substitute 5x — 1 for 
f(x). 


i 


Simplify. 


Simplify. 


ae ae 

a A 1 
Substitute x + 15 for 
g(x 


ose 
phe a 


Simplify. 


Simplify. 


Since both g(f(x)) =x and f(g(x)) =x are true, 
the functions f(x) =5x—1 and g(x)=x+15 are 
inverse functions. That is, they are inverses of 
each other. 


Verify that the functions are inverse functions. 


f(x) =4x—3 and g(x) =x+ 34. 


g(f(x)) =x, and f(g(x)) =x, so they are inverses. 


Verify that the functions are inverse functions. 


f(x) =2x+6 and g(x) =x— 62. 


g(f(x)) =x, and f(g(x)) =x, so they are inverses. 


Testing Inverse Relationships Algebraically 


If f(x)=1x+2 and g(x)=1x —2, is g= 
f-1? 


e(f(x%)) = 1(01x+2) -2 =x+2-2 =x 


SO 
g=f —landf=g—-1 


This is enough to answer yes to the question, 
but we can also verify the other formula. 
f(g(x)) = 11x -2+2=11x=x 


Analysis 


Notice the inverse operations are in reverse 
order of the operations from the original 
function. 


Finding the Inverse of a Function 


We have found inverses of function defined by 
ordered pairs and from a graph. We will now look at 
how to find an inverse using an algebraic equation. 
The method uses the idea that if f(x) is a one-to-one 
function with ordered pairs (x,y), then its inverse 
function f—1(x) is the set of ordered pairs (y,x). 


If we reverse the x and y in the function and then 
solve for y, we get our inverse function. 


How To Find the Inverse 


Substitute y for f(x). Interchange the variables x 
and y. Solve for y. Substitute f—1(x) for y. Verify 
that the functions are inverses. 


How to Find the inverse of a One-to-One 
Function 


Find the inverse of f(x) =4x+7. 


Find the inverse of the function f(x) =5x—3. 
f—1(x)=x+35 


How to Find the Inverse of a One-to-One 
Function 


Find the inverse of f(x) = 2x —35. 


f(x) = 2x — 35Substituteyforf(x).y = 2x 

— 35Interchange the variablesxandy.x = 2y 
— 35Solve fory.(x)5 = (2y — 35)5x5 = 2y 

— 3x5+3=2yx5 + 32 = ySubstitutef 

— 1(x)fory.f—1(x)=x5+ 32 


Verify that the functions are inverses. 

f— 1(f(x)) = ?xf(f — 1(x)) = ?xf —1(2x — 35) =? 
xf(x5 + 32) = ?x(2x —35)5+32=? 
x2(x5+32)-—35=?x2x—3+32=? 

XxX5 + 3— 35 = ?x2x2 = ?xx55 = ?xx =X/X=xX¥ 


Find the inverse of the function f(x) = 6x — 74. 


f—1(x)=x4+76 


f(x)= xx+2 


f —1 (x)= -2xx-1 


Key Concepts 


* Composition of Functions: The composition 
of functions f and g, is written feg and is 
defined by 
(fog)(x) = f(g(x)) 

We read f(g(x)) as f of g of x. 

* Horizontal Line Test: If every horizontal line, 
intersects the graph of a function in at most 
one point, it is a one-to-one function. 

* Inverse of a Function Defined by Ordered 


Pairs: If f(x) is a one-to-one function whose 

ordered pairs are of the form (x,y), then its 

inverse function f—1(x) is the set of ordered 

pairs (y,x). 

Inverse Functions: For every x in the domain 

of one-to-one function f and f—1, 

f—1(f(x)) =xf(f-—1(x)) =x 

¢ How to Find the Inverse of a One-to-One 
Function: 


Substitute y for f(x). Interchange the variables x 
and y. Solve for y. Substitute f—1(x) for y. 
Verify that the functions are inverses. 


Practice Makes Perfect 
Determine Whether a Function is One-to-One 
In the following exercises, determine if the set of 


ordered pairs represents a function and if so, is the 
function one-to-one. 


{( a 359); a 2,4),( _ 1,1),(0,0), 
(1,1),(2,4),(3,9)} 


Function; not one-to-one 


AL—3, =5),( = 2, =3),C= 1, _ 1), 
(0,1),(1,3),(2,5),(3,7)} 


One-to-one function 


In the following exercises, determine whether each 
graph is the graph of a function and if so, is it one- 
to-one. 


@ 


@ Not a function © Function; not one-to-one 


@ 


@ One-to-one function 
® Function; not one-to-one 


In the following exercises, find the inverse of each 
function. Determine the domain and range of the 
inverse function. 


{(2,1),(4,2),(6,3),(8,4)} 


Inverse function: {(1,2),(2,4),(3,6),(4,8)}. 
Domain: {1,2,3,4}. Range: {2,4,6,8}. 


{(0, — 2),(1,3),(2,7),(3,12)} 


Inverse function: {(—2,0),(3,1),(7,2),(12,3)}. 
Domain: { — 2,3,7,12}. Range: {0,1,2,3}. 


In the following exercises, determine whether or not 
the given functions are inverses. 


f(x) =x+8 and g(x)=x-8 


g(f(x)) =x, and f(g(x)) =x, so they are inverses. 


f(x) = 7x and g(x) =x7 


g(f(x)) =x, and f(g(x)) =x, so they are inverses. 


f(x) =7x+3 and g(x) =x-—37 


g(f(x)) =x, and f(g(x)) =x, so they are inverses. 


f(x) =x+2 and g(x) =x2-2 


g(f(x)) =x, and f(g(x)) =x, so they are inverses 
(for nonnegative x). 


In the following exercises, find the inverse of each 


function. 


f(x)=x-12 


f—1(x)=x+12 


f(x) = 9x 


f—1(x)=x9 


f(x) = 6x —7 


f—1(x)=x+76 


f(x) = -—2x+5 


f—1(x)=x-5-2 


f(x) =x3-4 


f—1(x)=x+43 


f(x)=1x+2 


f—1(x)=1x-2 

f(x) =x— 33 
f—1(x)=x3+4+3 
f(x) = 9x-54, x=59 
f—1(x)=x44+59, x=0 
f(x) = —3x+55 
f—1(x)=x5-5-3 


Glossary 


one-to-one function 
A function is one-to-one if each value in the 
range has exactly one element in the domain. 
For each ordered pair in the function, each y- 
value is matched with only one x-value. 


Quadratic Functions (3.1) 
By the end of this section, you will be able to: 


Recognize the graph of a quadratic function 
Find the axis of symmetry and vertex of a 
parabola 

Find the intercepts of a parabola 

Graph quadratic functions 

Solve maximum and minimum applications 


This Module supports section 3.1 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1 


by 


. Recognize the Graph of a Quadratic Function 


[link] 
Axis of Symmetry and Vertex of a Quadratic 
Function [link] 


. Intercepts of a Parabola [link] 
. Graph Quadratic Functions [link] 
. Maximum and Minimum of a Quadratic 


Function [link] 


. Key Concepts [link] 


Recognize the Graph of a Quadratic 
Function 


Previously we very briefly looked at the function 
f(x) =x2, which we called the square function. It 
was one of the first non-linear functions we looked 
at. Now we will graph functions of the form 

f(x) =ax2+ bx+c ifa~0O. We call this kind of 
function a quadratic function. 


Quadratic Function 
quadratic function, where a, b, and c are real 


numbers and a~(0, is a function of the form 
f(x) =ax2+bx+c 


We graphed the quadratic function f(x) =x2 by 
plotting points. 


Every quadratic function has a graph that looks like 
this. We call this figure a parabola. 


Let’s practice graphing a parabola by plotting a few 
points. 


Graph f(x) =x2-1. 


We will graph the function by plotting points. 


Choose integer values 
for x, 


nh art 
Plot the points, and 
then connect 


th 
cu 
re 
of 
fu 


Graph f(x) = —x2.. 


The graph of a quadratic function is a U-shaped 
curve called a parabola. One important feature of 
the graph is that it has an extreme point, called the 
vertex. If the parabola opens up, the vertex 
represents the lowest point on the graph, or the 
minimum value of the quadratic function. If the 
parabola opens down, the vertex represents the 
highest point on the graph, or the maximum value. 
In either case, the vertex is a turning point on the 
graph. The graph is also symmetric with a vertical 
line drawn through the vertex, called the axis of 
symmetry. These features are illustrated in [link]. 


Axis of Symmetry 


6 
rt 
= 
ia?) 
sees qs eeeseeseesesaas 


The y-intercept is the point at which the parabola 
crosses the y-axis. The x-intercepts are the points at 
which the parabola crosses the x-axis. If they exist, 
the x-intercepts represent the zeros, or roots, of the 
quadratic function, the values of x at which y=0. 


Identifying the Characteristics of a 
Parabola 


Determine the vertex, axis of symmetry, zeros, 


and y- intercept of the parabola shown in 
[link]. 


The vertex is the turning point of the graph. 
We can see that the vertex is at (3,1 ). 
Because this parabola opens upward, the axis 
of symmetry is the vertical line that intersects 
the parabola at the vertex. So the axis of 
symmetry is x=3. This parabola does not 
cross the x- axis, so it has no zeros. It crosses 
the y- axis at (0,7 ) so this is the y-intercept. 


All graphs of quadratic functions of the form f (x) = 
ax2 + bx + care parabolas that open upward or 
downward. See 


Notice that the only difference in the two functions 
is the negative sign before the quadratic term (x2 in 
the equation of the graph in ). When the 
quadratic term, is positive, the parabola opens 
upward, and when the quadratic term is negative, 
the parabola opens downward. 


Parabola Orientation 
For the graph of the quadratic function f (x) = ax2 
+ bx + c, if 


e a> 0, the parabola opens upward \f 


e a<0, the parabola opens downward ra 


Determine whether each parabola opens 
upward or downward: 


@ f(x)= —3x2+2x—4 © f(x)=6x2+7x-9. 


Find the value of “a”. 


66 99 


Since the “a” is 
negative, the parabola 
will open downward. 


Find the value of “a”. 


co 99 


Since the “a” is 
positive, the parabola 
will open upward. 


Determine whether the graph of each function 
is a parabola that opens upward or downward: 


@ f(x)=2x24+5x-—2 ® f(x) = —3x2—4x+7. 


@ up; ® down 


Find the Axis of Symmetry and Vertex of 
a Parabola 


The general form of a quadratic function presents 


the function in the form 
f(x)=ax 2 +bx+c 


where a,b, and c are real numbers and a=0O. If 
a>0O, the parabola opens upward. If a<0O, the 
parabola opens downward. We can use the general 
form of a parabola to find the equation for the axis 
of symmetry. 


Look again at [link]. Do you see that we could fold 
each parabola in half and then one side would lie on 
top of the other? The ‘fold line’ is a line of 
symmetry. We call it the axis of symmetry of the 
parabola. 


We show the same two graphs again with the axis of 
symmetry. See [link]. 


The axis of symmetry is defined by x= — b 2a. If 
we use the quadratic formula, x= —b+ b2 —4ac 
2a, tosolve ax 2 +bx+c=0 for the x- intercepts, 
or zeros, we find the value of x halfway between 


them is always x= — b 2a, the equation for the 
axis of symmetry. 


So to find the equation of symmetry of each of the 
parabolas we graphed above, we will substitute into 
the formula x= —b2a. 


Notice that these are the equations of the dashed 
blue lines on the graphs. 


The point on the parabola that is the lowest 
(parabola opens up), or the highest (parabola opens 
down), lies on the axis of symmetry. This point is 
called the vertex of the parabola. 


y=x*+4x+3 


Axis of symmetry —e} 


1 
oy 


We can easily find the coordinates of the vertex, 
because we know it is on the axis of symmetry. This 
means its 

x-coordinate is —b2a. To find the y-coordinate of 
the vertex we substitute the value of the x- 
coordinate into the quadratic function. 


Axis of Symmetry and Vertex of a Parabola 
The graph of the function f (x) = ax2 + bx + cis 
a parabola where: 


* the axis of symmetry is the vertical line x= 
= Dar 

¢ the vertex is a point on the axis of symmetry, 
so its x-coordinate is —b2a. 

¢ the y-coordinate of the vertex is found by 
substituting x = — b2a into the quadratic 
equation. 


Given a quadratic function in general form, 
find the vertex of the parabola. 


1. Identify a, b, and c. 
2. Find h, the x-coordinate of the vertex, by 
substituting a and b into h=-—b 2a. 


3. Find k, the y-coordinate of the vertex, by 
evaluating k=f( h)=f( — b 2a). 


For the graph of f(x) = 3x2 —6x+ 2 find: 


@ the axis of symmetry © the vertex. 


"a le 
The axis of symmetry 


is the vertical line 


Substitute the values of 
a,b into the 
ed 


Simplify. 


The axis of symmetry 


is the line x=1. 


The vertex is a point 
on the line of 

sy 

coordinate will be 
x— Ie 

Tind ff1) 


Find-fo>. 
Simplify. 

Ht =3 + 6 +2 
The result is the y- 
coordinate. 


The vertex is (1,—1). 


For the graph of f(x) = 2x2 —8x+1 find: 


@ the axis of symmetry © the vertex. 


@ x=2; © (2, —7) 


The standard form of a quadratic function 
presents the function in the form 
f(x) =a (x—h) 2 +k 


where (h, k ) is the vertex. Because the vertex 
appears in the standard form of the quadratic 
function, this form is also known as the vertex form 
of a quadratic function. 


As with the general form, if a>0, the parabola 
opens upward and the vertex is a minimum. If 

a<0O, the parabola opens downward, and the vertex 
is a maximum. [link] represents the graph of the 
quadratic function written in standard form as y= 
—3(x+2)2 +4. Since x-h=x+2 in this 
example, h=-2. In this form, a= —3,h= —2, and 
k=4. Because a<0O, the parabola opens downward. 
The vertex is at ( —2, 4). 


The standard form is useful for determining how the 
graph is transformed from the graph of y= x2. 
[link] is the graph of this basic function. 


The standard form and the general form are 
equivalent methods of describing the same 
function. We can see this by expanding out the 
general form and setting it equal to the standard 
form. 

a(x-h)2 +k =ax2+bx+cax2 —2ahx+(ah 2 
+k) =ax2+bx+c 


For the linear terms to be equal, the coefficients 
must be equal. 


—2ah=b, soh=-— b 2a 


This is the axis of symmetry we defined earlier. 
Setting the constant terms equal: 
ah2+k=ck=c-—ah2 =c-a-(b2a)2=c 
— b24a 


In practice, though, it is usually easier to remember 
that k is the output value of the function when the 
input is h, so f(h)=k. 


Forms of Quadratic Functions 

quadratic function is a polynomial function of 
degree two. The graph of a quadratic function is a 
parabola. 
The general form of a quadratic function is 


f(x) =a x 2 +bx+c where a,b, and c are real 
numbers and a0. 

The standard form of a quadratic function is 
f(x) =a (x—h) 2 +k where a=0. 

The vertex (h,k) is located at 

h=— b 2a, k=f(h) =f( —b 2a ) 


Finding the Vertex of a Quadratic Function 


Find the vertex of the quadratic function 
f(x) =2 x 2 -6x+7. Rewrite the quadratic in 
standard form (vertex form). 


The horizontal coordinate of the vertex will be 
ath = — b2a= — —62(2) = 64=32 

The vertical coordinate of the vertex will be at 
ko] fh) -=f032) = 2(382)2 —62) +7 = 52 


Rewriting into standard form, the stretch 
factor will be the same as the a in the original 
quadratic. First, find the horizontal coordinate 
of the vertex. Then find the vertical coordinate 
of the vertex. Substitute the values into 
standard form, using the "a" from the general 
form. 

f(x) = ax2 +bx+c f(x) = 2x 2 —6x+7 


The standard form of a quadratic function 
prior to writing the function then becomes the 
following: 

f(x )=2(x-32)2+52 


Analysis 


One reason we may want to identify the vertex of 
the parabola is that this point will inform us where 
the maximum or minimum value of the output 
occurs, k, and where it occurs, x. 


Given the equation g(x)=13+ x 2 —6x, write 
the equation in general form and then in 


standard form. 


g(x)= x 2 —6x+13 in general form; g(x)= (x 
—3) 2 +4 in standard form 


Find the Intercepts of a Parabola 


When we graphed linear equations, we often used 
the x- and y-intercepts to help us graph the lines. 
Finding the coordinates of the intercepts will help us 
to graph parabolas, too. 


Remember, at the y-intercept the value of x is zero. 
So to find the y-intercept, we substitute x = 0 into 
the function. 


Let’s find the y-intercepts of the two parabolas 
shown in [link]. 


An x-intercept results when the value of f (xc) is zero. 
To find an x-intercept, we let f (x) = 0. In other 
words, we will need to solve the equation 0 = ax2 
ae Doe eC fOr 2. 

f(x) =ax2+ bx+c0O=ax2+bx+c 


Solving quadratic equations like this is exactly what 
we have done earlier in this chapter! 


We can now find the x-intercepts of the two 
parabolas we looked at. First we will find the x- 
intercepts of the parabola whose function is f (x) = 
x2 + 4x + 3. 


Let f(x) =0. 


Factor. 


Use the Zero Product 
Property. 


Solve. 


The x-intercepts are 
(-—1,0) and (—3,0). 


Now we will find the x-intercepts of the parabola 
whose function is f (x) = —x2 + 4x + 3. 


Let f(x) =0. 


This quadratic does not 
factor, so 


The x-intercepts are 
(2+ 7,0) and 
(2—7,0). 


We will use the decimal approximations of the x- 
intercepts, so that we can locate these points on the 
graph, 

(2+7,0) = (4.6,0)(2 — 7,0) ~(—0.6,0) 


Do these results agree with our graphs? See [link]. 


Find the Intercepts of a Parabola 
To find the intercepts of a parabola whose function 
is f(x) =ax2+bx+c: 

-interceptx-interceptsLetx = Oand solve 
forf(x).Letf(x) =Oand solve forx. 


Find the intercepts of the parabola whose 
function is f(x) =x2 —2x-—8. 


To find the y- 
intercept, let 
x 

oalsra far fx7\ 
vvVvivw J 


LVL L\4Je 


El ee ee eee 

When x=0, 
then f(0)= —8. 
The y-intercept 
is the point (0, 
—2); 

To find the x-. 

intercept, let 

f( 


anlira Far w 
LVL 0 


Solve by 
factoring. 


When f(x) =0, 


then x= 4orx= 
—2. 

The x- 
intercepts are 
the points (4,0) 
and 

(2:0): 


Find the intercepts of the parabola whose 
function is f(x) =x2—4x—-—12. 


y-intercept: (0, —12) x-intercepts (—2,0),(6,0) 


We are now looking at quadratic functions of the 
form f (x) = ax2 + bx + c. The graphs of these 
functions are parabolas. The x-intercepts of the 
parabolas occur where f (x) = 0. 


For example: 

Quadratic equationQuadratic function x2 — 2x 
—15=0(«-5)(«k+3)=0x—5=0x+3=0x=5x= 
— 3Letf(x) = 0.f(x) = x2 —2x-—150=x2—- 2x 
—150=(«-5)(xk+3)x-—5=0x+3=0x=5x= 


— 3(5,0)and( — 3,0)x-intercepts 


The solutions of the quadratic function are the x 
values of the x-intercepts. 


Earlier, we saw that quadratic equations have 2, 1, 
or 0 solutions. The graphs below show examples of 
parabolas for these three cases. Since the solutions 
of the functions give the x-intercepts of the graphs, 
the number of x-intercepts is the same as the 
number of solutions. 


Previously, we used the discriminant to determine 
the number of solutions of a quadratic function of 
the form ax2 + bx +c=0. Now we can use the 
discriminant to tell us how many x-intercepts there 
are on the graph. 


Before you to find the values of the x-intercepts, you 
may want to evaluate the discriminant so you know 
how many solutions to expect. 


Po] 


Find the intercepts of the parabola for the 
function f(x) =5x2+x+4. 


To find the y-intercept, 
let x=0 and 


se 


| 


When x=0, then 
f(0) = 4. 
The y-intercept is the 


nnint (1 AY 
PV4zL1e LY») Te 


To find the x-intercept, 
let f(x) =0 and 


aon 
VY 


Find the value of the 
discriminant to 
predict the number of 
solutions which is 


also the number of x- 


. 
intarroanta 
AstLUELLCU pL. 


uTtaes 


Since the value of the 
discriminant is 
negative, there is no 
real solution to the 
equation. 

There are no x- 
intercepts. 


Find the intercepts of the parabola whose 
function is f(x) =3x2+4x+ 4. 


y-intercept: (0, 4) no x-intercept 


Graph Quadratic Functions Using 
Properties 


Now we have all the pieces we need in order to 


graph a quadratic function. We just need to put 
them together. In the next example we will see how 
to do this. 


How to Graph a Quadratic Function Using 
Properties 


Graph f (x) = x2 —6x + 8 by using its 
properties. 


Graph f (x) = x2 — 8x + 12 by using its 
properties. 


To graph a quadratic function using properties. 


Determine whether the parabola opens upward or 
downward. Find the equation of the axis of 
symmetry. Find the vertex. Find the y-intercept. 
Find the point symmetric to the y-intercept across 
the axis of symmetry. Find the x-intercepts. Find 
additional points if needed. Graph the parabola. 


We were able to find the x-intercepts in the last 
example by factoring. We find the x-intercepts in 
the next example by factoring, too. 


Graph f (x) = x2 + 6x — 9 by using its 
properties. 


ee (eee ee 
Since a is —1, the 
parabola opens 


rT 
To find the equation of 


the axis of symmetry, 


uS 


VeiUle 


The axis of symmetry 
isx=3. 


The vertex is on the 


Find f(3). 


xrartay ic (2 1) 


vay 
LIN VReeLera iv \YoVJe 


eases ES De 
The y-intercept occurs 


when x= 0. Find f(0). 


Substitute x =0. 


Simplify. 


The y-intercept is (0, 
—9); 

The point (0, — 9) is 

three units to the left 

of the line of 

symmetry. The point 

three units to the right 

of the line of symmetry 

is (6, —9). 


A TS A 
Point symmetric to the 


ar raant ia (A _ AY 


ay intereept iv XM) 4~J) 
The x-intercept occurs 
when f(x) =0. 


Find f(x) =0. 


Factor the GCF. 


Factor the trinomial. 


Solve for x. 


Connect the points to 
graph the parabola. 


Graph f (x) = 3x2 + 12x — 12 by using its 
properties. 


For the graph of f (0) = —x2 + 6x — 9, the vertex 
and the x-intercept were the same point. Remember 
how the discriminant determines the number of 
solutions of a quadratic equation? The discriminant 
of the equation 0 = —x2 + 6x — 9 is 0, so there is 
only one solution. That means there is only one x- 
intercept, and it is the vertex of the parabola. 


How many x-intercepts would you expect to see on 
the graph of f (xc) = x2 + 4x + 5? 


Graph f (x) = x2 + 4x + 5 by using its 
properties. 


Since a is 1, the 
parabola opens 


To find the axis of 
symmetry, find x= 


The equation of the 
axis of symmetry is x= 
=) 


—————— 
The vertex is on the 


24h1y A ale 


Find f(x) when x= — 2. 


an tartaw ia f__ 91) 
HIS VELLA Lv YL Hoi 


= 
The y-intercept occurs 


when x=0. 


Find f(0). 


Simplify. 


Tha ar intarannt ic (NM EY 
r 


a 
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The point (— 4,5) is 
two units to the left of 


Point symmetric to the 


ar intnanrannt ia f__A EY 
4 BENS AS dv \& Tov Je 


The x-intercept occurs 
when f(x)=0. 


Find f(x) =0. 


Tost tha dia 


erimi nt 
pUve use us GCYiisiitasae, 


Since the value of the 
discriminant is 


negative, there is 
no real solution and so 


Ann Vv intanrannt 
11VU NH frtUTivurpele 


Connect the points to 
graph the parabola. 


Graph f (x) = —3x2 — 6x — 4 by using its 


properties. 


Finding the y-intercept by finding f (0) is easy, isn’t 
it? Sometimes we need to use the Quadratic 
Formula to find the x-intercepts. 


Graph f (x) = 2x2 — 4x — 3 by using its 
properties. 


CE a es 
Since a is 2, the 


parabola opens 
upward. 


To find the equation of 
the axis of symmetry, 


uS 
= —h94 


ww 
a Veiule 


The equation of the 


axis of 
atrmem antes io vw — 1 
Ay/ SO et / £0 £4. &#@&Be 
The vertex is on the 
line x=1. 
Pei A 
Find f(1). 


Th xrantayw ia (1 _ EE) 


ma 
a  VWYeLEWs EV Ato vie 


The y-intercept occurs 
when x=0. 


Find f(0). 


Simplify. 


The y-intercept is (0, 
—3): 
The point (0,—3)is | Point symmetric to 
one unit to the left of the 
the line of y-intercept is (2, — 3) 
symmetry; 
The point one unit to 
the right of the line of 


om mater, ia (9 _ 9) 

uy Ce LES) / iv ee) Yije 
The x-intercept occurs 
when y=0. 


Find f(x) =0. 


Use the Quadratic 

Formula. 
ee ees ee 

Substitute in the values 

of a,b, and c. 


ES SS 
Simplify. 


Simplify inside the 
radical. 


Simplify the radical. 


Factor the GCF. 


yy ESS. SSS ESS 
Remove common 


factors. 


eS Se 
Write as two equations. 


iS Eee Ess Ss as 
Approximate the 


values. 
The approximate 
values of the 
x-intercepts are 
(2.5,0) and 
(_N&AN\ 
vu UeUgVsJ> 

Graph the parabola 


using the points found. 


Graph f (x) = —3x2 — 6x + 5 by using its 
properties. 


Po 


Solve Maximum and Minimum 
Applications 


Knowing that the vertex of a parabola is the lowest 
or highest point of the parabola gives us an easy 
way to determine the minimum or maximum value 
of a quadratic function. The y-coordinate of the 
vertex is the minimum value of a parabola that 
opens upward. It is the maximum value of a 
parabola that opens downward. See [link]. 


Minimum or Maximum Values of a Quadratic 
Function 

The y-coordinate of the vertex of the graph of a 
quadratic function is the 


* minimum value of the quadratic equation if the 
parabola opens upward. 

* maximum value of the quadratic equation if 
the parabola opens downward. 


SO 

f( —b 2a ) 

is the Minimum or Maximum depending on the 
parabola's orientation. 


Find the minimum or maximum value of the 
quadratic function f(x) =x2+2x-—8. 


Since a is positive, the 
parabola opens 
upward. 


The quadratic equation 
haa n mini 


LLUYD UF LEELA 


Find the equation of 


hh 
0 ee ee ee 


The equation of the 


axis of 
orm mater, ita vw — —_ 1 
eay/ ~~ RELELEWOUL Dé HG Omer" 4. “Css ae 
The vertex is on the 
line x= —1. 
a 7 ee Ye» 
Find f(—1). 


Th rartaw ia f__1 __O)\ 


nt 
de VeLeeaA lv | a> Jije 


Since the parabola has 
a minimum, the y- 
coordinate of 

the vertex is the 
minimum y-value of 
the quadratic 
equation. 

The minimum value of 
the quadratic is —9 


and it 


mnoniiwmTdEe tarhan vo 1 
VeLCULD wie A — Le 


aes ee 
Show the graph to 
verify the result. 


Find the maximum or minimum value of the 
quadratic function f(x) =x2—8x+12. 


The minimum value of the quadratic function 


is —4 and it occurs when x = 4. 


Find the maximum or minimum value of the 
quadratic function f(x) = —4x2+16x—11. 


The maximum value of the quadratic function 
is 5 and it occurs when x = 2. 


Access these online resources for additional 
instruction and practice with graphing quadratic 
functions using properties. 


Quadratic Functions: Axis of Symmetry and 
Vertex 


Finding x- and y-intercepts of a Quadratic 
Function 

Graphing Quadratic Functions 

Solve Maxiumum or Minimum Applications 
Quadratic Applications: Minimum and 
Maximum 


Key Concepts 


¢ Parabola Orientation 


© For the graph of the quadratic function 
f(x) =ax2+bx+c, if 


M@ a > 0, the parabola opens upward. 
M a < 0, the parabola opens downward. 


« Axis of Symmetry and Vertex of a Parabola The 
graph of the function f(x) =ax2+bx+c isa 
parabola where: 


© the axis of symmetry is the vertical line 
x= —b2a. 

© the vertex is a point on the axis of 
symmetry, so its x-coordinate is — b2a. 

© the y-coordinate of the vertex is found by 
substituting x = —b2a into the quadratic 
equation. 


Find the Intercepts of a Parabola 


© To find the intercepts of a parabola whose 
function is f(x) =ax2+bx+c: 
y-interceptx-interceptsLetx = Oand solve 
forf(x).Letf(x) = Oand solve forx. 


How to graph a quadratic function using 
properties. 


Determine whether the parabola opens upward 
or downward. Find the equation of the axis of 
symmetry. Find the vertex. Find the y-intercept. 
Find the point symmetric to the y-intercept 


across the axis of symmetry. Find the x- 
intercepts. Find additional points if needed. 
Graph the parabola. 


¢ Minimum or Maximum Values of a Quadratic 
Equation 


© The y-coordinate of the vertex of the graph 
of a quadratic equation is the 

© minimum value of the quadratic equation if 
the parabola opens upward. 

© maximum value of the quadratic equation 
if the parabola opens downward. 


Practice Makes Perfect 
Recognize the Graph of a Quadratic Function 


In the following exercises, graph the functions by 
plotting points. 


f(x) =x24+3 


y= —-x2+1 


For each of the following exercises, determine if the 
parabola opens up or down. 


@ f(x) = —2x2-6x-—7 
® f(x) =6x2+2x+3 


@ down © up 


@ f(x)= —3x24+5x-1 
® f(x)=2x2-—4x+5 


@ down © up 


Find the Axis of Symmetry and Vertex of a 
Parabola 


In the following functions, find @ the equation of 
the axis of symmetry and © the vertex of its graph. 


f(x) =x2+8x-1 


@ x= —4; © (—4, -17) 


f(x) = —x2+2x+5 


@ x=15 @©(1,2) 


Find the Intercepts of a Parabola 


In the following exercises, find the intercepts of the 
parabola whose function is given. 


f(x) =x2+7x+6 

y-intercept: (0, 6); x-intercept (—1, 0),(—6, 0) 
f(x) = -—x2+8x-19 

y-intercept: (0, —19); x-intercept: none 


f(x) = 4x2 —20x+ 25 
y-intercept: (0, — 16); x-intercept (52,0) 
f(x) = —x2-—6x-9 


y-intercept: (0, 9); x-intercept (— 3, 0) 


Graph Quadratic Functions Using Properties 


In the following exercises, graph the function by 
using its properties. 


f(x) =x2+6x+5 


f(x) =x2+4x+3 


f(x) = 9x2+12x+4 


f(x) = -—x2+2x-—7 


f(x) = 2x2-—4x+1 


f(x) = -—x2-—4x+2 


Solve Maximum and Minimum Applications 


In the following exercises, find the maximum or 
minimum value of each function. 


f(x) =2x2+x-1 


The minimum value is —98 when x= — 14. 


y=x2-6x+15 


The maximum value is 6 when x = 3. 


y= —9x2+16 


The maximum value is 16 when x = O. 


An arrow is shot vertically upward from a 
platform 45 feet high at a rate of 168 ft/sec. 
Use the quadratic function h(t) = —16t2 + 
168t + 45 find how long it will take the arrow 
to reach its maximum height, and then find the 
maximum height. 


In 5.3 sec the arrow will reach maximum height 
of 486 ft. 


A computer store owner estimates that by 
charging x dollars each for a certain computer, 
he can sell 40 — x computers each week. The 
quadratic function R(x) = —x2 + 40x is used to 
find the revenue, R, received when the selling 
price of a computer is x, Find the selling price 
that will give him the maximum revenue, and 
then find the amount of the maximum revenue. 


20 computers will give the maximum of $400 
in receipts. 


Glossary 


quadratic function 
A quadratic function, where a, b, and c are 
real numbers and a=~0, is a function of the 
form f(x) =ax2+ bx+c. 


Polynomial Functions (3.2) 
By the end of this section, you will be able to: 


* Determine the degree of polynomials 

¢ Add and subtract polynomials 

¢ Evaluate a polynomial function for a given 
value 

¢ Add and subtract polynomial functions 


This Module supports section 3.2 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Polynomial Functions and Leading Coefficient 
[link] 


2. Turning Points, Zeros, and Intercepts of 
Polynomial Functions [link] 

3. Zeros and Multiplicities [link] 

4. Graphing Polynomial Functions [link] 

5. Intermediate Value Theorem [link] 

6. Key Concepts [link] 


Polynomial Functions and Leading 


Coefficient 


Recall earlier we introduced Polynomials. Here is a 
brief review: 


A polynomial is a sum of or difference of terms, 
each consisting of a variable raised to a nonnegative 
integer power. A number multiplied by a variable 
raised to an exponent, such as 384m, is known as a 
coefficient. Coefficients can be positive, negative, 
or zero, and can be whole numbers, decimals, or 
fractions. Each product aixi, such as 384sw, isa 
term of a polynomial. If a term does not contain a 
variable, it is called a constant. 


A polynomial containing only one term, such as 5 x 
4 , is called a monomial. A polynomial containing 
two terms, such as 2x—9, is called a binomial. A 
polynomial containing three terms, such as —3 x 2 
+8x-—7, is called a trinomial. 


Here are some examples of polynomials. 


Polynomiay + 1 4a2—7ab 4x4+x3 1 8x2 9x 
+—2b2 + 

Mianamial 1/4 Qx79 — OAwO2Ar7E —1949hK9On 
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Binomial a+7b 4x2—y2 y2—-16 3p3q 


=OAnIa 
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Trinomial x2—7x 9m2+2mrmb6k4—ki+8k+3z2-1 
+12 — 8n2 


Degree of a Polynomial 
The degree of a term is the sum of the exponents 
of its variables. 


The degree of a constant is 0. 
The degree of a polynomial is the highest degree 
of all its terms. 


Here are some additional examples. 


Working with polynomials is easier when you list 
the terms in descending order of degrees. When a 
polynomial is written this way, it is said to be in 


standard form of a polynomial. Get in the habit of 
writing the term with the highest degree first. 


We can find the degree of a polynomial by 
identifying the highest power of the variable that 
occurs in the polynomial. The term with the highest 
degree is called the leading term because it is 
usually written first. The coefficient of the leading 
term is called the leading coefficient. When a 
polynomial is written so that the powers are 
descending, we say that it is in standard form. 


Leading coefficient 
Degree 


AnX” +.....+ Agx® + aX + Ay 


Leading term 


The same process can be applied to polynomial 
functions. 


A polynomial function consists of either zero or 
the sum of a finite number of non-zero terms, each 
of which is a product of a number, called the 
coefficient of the term, and a variable raised to a 
non-negative integer power. 


Polynomial Functions 
Let n be a non-negative integer. A polynomial 
function is a function that can be written in the 


form 

fxy=anxnt+..+a2x2+alxt+a0 

This is called the general form of a polynomial 
function. Each ai isa coefficient and can be any 
real number, but an cannot = O. Each 
expression aixi is aterm of a polynomial 
function. The number a0O_ that is not multiplied 
by a variable is called a constant. 


Identifying Polynomial Functions 


Which of the following are polynomial 
functions? 

f(x) = 2x 3 -3x+4 g(x) = —x(x 2 —4) h(x) 
= ker 


The first two functions are examples of 
polynomial functions because they can be 
written in the form f(x)= anxn+...4+a2x 
2+ai1x+a0, where the powers are non- 
negative integers and the coefficients are real 
numbers. 


¢ f(x) can be written as f(x)=6 x4 +4. 

* g(x) can be written as g(x)= — x3 +4x. 

¢ h(x) cannot be written in this form and is 
therefore not a polynomial function. 


a 


Remember, like we discussed above, although the 
order of the terms in the polynomial function is not 
important for performing operations, we typically 
arrange the terms in descending order of power, or 
in general form. The degree of the polynomial is the 
highest power of the variable that occurs in the 
polynomial; it is the power of the first variable if the 
function is in general form. The leading term is the 
term containing the highest power of the variable, 
or the term with the highest degree. The leading 
coefficient is the coefficient of the leading term. 


Terminology of Polynomial Functions 
We often rearrange polynomials so that the powers 
are descending. 


Leading coefficient Degree 


f(x) = a,x" + + @x* + a,x + a 


Leading term 


When a polynomial is written in this way, we say 
that it is in general form. 


Given a polynomial function, identify the 
degree and leading coefficient. 


1. Find the highest power of x to determine the 
degree function. 

2. Identify the term containing the highest power 
of x to find the leading term. 

3. Identify the coefficient of the leading term. 


Identifying the Degree and Leading 
Coefficient of a Polynomial Function 


Identify the degree, leading term, and leading 
coefficient of the following polynomial 
functions. 

f(x) = 3+2x2-4x3e(t) =5t5 -2t3 
+7th(p) = 6p— p3 -2 


For the function f(x ), the highest power of x 
is 3, so the degree is 3. The leading term is the 
term containing that degree, —4x3. The 
leading coefficient is the coefficient of that 
term, —4. 


For the function g(t ), the highest power of t 
is 5, so the degree is 5. The leading term is 
the term containing that degree, 5t5. The 
leading coefficient is the coefficient of that 


term, 5. 


For the function h( p ), the highest power of 
p is 3, so the degree is 3. The leading term is 
the term containing that degree, —p 3. The 
leading coefficient is the coefficient of that 
evannl, = Ihe 


Polynomial functions of degree 2 or more have 
graphs that do not have sharp corners; these types 
of graphs are called smooth curves. Polynomial 
functions also display graphs that have no breaks. 
Curves with no breaks are called continuous. [link] 
shows a graph that represents a polynomial function 
and a graph that represents a function that is not a 
polynomial. 


Recognizing Polynomial Functions 


Which of the graphs in [link] represents a 
polynomial function? 


¥ y 
4 4 


The graphs of f and h are graphs of 
polynomial functions. They are smooth and 
continuous. 


The graphs of g and k are graphs of functions 
that are not polynomials. The graph of 
function g has a sharp corner. The graph of 
function k is not continuous. 


The behavior of the graph of a function as the input 


values get very small ( x— - ) and get very large 
( xo ) is referred to as the end behavior of the 
function. We can use words or symbols to describe 
end behavior.To describe the behavior as numbers 
become larger and larger, we use the idea of 
infinity. We use the symbol - for positive infinity 
and —- for negative infinity. When we say that “ 
x approaches infinity,” which can be symbolically 
written as xo, we are describing a behavior; we 
are saying that x is increasing without bound. 


Knowing the degree of a polynomial function is 
useful in helping us predict its end behavior. To 
determine its end behavior, look at the leading term 
of the polynomial function. Because the power of 
the leading term is the highest, that term will grow 
significantly faster than the other terms as x gets 
very large or very small, so its behavior will 
dominate the graph. For any polynomial, the end 
behavior of the polynomial will match the end 
behavior of the leading term. 


Polynomial Leading Term Graph of 
Function Polynomial 
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fx)=5x44+2x5x4 
3 -x-4 


y 
f(x)=-2x6-- -2x6 
x54+3x4+x 
3 


y 
f(x)=3x5 -4x3x5 
44+2x24+1 


y 
f(x)=-6x347-6x3 
x2 +3x+1 


Leading Coeffiient Test 


As we pointed out when discussing quadratic 
equations, when the leading term of a polynomial 
function, anxn, is an even power function, as x 
increases or decreases without bound, f(x) increases 
without bound. When the leading term is an odd 
power function, as x decreases without bound, f(x) 
also decreases without bound; as x increases 
without bound, f(x) also increases without bound. 
If the leading term is negative, it will change the 
direction of the end behavior. [link] summarizes all 
four cases. 


Positive Leading 
Coefficient, a, > 0 


Positive Leading 
Coefficient, a, > 0 


End Behavior: 
X > %, f(x) > 2 
X > -~», f(x) > % 


End Behavior: 
x3, f(x) 3% 
X > —~, f(x) > 0 


Negative Leading 


Negative Leading 
Coefficient, a, <0 


Coefficient, a, <0 


y y 


End Behavior: 
x >, f(x) > —~0 
X 3-2, f(x) 4-0 


End Behavior: 
X 3 %, f(x) 4-20 
xX 3-2, f(x) > 


Identifying End Behavior and Degree of a 
Polynomial Function 


Describe the end behavior and determine a 


possible degree of the polynomial function in 
[link]. 


As the input values x get very large, the 
output values f(x) increase without bound. As 
the input values x get very small, the output 
values f(x) decrease without bound. We can 
describe the end behavior symbolically by 
writing 

as x—>— ©, f(x) — © as xo, f(x) 


In words, we could say that as x values 
approach infinity, the function values 
approach infinity, and as x values approach 
negative infinity, the function values approach 
negative infinity. 


We can tell this graph has the shape of an odd 
degree power function that has not been 
reflected, so the degree of the polynomial 


creating this graph must be odd and the 
leading coefficient must be positive. 


Describe the end behavior, and determine a 
possible degree of the polynomial function in 
[link]. 


As x—>co, f(x) — 0; as x>— ©, f(x) > — ©. 
It has the shape of an even degree power 
function with a negative coefficient. 


Identifying End Behavior and Degree of a 
Polynomial Function 


Given the function f(x) = —3 x 2 (x-—1)(««+ 4), 
express the function as a polynomial in general 
form, and determine the leading term, degree, 

and end behavior of the function. 


Obtain the general form by expanding the 
given expression for f(x ). 

f(x) = -—3x2 (x-1)(k+4) = -3x2(x2 
+3x-4) = -3x4-9x3412x2 


The general form is f(x )=—3x4-—-9x3 
+12x2. The leading term is —3 x 4; 
therefore, the degree of the polynomial is 4. 
The degree is even (4) and the leading 
coefficient is negative (—3), so the end 
behavior is 

as x — ©, f(x) — © as x> ©, f(x) — — © 


Given the function f(x) =0.2(x —2)(x+1)(x 
—5), express the function as a polynomial in 
general form and determine the leading term, 
degree, and end behavior of the function. 


The leading term is 0.2 x 3, so it is a degree 3 
polynomial. As x approaches positive infinity, 
f( x ) increases without bound; as x 


approaches negative infinity, f( x ) decreases 
without bound. 


Turning Points, Zeros, and Intercepts of 
Polynomial Functions 


In addition to the end behavior of polynomial 
functions, we are also interested in what happens in 
the “middle” of the function. In particular, we are 
interested in locations where graph behavior 
changes. A turning point is a point at which the 
function values change from increasing to 
decreasing or decreasing to increasing. 


We are also interested in the intercepts. As with all 
functions, the y-intercept is the point at which the 
graph intersects the vertical axis. The point 
corresponds to the coordinate pair in which the 
input value is zero. Because a polynomial is a 
function, only one output value corresponds to each 
input value so there can be only one y-intercept (0, 
aQ). The x-intercepts occur at the input values that 
correspond to an output value of zero. It is possible 


to have more than one x-intercept. See [link]. 
y 


2 turning points 


Lae y-intercept 


1 


The degree of a polynomial function helps us to 
determine the number of x-intercepts and the 
number of turning points. A polynomial function of 
nth degree is the product of n factors, so it will 
have at most n roots or zeros, or x-intercepts. The 
graph of the polynomial function of degree n must 
have at most n-1 turning points. This means the 
graph has at most one fewer turning point than the 
degree of the polynomial or one fewer than the 
number of factors. 


Turning Points of Polynomial Functions 


A turning point of a graph is a point at which the 
graph changes direction from increasing to 


decreasing (rising to falling) or decreasing to 
increasing (falling to rising). 

polynomial of degree n will have at most n—1 
turning points. 


Look at the graph of the polynomial function f(x) = 
x4 —x3 —4x2 +4x in [link]. The graph has 
three turning points. 

Increasing 


Decreasing 


Decreasing 


This function f is a 4th degree polynomial function 
and has 3 turning points. The maximum number of 
turning points of a polynomial function is always 
one less than the degree of the function. 


A continuous function has no breaks in its graph: 


the graph can be drawn without lifting the pen from 
the paper. A smooth curve is a graph that has no 
sharp corners. The turning points of a smooth graph 
must always occur at rounded curves. The graphs of 
polynomial functions are both continuous and 
smooth. 


Finding the Maximum Number of Turning 
Points Using the Degree of a Polynomial 
Function 


Find the maximum number of turning points 


of each polynomial function. 


1. fK)=- x3 4+4x5 -3x2+4+1 
2. f(x)= —- (x-1)2(14+2x2) 


1. First, rewrite the polynomial function in 
descending order: f(x)=4x5 — x3 -3x 
Peat 


Identify the degree of the polynomial 
function. This polynomial function is of 
degree 5. 


The maximum number of turning points 
is 5-1=4. 


2. First, identify the leading term of the 
polynomial function if the function were 
expanded. 


f(x) = -(x — 1)2 (1 + 2x) 
ay = “(0) (2x2) -2x4 


Then, identify the degree of the 
polynomial function. This polynomial 
function is of degree 4. 


The maximum number of turning points 
is 4-—1=3. 


Finding Zeros (x-intercepts) 

Recall that if f is a polynomial function, the values 
of x for which f(x )=0 are called zeros of f. If the 
equation of the polynomial function can be factored, 
we can set each factor equal to zero and solve for 
the zeros. 


We can use this method to find x- intercepts 
because at the x- intercepts we find the input values 
when the output value is zero. For general 
polynomials, this can be a challenging prospect. 
While quadratics can be solved using the relatively 
simple quadratic formula, the corresponding 


formulas for cubic and fourth-degree polynomials 
are not simple enough to remember, and formulas 
do not exist for general higher-degree polynomials. 
Consequently, we will limit ourselves to three cases: 


1. The polynomial can be factored using known 
methods: greatest common factor and trinomial 
factoring. 

2. The polynomial is given in factored form. 

3. Technology is used to determine the intercepts. 


Given a polynomial function f, find the x- 
intercepts by factoring. 


1. Set f(x )=0. 
2. If the polynomial function is not given in 
factored form: 


1. Factor out any common monomial 
factors. 

2. Factor any factorable binomials or 
trinomials. 


3. Set each factor equal to zero and solve to find 
the x- intercepts. 


Finding the x-Intercepts of a Polynomial 


Function by Factoring 


Find the x-intercepts of f(x)= x6 -—3x4 +2 
x2: 


We can attempt to factor this polynomial to 
find solutions for f(x )=0. 


x6 — 3x4+ 2x2 = O Factor out the greatest 
common factor. x 2(x 4 -3x2 +2) =0 
Factor the trinomial. x 2 (x 2 —1)(x 2 —2) = 
O Set each factor equal to zero. 

(x2-—1) = 0 (k2-2) = 0x2 = Oorx2 = lor 
mS 2x 0x] tx] 22 


This gives us five x-intercepts: (0,0),(1,0), 
(—1,0),( 2 ,0), and (— 2,0). See [link]. We 
can see that this is an even function because it 
is symmetric about the y-axis. 


Finding the x-Intercepts of a Polynomial 
Function by Factoring 


Find the x-intercepts of f(x)= x3 -—5x2 —x 
+5. 


Find solutions for f(x)=0 by factoring. 
x3—5x2—x+5 = 0 Factor by grouping. x2(x 
—5)—(x—5) = 0 Factor out the common 
factor. (x2—1)(x—5) = 0 Factor the 
difference of squares. (x+1)(x—1)(xk—5) = 0 
Set each factor equal to zero. 
x+l—OQorx—1 — O0o0rx—-5 —0x— —1x 
=I1x=5 


here are three sc intercepts: (— 10),( 2.0); 
and (5,0 ). See [link]. 


Now that we know how to find the X-intercepts, lets 
combine finding both x- and y- intercepts. 
Remember: 


Intercepts of Polynomial Functions 

The y-intercept is the point at which the function 
has an input value of zero. The x-intercepts are the 
points at which the output value is zero. 

Given a polynomial function, determine the 
intercepts. 


1. Determine the y-intercept by setting x=0 and 
finding the corresponding output value. 

2. Determine the x-intercepts by solving for the 
input values that yield an output value of 
zero. 


Finding the y- and x-Intercepts of a 
Polynomial in Factored Form 


Find the y- and x-intercepts of g(x)= (x—2) 2 
(2x +3). 


The y-intercept can be found by evaluating g( 
0). 
g(0) = (0—2) 2 (2(0)+ 3) = 12 


So the y-intercept is (0,12). 


The x-intercepts can be found by solving g(x 
)=0. 

(x-—2) 2 (2x+3)=0 

(x—2) 2 = 0 (2x+3) = 0Ox-2 = Oorx = 
are PAD, Gas 


So the x-intercepts are (2,0) and ( — 32,0). 
nalysis 


We can always check that our answers are 
reasonable by using a graphing calculator to graph 
the polynomial as shown in [link]. 
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Determining the Intercepts of a Polynomial 
Function 


Given the polynomial function f(x) = (x —2)(x 


+1)(x—4), written in factored form for your 
convenience, determine the y- and x- 
intercepts. 


The y-intercept occurs when the input is zero 
so substitute O for x. 
f(0) = (0) 4 —4 (0) 2 —45 = —45 


The y-intercept is (0, 8). 


The x-intercepts occur when the output is zero. 
0O=(x-—2)(x+1)(x-4) 

x—-2 = Oorx+1 = Oorx-4=0x=2o0rx 
= —lorx=4 


The x-intercepts are (2,0),(-1,0), and (4,0). 


We can see these intercepts on the graph of the 
function shown in [link]. 


SS 


9 


y-intercept (0, 8) A 


“5+ -x-intercepts 
(—1, 0), (2, 0), and (4, 0) 


Determining the Intercepts of a Polynomial 
Function with Factoring 


Given the polynomial function f(x)= x 4 —4x 
2 —45, determine the y- and x-intercepts. 


The y-intercept occurs when the input is zero. 
f(0) = (0) 4 —4 (0) 2 —45 = —45 


The y-intercept is (0,—45). 


The x-intercepts occur when the output is zero. 
To determine when the output is zero, we will 
need to factor the polynomial. 

f(x) = x4 -4x2 -45 =(x2 -9)(x2 +5 
) = (k-3)(K+3)(x2 +5) 
0=(x-—3)(xk+3)(x2 +5) 

x—-—3 = Oorx+3 = Oorx2 +5=0x = 3o0r 
x = —3or (no real solution) 


The x-intercepts are (3,0) and (-3,0). 
We can see these intercepts on the graph of the 


function shown in [link]. We can see that the 
function is even because f( x )=f( —x ). 


x-intercepts 
(—3, 0) and 


Sa re 


(0, —45) 


Given the polynomial function f(x)=2 x 3 —6 
x 2 —20x, determine the y- and x-intercepts. 


y-intercept (0,0); x-intercepts (0,0),(—2,0), 
and (5,0) 


Intercepts and Turning Points of Polynomials 
polynomial of degree n will have, at most, n x- 
intercepts and n—1 turning points. 


Determining the Number of Intercepts and 
Turning Points of a Polynomial 


Without graphing the function, determine the 
local behavior of the function by finding the 
maximum number of x-intercepts and turning 
points for f(x)= -—3 x10 +4x7 —x4+2x 
So 


The polynomial has a degree of 10, so there 
are at most 10 x-intercepts and at most 9 
turning points. 


Without graphing the function, determine the 
maximum number of x-intercepts and turning 
points for f(x)=108-13x9 —8x4+14x12 


+2x3. 


There are at most 12 x- intercepts and at most 
11 turning points. 


Drawing Conclusions about a Polynomial 
Function from the Graph 


What can we conclude about the polynomial 
represented by the graph shown in [link] 
based on its intercepts and turning points? 


The end behavior of the graph tells us this is 
the graph of an even-degree polynomial. See 
[link]. 


turning points 


The graph has 2 x-intercepts, suggesting a 
degree of 2 or greater, and 3 turning points, 
suggesting a degree of 4 or greater. Based on 
this, it would be reasonable to conclude that 
the degree is even and at least 4. 


What can we conclude about the polynomial 
represented by the graph shown in [link] 
based on its intercepts and turning points? 


The end behavior indicates an odd-degree 
polynomial function; there are 3 x- intercepts 
and 2 turning points, so the degree is odd and 
at least 3. Because of the end behavior, we 
know that the lead coefficient must be 
negative. 


Drawing Conclusions about a Polynomial 
Function from the Factors 


Given the function f(x) = —4x(x+3 )(x-—4), 
determine the x- and y-intercepts, and the 
number of turning points. 


The y-intercept is found by evaluating f(0). 
f(0) = —4(0)(0+3)0-4 =0 


The y-intercept is (0,0). 


The x-intercepts are found by determining the 
zeros of the function. 

O= — 4x(x+3)(x-4) 

x = Oorx+3 = Oorx-—4 = 0x = O0orx = 
—-3orx = 4 


The x-intercepts are (0,0),(-3,0), and (4,0). 


The degree is 3 so the graph has at most 2 
turning points. 


Identifying the behavior of the graph at an x- 
intercept by examining the multiplicity of the zero. 


Zeros and Multiplicities 


Graphs behave differently at various x-intercepts. 
Sometimes, the graph will cross over the horizontal 
axis at an intercept. Other times, the graph will 
touch the horizontal axis and "bounce" off. 


Suppose, for example, we graph the function shown. 
f(x) =(x+ 3) (k-2) 2 (x+1) 3 


Notice in [link] that the behavior of the function at 
each of the x-intercepts is different. 
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The x-intercept x= —3 is the solution of equation 
(x+3)=0. The graph passes directly through the x- 
intercept at x= —3. The factor is linear (has a 
degree of 1), so the behavior near the intercept is 
like that of a line—it passes directly through the 
intercept. We call this a single zero because the zero 
corresponds to a single factor of the function. 


The x-intercept x=2 is the repeated solution of 
equation (x—2) 2 =0. The graph touches the axis 
at the intercept and changes direction. The factor is 
quadratic (degree 2), so the behavior near the 
intercept is like that of a quadratic—it bounces off 
of the horizontal axis at the intercept. 

(x-—2) 2 =(x-—2)(x—-2) 


The factor is repeated, that is, the factor (x—2 ) 
appears twice. The number of times a given factor 
appears in the factored form of the equation of a 
polynomial is called the multiplicity. The zero 
associated with this factor, x=2, has multiplicity 2 
because the factor (x—2 ) occurs twice. 


The x-intercept x= —1 is the repeated solution of 
factor (x+1)3 =0. The graph passes through the 
axis at the intercept, but flattens out a bit first. This 
factor is cubic (degree 3), so the behavior near the 
intercept is like that of a cubic—with the same S- 
shape near the intercept as the toolkit function f(x 
)= x3. We call this a triple zero, or a zero with 
multiplicity 3. 


For zeros with even multiplicities, the graphs touch 

or are tangent to the x-axis. For zeros with odd 

multiplicities, the graphs cross or intersect the x- 

axis. See [link] for examples of graphs of 

polynomial functions with multiplicity 1, 2, and 3. 
y y 
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p=1 p=2 p=3 


~ -x ~< -x ~< x 


’ ’ 
Single zero Zero with multiplicity 2 Zero with multiplicity 3 


For higher even powers, such as 4, 6, and 8, the 
graph will still touch and bounce off of the 
horizontal axis but, for each increasing even power, 


the graph will appear flatter as it approaches and 
leaves the x-axis. 


For higher odd powers, such as 5, 7, and 9, the 
graph will still cross through the horizontal axis, but 
for each increasing odd power, the graph will 
appear flatter as it approaches and leaves the x-axis. 


Graphical Behavior of Polynomials at x-Intercepts 
If a polynomial contains a factor of the form (x 
—h) p, the behavior near the x- intercept h is 
determined by the power p. We say that x=h isa 
zero of multiplicity p. 


The graph of a polynomial function will touch the 
-axis at zeros with even multiplicities. The graph 

will cross the x-axis at zeros with odd 

multiplicities. 

The sum of the multiplicities is the degree of the 

polynomial function. 


Given a graph of a polynomial function of 
degree n, identify the zeros and their 
multiplicities. 


1. If the graph crosses the x-axis and appears 
almost linear at the intercept, it is a single 
zero. 


2. If the graph touches the x-axis and bounces off 
of the axis, it is a zero with even multiplicity. 

3. If the graph crosses the x-axis at a zero, it is a 
zero with odd multiplicity. 

4. The sum of the multiplicities is n. 


Identifying Zeros and Their Multiplicities 


Use the graph of the function of degree 6 in 
[link] to identify the zeros of the function and 
their possible multiplicities. 


The polynomial function is of degree 6. The 
sum of the multiplicities must be 6. 


Starting from the left, the first zero occurs at 

x = —3. The graph touches the x-axis, so the 
multiplicity of the zero must be even. The zero 
of —3 most likely has multiplicity 2. 


The next zero occurs at x= —1. The graph 
looks almost linear at this point. This is a 
single zero of multiplicity 1. 


The last zero occurs at x=4. The graph 
crosses the x-axis, so the multiplicity of the 
zero must be odd. We know that the 
multiplicity is likely 3 and that the sum of the 
multiplicities is 6. 


Use the graph of the function of degree 9 in 
[link] to identify the zeros of the function and 
their multiplicities. 


The graph has a zero of -5 with multiplicity 3, 
a zero of -1 with multiplicity 2, and a zero of 3 
with multiplicity 4. 


Graphing Polynomial Functions 


We can use what we have learned about 
multiplicities, end behavior, and turning points to 
sketch graphs of polynomial functions. Let us put 
this all together and look at the steps required to 
graph polynomial functions. 


Given a polynomial function, sketch the graph. 


. Find the intercepts. 

. Check for symmetry. If the function is an even 
function, its graph is symmetrical about the y- 
axis, that is, f( —x )=f( x ). If a function is an 
odd function, its graph is symmetrical about 
the origin, that is, f{( —x )= —f( x ). 

. Use the multiplicities of the zeros to determine 
the behavior of the polynomial at the x- 
intercepts. 

. Determine the end behavior by examining the 
leading term. 

. Use the end behavior and the behavior at the 
intercepts to sketch a graph. 

. Ensure that the number of turning points does 
not exceed one less than the degree of the 
polynomial. 

. Optionally, use technology to check the graph. 


Sketching the Graph of a Polynomial 
Function 


Sketch a graph of f(x) = —2 (x+3) 2 (k—5). 


This graph has two x-intercepts. At x= —3, 
the factor is squared, indicating a multiplicity 
of 2. The graph will bounce at this x-intercept. 
At x=5, the function has a multiplicity of 
one, indicating the graph will cross through 
the axis at this intercept. 


The y-intercept is found by evaluating f(0). 
f{(0) = —2 (0+3) 2 (0-5) = —2-9:(—5) = 
90 


The y-intercept is (0,90). 


Additionally, we can see the leading term, if 
this polynomial were multiplied out, would be 
—2x3, so the end behavior is that of a 
vertically reflected cubic, with the outputs 
decreasing as the inputs approach infinity, and 
the outputs increasing as the inputs approach 
negative infinity. See [link]. 
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To sketch this, we consider that: 


As x—>-— oo the function f(x)~°, so we 
know the graph starts in the second 
quadrant and is decreasing toward the x- 
axis. 

Since f( —x )=—2( —x+3)2( -—x-5) 
is not equal to f(x ), the graph does not 
display symmetry. 

At ( —3,0 ), the graph bounces off of the 
x-axis, so the function must start 
increasing. 


At (0,90 ), the graph crosses the y-axis at 
the y-intercept. See [link]. 
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\ ¢ (0, 90) 
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Somewhere after this point, the graph must 
turn back down or start decreasing toward the 
horizontal axis because the graph passes 
through the next intercept at (5,0 ). See 
[link]. 
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~ @ (0, 90) 


(—3, 0) (5, 0) 
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As xc the function f(x)—— ~-, so we know 
the graph continues to decrease, and we can 
stop drawing the graph in the fourth quadrant. 


Using technology, we can create the graph for 
the polynomial function, shown in [link], and 
verify that the resulting graph looks like our 
sketch in [link]. 
The complete graph of the polynomial function 
f(x) = —2 (x+3) 2 (x—5) 

y 
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Sketch a graph of f(x)= 1 4 x (k—1) 4 («+3) 
Bi 


Using the Intermediate Value Theorem to show 
there exists a zero. 


Intermediate Value Theorem 


In some situations, we may know two points on a 
graph but not the zeros. If those two points are on 
opposite sides of the x-axis, we can confirm that 
there is a zero between them. Consider a polynomial 
function f whose graph is smooth and continuous. 
The Intermediate Value Theorem states that for 
two numbers a and b in the domain of f, if a<b 
and f(a )#f(b ), then the function f takes on every 
value between f(a) and f(b). (While the theorem 
is intuitive, the proof is actually quite complicated 
and requires higher mathematics.) We can apply 


this theorem to a special case that is useful in 
graphing polynomial functions. If a point on the 
graph of a continuous function f at x=a lies above 
the x- axis and another point at x=b lies below the 
x- axis, there must exist a third point between x=a 
and x=b where the graph crosses the x- axis. Call 
this point (c, f(c ) ). This means that we are 
assured there is a solution c where f( c )=0. 


In other words, the Intermediate Value Theorem 
tells us that when a polynomial function changes 
from a negative value to a positive value, the 
function must cross the x- axis. [link] shows that 
there is a zero between a and b. 


negative 


Intermediate Value Theorem 


Let f be a polynomial function. The Intermediate 
Value Theorem states that if f(a) and f(b) have 
opposite signs, then there exists at least one value 

c between a and b for which f(c )=0. 


Using the Intermediate Value Theorem 


Show that the function f(x)= x3 -—5x2 +3x 
+6 has at least two real zeros between x=1 
and x= 4. 


As a Start, evaluate f(x) at the integer values 
x=1,2,3, and 4. See [link]. 


vw 


f(x) 5 0 -3 


pa 
ie) 
qe) 

> 


We see that one zero occurs at x=2. Also, 
since f(3) is negative and f(4) is positive, by 
the Intermediate Value Theorem, there must 
be at least one real zero between 3 and 4. 


We have shown that there are at least two real 


zeros between x=1 and x=4. 
nalysis 
We can also see on the graph of the function in 


[link] that there are two real zeros between x=1 
and x — 4. 


f(1) =5 
positive 


f(4) = 2 
positive 


(3) = -3 
-54 negative 


Show that the function f(x)=7 x5 -—9x4 —- 
x 2 has at least one real zero between x=1 
and x=2. 


Because f is a polynomial function and since 
f(1) is negative and f(2) is positive, there is at 
least one real zero between x=1 and x=2. 


Access these online resources for additional 
instruction and practice with power and 
polynomial functions. 


Find Key Information about a Given 
Polynomial Function 

End Behavior of a Polynomial Function 
Turning Points and x- intercepts of 
Polynomial Functions 

Least Possible Degree of a Polynomial 
Function 


Key Concepts 


* Polynomials 


© Polynomial—A monomial, or two or more 
algebraic terms combined by addition or 
subtraction is a polynomial. 

© monomial —A polynomial with exactly 
one term is called a monomial. 

©. binomial — A polynomial with exactly 
two terms is called a binomial. 

© trinomial —A polynomial with exactly 
three terms is called a trinomial. 


Degree of a Polynomial 


© The degree of a term is the sum of the 
exponents of its variables. 

© The degree of a constant is 0. 

© The degree of a polynomial is the highest 
degree of all its terms. 


The behavior of a graph as the input decreases 
beyond bound and increases beyond bound is 
called the end behavior. 

The end behavior depends on whether the 
power is even or odd. See [link] and [link]. 

A polynomial function is the sum of terms, each 
of which consists of a transformed power 
function with positive whole number power. 
See [link]. 

The degree of a polynomial function is the 
highest power of the variable that occurs in a 
polynomial. The term containing the highest 
power of the variable is called the leading 


term. The coefficient of the leading term is 
called the leading coefficient. See [link]. 

The end behavior of a polynomial function is 
the same as the end behavior of the power 
function represented by the leading term of the 
function. See [link] and [link]. 

Polynomial functions of degree 2 or more are 
smooth, continuous functions. See [link]. 

To find the zeros of a polynomial function, if it 
can be factored, factor the function and set 
each factor equal to zero. See [link], [link], 
and [link]. 

Another way to find the x- intercepts of a 
polynomial function is to graph the function 
and identify the points at which the graph 
crosses the x- axis. See [link]. 

The multiplicity of a zero determines how the 
graph behaves at the x- intercepts. See [link]. 
The graph of a polynomial will cross the 
horizontal axis at a zero with odd multiplicity. 
The graph of a polynomial will touch the 
horizontal axis at a zero with even multiplicity. 
The end behavior of a polynomial function 
depends on the leading term. 

The graph of a polynomial function changes 
direction at its turning points. 

A polynomial function of degree n has at most 
n—1 turning points. See [link]. 

To graph polynomial functions, find the zeros 
and their multiplicities, determine the end 
behavior, and ensure that the final graph has at 


most n—1 turning points. See [link] and 
[link]. 

¢ The Intermediate Value Theorem tells us that if 
f(a) and f(b) have opposite signs, then there 
exists at least one value c between a and b 
for which f(.c )=0. See [link]. 


Practice Makes Perfect 
Determine the Type of Polynomials 


In the following exercises, determine if the 
polynomial is a monomial, binomial, trinomial, or 
other polynomial. 


@ 47x5—17x2y3 + y2 
® 5c3+11c2—c-8 
© 59ab+13b 

@ 4 

© 4pq+17 


@ trinomial, 5 © polynomial, 3 © binomial, 2 
@ monomial, 0 
© binomial, 1 


@ 8y—5x 

® y2—5yz—6z2 

© y3—8y2+2y—16 
@ 8lab4 —24a2b2+ 3b 
© -18 


@ binomial © trinomial 
© polynomial © trinomial 
© monomial 


For the following exercises, find the degree and 
leading coefficient for the given polynomial. 


FaALZEZ 


Degree = 2, Coefficient = —2 


x(4-— x 2 )(2x+1) 


Degree =4, Coefficient = —2 


For the following exercises, determine the end 
behavior of the functions. 


f(x)= x4 


Asx, f(x), asx—>— ~, f(x) 


f(x)=-2x4-3x2+x-l 


ASx—>— &, f(x) > — ©, asx, f(x) — © 


f(x)= x2(2x3 -x4+1) 


Asx—oo, f(x), as x—> — ©, f(x) > — © 


For the following exercises, determine whether the 
graph of the function provided is a graph of a 
polynomial function. If so, determine the number of 
turning points and the least possible degree for the 
function. 


Yes. Number of turning points is 2. Least 
possible degree is 3. 


Yes. Number of turning points is 1. Least 
possible degree is 2. 


For the following exercises, find the x- or t- 
intercepts (zeros) of the polynomial functions. 


C(t )=3(t+2 )(t—3 )(t+5) 


( 7 2,0),(3,0),( ~ 5,0) 


C(t )=2t(t-3)(t+1)2 


(3,0),(— 1,0); (0,0) 

f(Xx)= x3 + x2 —20x 
(0,0 ), ( —5,0 ), ( 4,0 ) 
f(x)=2x3 —x2 —8x+4 


(= 2;0), (2,0), ( 12 ,0 ) 


For the following exercises, find the intercepts of the 
functions. 


f(t )=2(t—1)(t+2 )(t—3) 


y-intercept is (0,12), t-intercepts are (1,0);(- 
2,0);and (3,0). 


f(x) =x( x 2 —2x-8) 


y-intercept is (0,0). x-intercepts are (0,0), 
(4,0), and ( —2, 0). 


For the following exercises, find the zeros and give 


the multiplicity of each. 


f(x)= x2(2x+3)5(x-4)2 


0 with multiplicity 2, — 32 with multiplicity 
5, 4 with multiplicity 2 


f(x)= x2(x2 +4x+4) 


0 with multiplicity 2, -2 with multiplicity 2 


For the following exercises, graph the polynomial 
functions. Note x- and y- intercepts, multiplicity, 
and end behavior. 


g(x )=(x+4)(x-1)2 


x-intercepts, (1, 0 ) with multiplicity 2, (-4, 0 
) with multiplicity 1, y- intercept ( 0, 4 ). As 
X—> — 00 ,f(x)—> — 00, asx—> co ,f(x)— oo. 


g(x) 


n( x )= —3x(x+2 )(x-4) 


x-intercepts (0, 0), (-2,0), (4,0) with 
multiplicity 1, y- intercept (0, 0). As x= 
— 00, f(x) c asx eo , f(x) — ©. 


n(x) 


For the following exercises, use the Intermediate 
Value Theorem to confirm that the given 
polynomial has at least one zero within the given 
interval. 


f(x) = x 3 —9x, between x=2 and x=4. 


f( 2 )=-10 and f( 4 )=28. Sign change 
confirms. 


f(x) = x 3 —100x+2, between x=0.01 and 
x=0.1 


f( 0.01 )=1.000001 and f( 0.1 )=-7.999. Sign 
change confirms. 


For the following exercises, use the given 
information about the polynomial graph to write the 
equation. 


Degree 3. Zeros at x=-2, x=1, and x=3. y- 
intercept at (0,—4). 


f(x)=- 23 (K+2)(x-1)(x—3) 


Degree 5. Double zero at x=1, and triple zero 
at x=3. Passes through the point (2,15). 


f(x) = -—15 (k-1) 2 &-3) 3 


Glossary 


binomial 
A binomial is a polynomial with exactly two 
terms. 


degree of a constant 
The degree of any constant is 0. 


degree of a polynomial 
The degree of a polynomial is the highest 
degree of all its terms. 


degree of a term 
The degree of a term is the sum of the 
exponents of its variables. 


monomial 
A monomial is an algebraic expression with 
one term. A monomial in one variable is a 
term of the form axm, where a is a constant 
and m is a whole number. 


polynomial 
A monomial or two or more monomials 


combined by addition or subtraction is a 
polynomial. 


standard form of a polynomial 
A polynomial is in standard form when the 
terms of a polynomial are written in 
descending order of degrees. 


trinomial 
A trinomial is a polynomial with exactly three 
terms. 


polynomial function 
A polynomial function is a function whose 
range values are defined by a polynomial. 


Dividing Polynomials (3.3) 
By the end of this section, you will be able to: 


* Dividing a polynomial by a monomial 

* Dividing polynomials using long division 

* Dividing polynomials using synthetic division 
* Use the remainder and factor theorems 


This Module supports section 3.3 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Dividing Polynomials Review [link] 
2. Divide Using Long Division [link] 

3. Synthetic Division [link] 

4. Remainder and Factor Theorem [link] 
5. Key Concepts [link] 


Polynomial Division Review 


The method we’ll use to divide a polynomial by a 
monomial is based on the properties of fraction 
addition. So we’ll start with an example to review 


fraction addition. The sum y5+ 25 simplifies to y 
+25: 


Now we will do this in reverse to split a single 
fraction into separate fractions. For example, y+ 25 
can be written y5+ 25. 


This is the “reverse” of fraction addition and it 
states that if a, b, and c are numbers where c~0, 
then a+ bc=ac+be. We will use this to divide 
polynomials by monomials. 


Division of a Polynomial by a Monomial 
To divide a polynomial by a monomial, divide each 
term of the polynomial by the monomial. 


Find the quotient: (18x3y — 36xy2) + (— 3xy). 


(TSx3y — 36xy2) =(— 3xy) Rewrite as a 
fraction.18x3y — 36xy2 — 3xyDivide each term 
by the divisor. Be careful with the signs!18x3y 
— ok) — 26xy2— oxyolmiplity,— 0x24 12y 


Find the quotient: (32a2b — 16ab2) + (—8ab). 


Find the quotient: 
(— 48a8b4 — 36a6b5) + (—6a3b3). 


8a5b + 6a3b2 


Divide Polynomials Using Long Division 


To divide a polynomial by a binomial, we follow a 
procedure very similar to long division of numbers. 
We start by dividing into the digits of the dividend 
that have the greatest place value. We divide, 
multiply, subtract, include the digit in the next place 
value position, and repeat. So let’s look carefully the 
steps we take when we divide a 3-digit number, 

875, by a 2-digit number, 25. 


We check division by multiplying the quotient by 
the divisor. 


If we did the division correctly, the product of 
quotient and divisor should equal the dividend. 
35:25875¢ 


To check your answers, you can look at the form of 
the solution in a different way. 

dividend = (divisor-quotient) + remainder 875 = 
(25-35) +0 = 875+0 = 875 


This process demonstrates the division algorithm. 


Division Algorithm 

The Division Algorithm states that, given a 
polynomial dividend f(x) and a non-zero 
polynomial divisor d(x) where the degree of d(x) 
is less than or equal to the degree of f(x) , there 
exist unique polynomials q(x) and r(x) such that 
f(x) = d(x)q(x) + r(x) 

q(x) is the quotient and r(x) is the remainder. The 


remainder is either equal to zero or has degree 
strictly less than d(x). 

If r(x)=0, then d(x) divides evenly into f(x). This 
means that, in this case, both d(x) and q(x) are 
factors of f(x). 


Now we will divide a trinomial by a binomial. As 
you read through the example, notice how similar 
the steps are to the numerical example above. 


Find the quotient. (x2)9x4>20) —(x4-5): 


Write it as a long 
division problem. 
Be 


ZL DLULIUULU LULA. 


Divide x2 by x. It may 


he 


(74 


at do I nee 
to multiply x by to get 
x2?” 

Put the answer, x, in 
the quotient over the x 


Line up the like terms 
andar tha Aividand 


RALALIEL LLLY ULV LLL LILe 


Subtract x2 +5x from 
Oda e oo 
Y 
to 
th 
Then bring down the 


lact tarm ON 
1UVJL UvLiil, aiVe 


Divide 4x by x. It maj 


to get 4x?” 
Put the answer, 4, in 
the quotient over the 


ennatant tarm 
ReVALILULLIEL LULIII1e 


Multiply 4 times x+ 5. 


eS 
Subtract 4x + 20 from. 
4x +20. 


Check: 

Multiply the quotient 
by the divisor. (x + 4)(x 
+5) 

You should get the 
dividend. x2 + 9x 


+20¥ 


Find the quotient: (y2+10y+21)+(y+3). 


When we divided 875 by 25, we had no remainder. 
But sometimes division of numbers does leave a 
remainder. The same is true when we divide 
polynomials. In the next example, we’ll have a 
division that leaves a remainder. We write the 
remainder as a fraction with the divisor as the 
denominator. 


Look back at the dividends in previous examples. 
The terms were written in descending order of 
degrees, and there were no missing degrees. The 
dividend in this example will be x4—x2+5x—6. It 
is missing an x3 term. We will add in 0x3 as a 
placeholder. 


Given a polynomial and a binomial, use long 
division to divide the polynomial by the 
binomial. 


1. Arrange the terms of in descending order of 
degrees,for both the dividend and divisor. 
Remember to add in any missing degrees as a 
placeholder for the dividend 

2. Set up the division problem. 

3. Determine the first term of the quotient by 
dividing the leading term of the dividend by 
the leading term of the divisor. 

4. Multiply the answer by the divisor and write it 
below the like terms of the dividend. 


5. Subtract the bottom binomial from the top 
binomial. 

6. Bring down the next term of the dividend. 

7. Repeat steps 2-5 until reaching the last term 
of the dividend. 

8. If the remainder is non-zero, express as a 
fraction using the divisor as the denominator. 


Rind the @uotient (4 —x247 9x — 6) (xa 2): 


Notice that there is no x3 term in the dividend. 
We will add 0x3 as a placeholder. 


Write it as a long 

division problem. Be 

SUD os reo ooo oe 
standard form with 
placeholders for 


miidnaing tarma 
ALLt0VU1i1 © tetitive 


Divide x4 by x. 

Put the answer, x3, in 
th 
x3 
Multiply x3 times x + 2. 
Line up the like terms. 
Subtract and then 
bring down the next 


tarm 
LeLiit. 


Divide — 2x3 by x. 
Put the answer, — 2x:? 


+1. Line up the like 
terms 
Subtract and bring 


darn tha navt tarm 
RAWYVV EEL LEEW LAWL LULILde 


Divide 3x2 by x. 
Put the answer, 3x, in 


Subtract and bring 


darn tha navt tarm 
RAY VV EEL LEED LAWL LULILde 


Divide —x by x. 

Put the answer, —1, :n 
the quotient over the 
constant term. 
Multiply —1 times x 


a fraction with the 
divisor as the 

To check, multiply (x 
+ 2)(x3 — 2x2 + 3x 
—1-—4x+2). 

The result should be 
x4—x2+5x—6. 


Find the qUuOIEnT: (x4 /x2 7x4, 0) (x43): 


x3 —3x2+2x+1+3x+3 


In the next example, we will divide by 2a+ 3. As we 
divide, we will have to consider the constants as 
well as the variables. 


Find the quotient: (8a3 + 27) + (2a+3). 


This time we will show the division all in one 
step. We need to add two placeholders in order 
to divide. 


To check, multiply (2a+ 3)(4a2—6a+9). 


The result should be 8a3 + 27. 


Find the quotient: (125x3 — 8) + (5x— 2). 


25x2+10x+4 


In the following example, we use division algorithm 
form to write the solution. Notice the answer is not 
just the quotient. 


Using Long Division to Divide a Second- 
Degree Polynomial 


PVC Sea yt 


x +1)5x2+3x—2 Setup the division problem. 


5x 
x+1)5x24+3x—2 5x? divided by x is 5x. 
5x 
x+1)5x2 + 3x—2 
(5x? + 5x) Multiply x + 1 by 5x. 
—2x—2 Subtract. Bring down the next term. 


5x — 2 
x+1)5x2+3x—2 —2x divided by xis —2. 
—(5x* + 5x) 
—2x-—2 
—(—2x — 2) Multiply x + 1 by —2. 
0 Subtract. 


The quotient is 5x—2. The remainder is 0. We 
write the result as 
cle Xe harlot 


or 
5x2 +3x—2=(x+1 )( 5x-2 ) 


Analysis 

This division problem had a remainder of 0. 
This tells us that the dividend is divided 
evenly by the divisor, and that the divisor is a 
factor of the dividend. 


Divide Polynomials using Synthetic 
Division 


As we have mentioned before, mathematicians like 
to find patterns to make their work easier. Since 
long division can be tedious, let’s look back at the 
long division we did in [link] and look for some 
patterns. We will use this as a basis for what is 
called synthetic division. The same problem in the 
synthetic division format is shown next. 


Synthetic division basically just removes 


unnecessary repeated variables and numbers. Here 
all the x and x2 are removed. as well as the —x2 
and — 4x as they are opposite the term above. 


The first row of the synthetic division is the 
coefficients of the dividend. The —5 is the opposite 
of the 5 in the divisor. 


The second row of the synthetic division are the 
numbers shown in red in the division problem. 


The third row of the synthetic division are the 
numbers shown in blue in the division problem. 


Notice the quotient and remainder are shown in the 
third row. 

Synthetic division only works when the divisor is of 
the formx —c. 


Synthetic Division 
Synthetic division is a shortcut that can be used 
when the divisor is a binomial in the form x—c 


where c is a real number. In synthetic division, 
only the coefficients are used in the division 
process. 


The following example will explain the process. 


Notice that the divisor is x+ 2. In this case, it is not 
a minus sign, but a plus. All you do is write the x +2 
as x-(-2). Making c=-2. 


Use synthetic division to find the quotient and 
remainder when 2x3 + 3x2+x-+8 is divided by 
Mog 


Write the dividend 
with decreasing powers 


anf 
vw. 


Write the coefficients 
of the terms as the first 
ro 


. ee 
Aixncinn 
UMLVLIIVItle 


Write the divisor as x 


—c and place c 
in 


division in the divisor 
[hae 


Bring down the first 
coefficient to the third 


Multiply that 
coefficient by the 
di 

re 

ro 


ann + 
VVC L111 Le 


Add the second 
column, putting the 
re 


ees 
Multiply that result by 
the divisor and place 


eanfhiniant 
Add the third column, 
putting the result in 


ST CS | 
Multiply that result by 
the divisor and place 


u 


ann + 
VVCLALLL 11 


Add the final column, 
putting the result in 


The quotient is 
2x2—1x+3 and the 
remainder is 2. 


The division is complete. The numbers in the 
third row give us the result. The 2— 13 are the 
coefficients of the quotient. The quotient is 
2x2 — Ix-- >. The 2 inj the box in the third row 
is the remainder. 


Check: 


(quotient) 

(divisor) + remainder = dividend(2x2 — 1x +3) 
(x+2)+2=22x3+3x2+x++8 2x3 —x2+3x 
+ 4x2 —2x +64 2=?2x3+3x2+x+8 

2x3 + 3x24+x+8=2x3+3x2+x+8V 


How To Divide a Polynomial by x—c 


1. Arrange the terms of in descending order of 
degrees,for both the dividend and divisor, 
adding a 0 coefficient for any missing degrees. 


2. Write c for the divisor. 

3. Write the coefficients of the dividend to the 
right. 

4. Bring the lead coefficient down to the bottom 
row. 

5. Multiply the lead coefficient by c. Write the 
product in the next column on the second row. 

6. Add the terms of the second column and write 
the sum on the bottom row. 

7. Repeat Multiplication/Addition steps until all 
columns are filled: Multiply the result by c. 
Write the product in the next column. 

8. Repeat steps 5 and 6 for the remaining 
columns. 

9. Use the bottom numbers to write the quotient. 
The number in the last column is the 
remainder and has degree 0, the next number 
from the right has degree 1, the next number 
from the right has degree 2, and so on. You 
may need to write the remainder over the 
divisor, rather than just state the remainder 
separately. This format is used in [link] 


Use synthetic division to find the quotient and 
remainder when 3x3 + 10x2 + 6x — 2 is divided 
Dy xa 2. 


Sxk2 4x — 222 


In the next example, we will do all the steps 
together. 


Use synthetic division to find the quotient and 
remainder when x4 — 16x2+ 3x +12 is divided 
by x+4. 


The polynomial x4 —16x2+ 3x+12 has its 
term in order with descending degree but we 
notice there is no x3 term. We will add a 0 as 
a placeholder for the x3 term. In x—c form, 
the divisor is x—(—4). 


We divided a 4th degree polynomial by a 1st 
degree polynomial so the quotient will be a 3rd 
degree polynomial. 


Reading from the third row, the quotient has 


the coefficients 1— 403, which is x3 —4x2+3. 
The remainder 
is O. 


Use synthetic division to find the quotient and 
remainder when x4 — 16x2+ 5x + 20 is divided 
by x+4. 


x3 — 4x2 +5;0 


Using Synthetic Division to Divide a 
Fourth-Degree Polynomial 


Use synthetic division to divide —9x4+10x 
Bie exe Ou ly 


Notice there is no x-term. We will use a zero as 
the coefficient for that term. 


=e ke 


The result is -9x3+x2+8x+8+2x-1. 


(4x3 -—5x2 +13 )+(x+4) 


4x2 -21x+84- 323 x+4 


Use the Remainder and Factor Theorem 


Let’s look at the division problems we have just 
worked that ended up with a remainder. They are 
summarized in the chart below. If we take the 
dividend from each division problem and use it to 
define a function, we get the functions shown in the 
chart. When the divisor is written as x—c, the value 
of the function at c,f(c), is the same as the 
remainder from the division problem. 


Divider d Divisor X RemaindeFunction f(c) 


—_— 7 


x4 —x2--5x—(-2) -—4 f(x) =x4-—-x¥24 5x 
—§& —6 

3x3 — 2x2 -« Ok 4 f(x) =3x3 -42x2 — 10x 
LQ taQ 
x4—16x2-«3x(-4) 3 f(x) =x4 — 386x2 + 3x 
+15 +15 


To see this more generally, we realize we can check 
a division problem by multiplying the quotient 
times the divisor and add the remainder. This 
should look familiar as it uses the Division 
Algorithm [link] we showed you earlier. 

f(x) = d(x)q(x) + r(x) . In function notation we could 
say, to get the dividend f(x), we multiply the 
quotient, q(x) times the divisor, x—c, and add the 
remainder, r. 


If we evaluate this at c, 
we get: 


This leads us to the Remainder Theorem. 


Remainder Theorem 
If the polynomial function f(x) is divided by x—c, 
then the remainder is f(c). 


Use the Remainder Theorem to find the 
remainder when f(x) =x3+3x+19 is divided 
by x2: 


To use the Remainder Theorem, we must use 
the divisor in the x—c form. We can write the 
divisor x +2 as x —(—2). So, our cis —2. 


To find the remainder, we evaluate f(c) which 
is f((-—2). 


To evaluate f(— 2), 
substitute x= — 2. 


Simplify. 
The remainder is 5 
when f(x) =x3 + 3x 
+19 is divided by x 
L9 

Check: 


Use synthetic division 


tran rhaols 
ey V11EOLUL 


a 
The remainder is 5. 


Use the Remainder Theorem to find the 


remainder when f(x) =x3—7x+12 is divided 
Dyakare. 


In the next example, we evaluate the function by 
using synthetic division first. 


Using the Remainder Theorem to Evaluate 
a Polynomial 


Use the Remainder Theorem to evaluate 
f(x)=6x4 —x3 -15x2 +2x-7 at x=2. 


To find the remainder using the Remainder 
Theorem, use synthetic division to divide the 
polynomial by x—2. 


218 -=1-1, 2. =F 
i? 22. 14 32 
S 1 F. 16. -2 


The remainder is 25. Therefore, f(2)=25. 


nalysis 


We can check our answer by evaluating f(2). 
f(x) = 6x4 —-x3 -15x2 +2x-7 f(2) = 6(2)4 
Se ee (2) ee 


Factor Theorem 


The Factor Theorem is another theorem that helps 
us analyze polynomial equations. It tells us how the 
zeros of a polynomial are related to the factors. 
Recall the Division Algorithm. f(x) = (xk —c)q(x) +r 


When we divided 8a3 + 27 by 2a+ 3 in [link] the 
result was 4a2 —6a+9. To check our work, we 
multiply 4a2—6a+9 by 2a+3 to get 8a3 + 27. 
(4a2 —6a+ 9)(2a+ 3) =8a3 + 27 


Written this way, we can see that 4a2—6a+9 and 
2a+3 are factors of 8a3 + 27. When we did the 
division, the remainder was zero. 


Whenever a divisor, x—c, divides a polynomial 
function, f(x), and resulting in a remainder of zero, 
we say x—c is a factor of f(x). 


The reverse is also true. If x—c is a factor of f(x) 
then x —c will divide the polynomial function 
resulting in a remainder of zero. 


We will state this in the Factor Theorem. 


Factor Theorem 
For any polynomial function f(x), 


¢ if x—c is a factor of f(x), then f(c)=0 
¢ if f(c)=0, then x—c is a factor of f(x) 


Use the Remainder Theorem to determine if x 
— 4 is a factor of f(x) =x3— 64. 


The Factor Theorem tells us that x—4 isa 

factor of f(x) =x3 — 64 if f(4) =0. 

f(x) =x3 —64To 

evaluatef(4)substitutex = 4.f(4) = 43 — 64Simplify.4(4) =¢ 


Since f(4) =0, x—4 is a factor of f(x) =x3— 64. 


Use the Factor Theorem to determine if x —5 is 
a factor of f(x) =x3-—125. 


Using the Factor Theorem to Find the Zeros 
of a Polynomial Expression 


Show that (x+2) is a factor of x3 -—6x2 


—x+30. Find the remaining factors. Use the 
factors to determine the zeros of the 
polynomial. 


We can use synthetic division to show that (x 
+2) is a factor of the polynomial. 


2\/1-6 =—1, 30 
=—2. AG 30 


ae: AS .'0 


The remainder is zero, so (x+2) is a factor of 
the polynomial. We can use the Division 
Algorithm to write the polynomial as the 
product of the divisor and the quotient: 
(x+2)( x 2 —8x+15) 


We can factor the quadratic factor to write the 
polynomial as 
(x + 2)(x-—3)(x—5) 


By the Factor Theorem, the zeros of x 3 —6x 
2 —x+30 are —2, 3, and 5. 


Use the Factor Theorem to find the zeros of 
f{xy— x 34 x2 — 4x — 6 given tat (x— 2) 
is a factor of the polynomial. 


The zeros are 2, —2, and —4. 


Access these online resources for additional 


instruction and practice with dividing polynomials. 


¢ Dividing a Polynomial by a Binomial 
Synthetic Division & Remainder Theorem 
Dividing a Trinomial by a Binomial Using 
Long Division 
Dividing a Polynomial by a Binomial Using 
Long Division 
Ex 2: Dividing a Polynomial by a Binomial 
Using Synthetic Division 
Ex 4: Dividing a Polynomial by a Binomial 
Using Synthetic Division 


Key Concepts 
* Division of a Polynomial by a Monomial 


© To divide a polynomial by a monomial, 
divide each term of the polynomial by the 
monomial. 


* Polynomial long division can be used to divide 
a polynomial by any polynomial with equal or 
lower degree. 

* The Division Algorithm tells us that a 
polynomial dividend can be written as the 
product of the divisor and the quotient added 
to the remainder. 

¢ Synthetic division is a shortcut that can be used 
to divide a polynomial by a binomial in the 
form x—k. 

* Remainder Theorem 


© If the polynomial function f(x) is divided 
by x—c, then the remainder is f(c). 


* Factor Theorem: For any polynomial function 
f(x), 


© if x—cis a factor of f(x), then f(c)=0 
© if f(c)=0, then x—c is a factor of f(x) 


Section Exercises 


Practice Makes Perfect 
Divide a Polynomial by a Monomial 


In the following exercises, divide each polynomial 
by the monomial. 


(8x3 + 6x2) + 2x 


4x2 + 3x 


(48y4 — 24y3) + (—8y2) 


—6y2+ 3y 


72r5s2 + 1321r4s3 — 96r3s512r2s2 


6r3 + 11r2s — 8rs3 


20y2+12y—1-—4y 


—5y-3+14y 


Divide Polynomials using Long Division 


In the following exercises, divide each polynomial 
by the binomial. 


(a2 —2a—35)+(a+5) 


a—7 


(4x2 —17x-—15)+(x-—5) 


4x+3 


(2n3 — 10n+ 28) +(n+3) 


2n2—6n+8+4n+3 


(125y3 — 64) + (5y—4) 


25y2+20x+16 


For the following exercises, use long division to 


divide. Specify the quotient and the remainder. 


(x2 +5x-—1)+(x-1) 


x+6+ 5 x-1 , quotient: x + 6, remainder: 5 


(2x2 —3x+2 )+(x+2) 


2x—7+ 16x+2, quotient: 2x — 7, remainder: 
16 


Divide Polynomials using Synthetic Division 


In the following exercises, use synthetic Division to 
find the quotient and remainder. 


x3 —3x2—4x+12 is divided by x+2 


x2—5x+6;0 


2x3 —11x2+16x—12 is divided by x—4 


2x2 —3x+4;4 


x4+x2+6x—10 is divided by x+ 2 


x3— 2x2+5x—4;—2 


3x4 —11x3 + 2x2+10x+6 is divided by x—3 


3X3 — 2x2 —4x=— 250 


For the following exercises, use synthetic division to 
find the quotient. Ensure the equation is in the form 
required by synthetic division. (Hint: divide the 
dividend and divisor by the coefficient of the linear 
term in the divisor.) 


(2x3 -—6x2 —7x+6 )+(x-4) 


2x2 +2x+1+ 10x-4 


(4x3 -12x2 —5x-1 )+(2x+1) 


2x2 —7x+1—- 2 2x+1 


(9x3 —x+2 )+( 3x-1) 


3x2 +x+ 23x-1 
(3x3 -2x2 +x-4)+(x+3) 


3x2 = 11% --94> 106x-- 3 


Use the Remainder and Factor Theorem 


In the following exercises, use the Remainder 
Theorem to find the remainder. 


f(x) =x3 —4x—9 is divided by x+ 2 
—9 

f(x) = 7x2 —5x—8 divided by x—1 
= 6 

(3x3 -2x2 +x-—4)+(x+3) 


— 106 


In the following exercises, use the Factor Theorem 


to determine if x—c is a factor of the polynomial 
function. 


Determine whether x+4 a factor of 
x3+x2-—14x+8 


no 


Determine whether x—3 a factor of 
x3 —7x2+11x+3 


yes 


For the following exercises, use the Factor Theorem 
to find all real zeros for the given polynomial 
function and one factor. 


f(xs)=2x34+ x2 —5x+2;x+2 


91.19 


fixy)=2x34+3x24+x+6; x+2 


=2 


2% 3 +5 x2 —I12x—530, 2x +5 


= 5:26 50 


Glossary 


Division Algorithm 
given a polynomial dividend f(x) and a non- 
zero polynomial divisor d(x) where the 
degree of d(x) is less than or equal to the 
degree of f(x) , there exist unique 
polynomials q(x) and r(x) such that 
f(x) = d(x)q(x) + r(x) where q(x) is the 
quotient and r(x) is the remainder. The 
remainder is either equal to zero or has 
degree strictly less than d(x). 


Factor Theorem 
c is a zero of polynomial function f(x) if and 
only if (x—c) is a factor of f(x) 


Remainder Theorem 
if a polynomial f(x) is divided by x—k, then 
the remainder is equal to the value f(k) 


synthetic division 
a shortcut method that can be used to divide 
a polynomial by a binomial of the form x—k 


Exponential Functions (4.1) 
By the end of this section, you will be able to: 


* Graph exponential functions 
¢ Use exponential models in applications 


This Module supports section 4.1 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Define and Evaluate Exponential 

Functions[link] 

. Graphing Exponential Functions [link] 

. Transformations [link] 

. Natural Base E [link] 

. Using Models with Exponential Functions 
link] 

. Key Concepts [link] 


Define and Evaluate Exponential 
Functions 


The functions we have studied so far do not give us 


a model for many naturally occurring phenomena. 
From the growth of populations and the spread of 
viruses to radioactive decay and compounding 
interest, the models are very different from what we 
have studied so far. These models involve 
exponential functions. 


An exponential function is a function of the form 
f(x) =ax where a>0O and a~1. 


Exponential Function 
An exponential function, where a>0 and a1, isa 
function of the form 


f(x) = ax 

Notice that in this function, the variable is the 
exponent . In our functions so far, the variables 
were the base. 


Our definition says a~1. If we let a=1, then 
f(x) =ax becomes f(x) = 1x. Since 1x=1 for all real 
numbers, f(x) =1. This is the constant function. 


Recall that the base of an exponential function must 


be a positive real number other than 1. Why do we 
limit the base a to positive values? To ensure that 
the outputs will be real numbers. Observe what 
happens if the base is not positive: 

f(x) =(- 4)x f(12) =(-— 4)12 f(12) = —4not a real 
number 


In fact, f(x) =(— 4)x would not be a real number any 
time x is a fraction with an even denominator. So 
our definition requires a> 0. 


Identifying Exponential Functions 


Which of the following equations are not 
exponential functions? 


f(x)= 4 3(x-2) 
g(x)= x3 

GO — oF (Sete 
j@)=(-2)x 


By definition, an exponential function has a 
constant as a base and an independent variable 
as an exponent. Thus, g(x)= x 3 does not 
represent an exponential function because the 
base is an independent variable. In fact, g(x) = 
x 3 is a power function. 


Recall that the base a of an exponential 
function is always a positive constant, and 
b#1. Thus, j(x)= ( —2)x does not 
represent an exponential function because the 
base, — 2, is less than 0. 


Which of the following equations represent 
exponential functions? 


f(x)=2 x 2 —3x+4+1 
g(x)= 0.875 x 
h(x) =1.75x +2 
jx) = 1095.6 — 2x 


g(x)= 0.875 x and j(x)= 1095.6 —2x 
represent exponential functions. 


Why do we limit the base to positive values other 
than 1? Because base 1 results in the constant 
function. Observe what happens if the base is 1: 


* Let a=1. Then f(x)= 1 x =1 for any value of 
x 


To evaluate an exponential function with the form 
f(x) = ax, we simply substitute x with the given 
value, and calculate the resulting power. For 
example: 


Let f(x)= 2x. What is f(3)? 
f(x) = 2xf(3) = 2 3 Substitute x=3. =8 
Evaluate the power. 


To evaluate an exponential function with a form 
other than the basic form, it is important to follow 
the order of operations. For example: 


Let f(x)=30 (2) x. What is f(3)? 
f(x ) =30(2)xf( 3) =30 (2 ) 3 Substitute x=3. 
= 30( 8 ) Simplify the power first. =240 Multiply. 


Note that if the order of operations were not 
followed, the result would be incorrect: 
f(3)=30(2)3 = 603 =216,000 


Evaluating Exponential Functions 


Let f(x )=5(3)x+1. Evaluate f( 2 ) 
without using a calculator. 


Follow the order of operations. Be sure to pay 
attention to the parentheses. 


f(x) =5(3)x+1f(2) =5(3)2+1 
Substitute x=2. =5 (3 ) 3 Add the exponents. 
=5( 27 ) Simplify the power. = 135 Multiply. 


Let f(x )=8 (1.2) x—5. Evaluate f( 3 ) 
using a calculator. Round to four decimal 
places. 


Graph Exponential Functions 


By graphing a few exponential functions, we will be 
able to see their unique properties. 


On the same coordinate system graph f(x) = 2x 


and g(x) = 3x. 


We will use point plotting to graph the 
functions. 


Graph: g(x) = 5x. 


If we look at the graphs from the previous Example 
and Try Its, we can identify some of the properties 
of exponential functions. 


The graphs of f(x) = 2x and g(x) = 3x, as well as the 
graphs of f(x) =4x and g(x) = 5x, all have the same 
basic shape. This is the shape we expect from an 
exponential function where a> 1. 


We notice, that for each function, the graph 
contains the point (0,1). This make sense because 


aO=1 for any a. 


The graph of each function, f(x) = ax also contains 
the point (1,a). The graph of f(x) = 2x contained 
(1,2) and the graph of g(x) = 3x contained (1,3). 
This makes sense as al =a. 


Notice too, the graph of each function f(x) = ax also 
contains the point (— 1,1a). The graph of f(x) = 2x 
contained (— 1,12) and the graph of g(x) =3x 
contained (— 1,13). This makes sense as a—1=1a. 


What is the domain for each function? From the 
graphs we can see that the domain is the set of all 
real numbers. There is no restriction on the domain. 
We write the domain in interval notation as 


‘= co, 00), 


Look at each graph. What is the range of the 
function? The graph never hits the x-axis. The range 
is all positive numbers. We write the range in 
interval notation as (0,°-). 


Whenever a graph of a function approaches a line 
but never touches it, we call that line an asymptote. 
For the exponential functions we are looking at, the 
graph approaches the x-axis very closely but will 
never cross it, we call the line y=0, the x-axis, a 
horizontal asymptote. 


po 


Properties of the Graph of f(x) =ax when a>1 
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Our definition of an exponential function f(x) =ax 


says a>0O, but the examples and discussion so far 
has been about functions where a> 1. What happens 
when 0<a<1? The next example will explore this 
possibility. 


On the same coordinate system, graph 


f(x) =(12)x and g(x) =(13)x. 


We will use point plotting to graph the 
functions. 


Graph: f(x) = (14)x. 


Graph: g(x) = (15)x. 


Now let’s look at the graphs from the previous 
Example and Try Its so we can now identify some of 
the properties of exponential functions where 
O<a<l. 


The graphs of f(x) =(12)x and g(x) =(13)x as well as 
the graphs of f(x) =(14)x and g(x) =(15)x all have 
the same basic shape. While this is the shape we 
expect from an exponential function where 0<a<1, 
the graphs go down from left to right while the 
previous graphs, when a>1, went from up from left 
to right. 


We notice that for each function, the graph still 
contains the point (0, 1). This make sense because 
aO=1 for any a. 


As before, the graph of each function, f(x) =ax, also 
contains the point (1,a). The graph of f(x) = (12)x 
contained (1,12) and the graph of g(x) =(13)x 
contained (1,13). This makes sense as al =a. 


Notice too that the graph of each function, f(x) = ax, 
also contains the point (— 1,1a). The graph of 

f(x) =(12)x contained (—1,2) and the graph of 

g(x) =(13)x contained (—1,3). This makes sense as a 
—l=1la. 


We will summarize these properties in the chart 
below. Which also include when a>1. 


Properties of the Graph of f(x) =ax 
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It is important for us to notice that both of these 
graphs are one-to-one, as they both pass the 
horizontal line test. This means the exponential 
function will have an inverse. We will look at this 
later. 
(a) g(x)=3(2)x stretches the graph of f(x)= 2x 
vertically by a factor of 3. (b) h(&)= 13(2)x 
compresses the graph of f(x)= 2x vertically by a 
factor of 13 .(a) g(x)=— 2x reflects the graph of 
f(x)= 2x about the x-axis. (b) g(x)= 2 —x 
reflects the graph of f(x)= 2x about the y-axis. 


Transformations 


When we graphed quadratic functions, we were able 
to graph using translation rather than just plotting 
points. Will that work in graphing exponential 
functions? 


Transformations of exponential graphs behave 
similarly to those of other functions. Just as with 
other parent functions, we can apply the four types 
of transformations—shifts, reflections, stretches, and 
compressions—to the parent function f(x)= ax 
without loss of shape. For instance, just as the 
quadratic function maintains its parabolic shape 
when shifted, reflected, stretched, or compressed, 
the exponential function also maintains its general 
shape regardless of the transformations applied. 


The first transformation occurs when we add a 


constant c to the input of the parent function f(x) = 
ax, giving us a horizontal shift c units in the 
opposite direction of the sign. For example, if we 
begin by graphing the parent function f(x)= 2x, 
we can then graph two horizontal shifts alongside it, 
using c=3: the shift left, g(x)= 2x+3, and the 
shift right, h(x) = 2x—3. Both horizontal shifts are 
shown in [link]. 


On the same coordinate system graph f(x) = 2x 
and g(x) =2x+1. 


We will use point plotting to graph the 
functions. 


On the same coordinate system, graph: 
f(x) = 2x and g(x) =2x—1. 


Looking at the graphs of the functions f(x) = 2x and 
g(x) =2x+1 in the last example, we see that adding 
one in the exponent caused a horizontal shift of one 
unit to the left. Recognizing this pattern allows us to 
graph other functions with the same pattern by 
translation. 


The next transformation occurs when we add a 
constant d to the parent function f(x)= bx, giving 
us a vertical shift d units in the same direction as 
the sign. For example, if we begin by graphing a 
parent function, f(x)= 2 x , we can then graph two 


vertical shifts alongside it, using d=3: the upward 
shift, g(x) = 2x +3 and the downward shift, 
h(x)= 2 x —3. Both vertical shifts are shown in 
link]. 
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* The domain, ( — ~,° ) remains unchanged. 
* When the function is shifted up 3 units to 
g(x)= 2x +3: 


© The y-intercept shifts up 3 units to (0,4 ). 
© The asymptote shifts up 3 units to y=3. 
© The range becomes (3,-° ). 


¢ When the function is shifted down 3 units to 
h(x)= 2x —3: 


© The y-intercept shifts down 3 units to (0, 
—2). 

© The asymptote also shifts down 3 units to 
y=—3. 

© The range becomes ( —3, ). 


Let’s now consider another situation that might be 
graphed more easily by translation, once we 
recognize the pattern. 


On the same coordinate system graph f(x) = 3x 


and g(x) =3x—2. 


We will use point plotting to graph the 
functions. 


On the same coordinate system, graph: 
f(x) = 3x and g(x) =3x+2. 


Looking at the graphs of the functions f(x) = 3x and 
g(x) =3x-—2 in the last example, we see that 
subtracting 2 caused a vertical shift of down two 
units. Notice that the horizontal asymptote also 
shifted down 2 units. Recognizing this pattern 
allows us to graph other functions with the same 
pattern by translation. 


For any constants c and d, the function f(x)= ax 
+c +d shifts the parent function f(x)= ax 


* vertically d units, in the same direction of the 
sign of d. 


horizontally c units, in the opposite direction 
of the sign of c. 

* The y-intercept becomes (0,ac +d). 

* The horizontal asymptote becomes y=d. 

* The range becomes (d,- ). 

* The domain, ( — ~, ), remains unchanged. 


Graphing a Shift of an Exponential 
Function 


Graph f(x)= 2x+1 —3. State the domain, 
range, and asymptote. 


We have an exponential equation of the form 
iGcj— bx +-< Pd. with b—2-e—1, and d— 
8h 


Draw the horizontal asymptote y=d , so draw 
y=—3. 


Identify the shift as ( —c,d ), so the shift is ( 
—1,-3). 


Shift the graph of f(x)= bx left 1 units and 
down 3 units. 


f(x) 


+ 


+ 


+ 


f(x) = 2xt+1-3 


+ 


+ 
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The domain is ( — ~, ); the range is ( 
— 3, ); the horizontal asymptote is y= —3. 


Stretch or Compress 

While horizontal and vertical shifts involve adding 
constants to the input or to the function itself, a 
stretch or compression occurs when we multiply the 
parent function f(x)= ax by aconstant |c|>0. 
For example, if we begin by graphing the parent 
function f(x)= 2 x , we can then graph the stretch, 
using c=3, to get g(x)=3 (2) x as shown on the 
left in [link], and the compression, using c= 13, 
to get h(x)= 13(2)x as shown on the right in 


[link]. 


Vertical Stretch Vertical Compression 


Tg) = 30) ( 


f(x) = 2 


h(x) = 3 (2 
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For any factor a>0, the function f(x)=c (a) x 


is stretched vertically by a factor of c if |c| 
ele 

is compressed vertically by a factor of c if |c| 
— Ie 

has a y-intercept of ( 0,c ). 

has a horizontal asymptote at y=0, a range of 
(0,°¢ ), and a domain of ( — ~,° ), which 
are unchanged from the parent function. 


Graphing the Stretch of an Exponential 
Function 


Sketch a graph of f(x)=4(12)x. State the 
domain, range, and asymptote. 


Before graphing, identify the behavior and key 
points on the graph. 


Since b= 12 is between zero and one, 
the left tail of the graph will increase 
without bound as x decreases, and the 
right tail will approach the x-axis as x 
increases. 

Since a=4, the graph of f(x)= (12)x 
will be stretched by a factor of 4. 


Create a table of points as shown in 
Maint] 


«|p —p —b off ail ol 3 
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Plot the y-intercept, ( 0,4 ), along with 
two other points. We can use ( —1,8 ) 
and) Cle2.): 


Draw a smooth curve connecting the points, as 
shown in [link]. 


The domain is ( — ~, ); the range is ( 0,°° 
); the horizontal asymptote is y=0. 


Reflections 

In addition to shifting, compressing, and stretching 
a graph, we can also reflect it about the x-axis or the 
y-axis. When we multiply the parent function f(x) = 
ax by —1, we get a reflection about the x-axis. 
When we multiply the input by —1, we get a 
reflection about the y-axis. For example, if we begin 
by graphing the parent function f(x)= 2 x , we can 
then graph the two reflections alongside it. The 
reflection about the x-axis, g(x)= —2x, is shown 
on the left side of [link], and the reflection about 


the y-axis h(x)= 2 —x, is shown on the right side 
of [link]. 


Reflection about the x-axis Reflection about the y-axis 


y 


7 
6+ 
5 
4 
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The function f(x)=— ax 


* reflects the parent function f(x)= ax about 
the x-axis. 

* has a y-intercept of (0,—1 ). 

* has a range of ( — ~,0 ). 

* has a horizontal asymptote at y=0O and 
domain of ( — ~,~ ), which are unchanged 
from the parent function. 


The function f(x)= a —x 
¢ reflects the parent function f(x)= ax about 


the y-axis. 
¢ has a y-intercept of (0,1 ), a horizontal 


asymptote at y=0, a range of (0,~ ), anda 
domain of ( — ~,~ ), which are unchanged 
from the parent function. 


Writing and Graphing the Reflection of an 
Exponential Function 


Find and graph the equation for a function, 
g(x), that reflects f(x)= (14)x about the x- 
axis. State its domain, range, and asymptote. 


Since we want to reflect the parent function 
f(x)= (14)x about the x-axis, we multiply 
f(x) by —1 to get, g(x)=— (14)x. Next 
we create a table of points as in [link]. 
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g(x)=—64 —-16 —4 —-1 —0.25-0.062B.0156 
— (4 


Plot the y-intercept, (0,—1 ), along with two 
other points. We can use ( —1,—4) and (1, 


25). 
Draw a smooth curve connecting the points: 


g(x) 
if (1, —0.25) 


The domain is ( — ~, ); the range is ( 
—co,Q ); the horizontal asymptote is y=0. 


Translations of the 
Parent Function f(x)= b 


ma 
mm... 1.42 Th. 
LLQALIDIALLUILL E'ULIIL 


Shift f(x)= bx+c +d 


* Horizontally c units to the left 


e Vartieally, A anita ain 
VNL Leechs fi MAL UsLiLiuv Sr. 


Stretch and Compress f(x)=abx 


* Stretch if |a|>1 
ry Camnanracainn if An, | cay | —_—1 
Vevitiprevoivin ire Sy ap oS 

Daflant ahaiit tha v awia f(x\— hw 
EWLLELL UVYUUEL LULIE NW UALY ey vn 
Daflant ahaiit tha ar awia ff(x\— h _w~ — (1h diw 
EWrteeL UVYUE UILY Y UALD oo sy Se Od aA ~~ LPaoaouya 
General equation for all f(x_)=abx+ec +d 


translations 


Translations of Exponential Functions 

A translation of an exponential function has the 
form 

f(x)=abx+c+d 

Where the parent function, y= bx, b>1, is 


shifted horizontally c units to the left. 
stretched vertically by a factor of | a| if | a | 


>0. 

compressed vertically by a factor of | a| if 
Ore fa aie 

shifted vertically d units. 

reflected about the x-axis when a<0O. 


Note the order of the shifts, transformations, and 
reflections follow the order of operations. 


Natural Base e 


All of our exponential functions have had either an 
integer or a rational number as the base. We will 
now look at an exponential function with an 
irrational number as the base. 


Before we can look at this exponential function, we 
need to define the irrational number, e. This number 
is used as a base in many applications in the 
sciences and business that are modeled by 
exponential functions. The number is defined as the 
value of (1+1n)n as n gets larger and larger. We 
say, aS n approaches infinity, or increases without 
bound. The table shows the value of (1+ 1n)n for 
several values of n. 


an Un 1 manyas 

1 9 

a = 

9 99E 

Pa Kos 

i 9 AQV929 

vy ae 1UUuY 

1n 9 BAQTAONAG 
Lu aes taaivw 
TAN 9D TNAE12090 
LuV Ser V IU LVUEI coe 


1ANN 9714092029 
ayuVYU ae, LU FZOO IO. 
1NA0ANN 9.17101 ALQ907 
LUQUUYU ae, LOL TOZET oo 
1NN ANN 917109640997 
LUUGZUUY ae, LOU .. 
1ANNANN 9 710O99NAEL0O 
LUUU UY ae, LOU TUT. 
1,000,000,000 2.718281827. 


e = 2.718281827 


The number e is like the number zx in that we use a 
symbol to represent it because its decimal 
representation never stops or repeats. The irrational 
number e is called the natural base. 


Natural Base e 
The number e is defined as the value of (1+ 1n)n, 


as n increases without bound. We say, as n 
approaches infinity, 
e = 2.718281827... 


The exponential function whose base is e, f(x) = ex is 
called the natural exponential function. 


Natural Exponential Function 
The natural exponential function is an exponential 
function whose base is e 


f(x) = ex 
The domain is (— ~,°) and the range is (0,~). 


Let’s graph the function f(x) =ex on the same 
coordinate system as g(x) = 2x and h(x) = 3x. 


Notice that the graph of f(x) = ex is “between” the 
graphs of g(x) = 2x and h(x) = 3x. Does this make 
sense as 2<e<3? 


Use Exponential Models in Applications 


Exponential functions model many situations. If you 
own a bank account, you have experienced the use 
of an exponential function. There are two formulas 
that are used to determine the balance in the 
account when interest is earned. If a principal, P, is 
invested at an interest rate, r, for t years, the new 
balance, A, will depend on how often the interest is 
compounded. If the interest is compounded n times 
a year we use the formula A=P(1 + rn)nt. If the 
interest is compounded continuously, we use the 
formula A= Pert. These are the formulas for 
compound interest. 


Compound Interest 
For a principal, P, invested at an interest rate, r, for 


t years, the new balance, A, is: 
A =P(1 + rn)ntwhen compoundedntimes a year. 
A =Pertwhen compounded continuously. 


As you work with the Interest formulas, it is often 
helpful to identify the values of the variables first 
and then substitute them into the formula. 


A total of $10,000 was invested in a college 
fund for a new grandchild. If the interest rate 
is 5%, how much will be in the account in 18 
years by each method of compounding? 


@ compound quarterly 


® compound monthly 


© compound continuously 


Identify the values of each variable in the 
formulas.Remember to express the percent as a 
decimal.A = ?P = $10,000r = 0.05t = 18 years 


‘© 

For quarterly compounding,n=4.There are 
4quarters in a year.A=P(1 +rn)nt Substitute 
the values in the 

formula.A = 10,000(1 + 0.054)4-18 Compute 
the amount. Be careful to consider theorder of 
operations as you enter the expression 
intoyour calculator.A = $24,459.20 


® 

For monthly compounding,n=12.There are 
12months in a year.A= P(1 + rn)nt Substitute 
the values in the 

formula.A = 10,000(1 + 0.0512)12:18 Compute 
the amount.A = $24,550.08 


© 

For compounding continuously,A = Pert 
Substitute the values in the 

formula.A = 10,000e0.05-:18 Compute the 
amount.A = $24,596.03 


Angela invested $15,000 in a savings account. 
If the interest rate is 4%, how much will be in 
the account in 10 years by each method of 
compounding? 


@ compound quarterly 


© compound monthly 


© compound continuously 
@ $22,332.96 
® $22,362.49 © $22,377.37 


Other topics that are modeled by exponential 
functions involve growth and decay. Both also use 
the formula A= Pert we used for the growth of 
money. For growth and decay, generally we useAO, 


as the original amount instead of calling it P, the 
principal. We see that exponential growth has a 
positive rate of growth and exponential decay has 
a negative rate of growth. 


Exponential Growth and Decay 
For an original amount, AO, that grows or decays at 


a rate, r, for a certain time, t, the final amount, A, 


Exponential growth is typically seen in the growth 
of populations of humans or animals or bacteria. 
Our next example looks at the growth of a virus. 


Chris is a researcher at the Center for Disease 
Control and Prevention and he is trying to 
understand the behavior of a new and 


dangerous virus. He starts his experiment with 
100 of the virus that grows at a rate of 25% 
per hour. He will check on the virus in 24 
hours. How many viruses will he find? 


Identify the values of each variable in the 
formulas.Be sure to put the percent in decimal 
form.Be sure the units match—the rate is per 
hour andthe time is in hours.A=? 

AO = 100r=0.25/hourt = 24hours Substitute 
the values in the 

formula:A = AOert.A = 100e0.25:24 Compute 
the amount.A = 40,342.88 Round to the 
nearest whole virus.A = 40,343 The researcher 
will find 40,343viruses. 


Maria, a biologist is observing the growth 
pattern of a virus. She starts with 100 of the 
virus that grows at a rate of 10% per hour. She 
will check on the virus in 24 hours. How many 
viruses will she find? 


She will find 1,102 viruses. 


ccess these online resources for additional 
instruction and practice with evaluating and 
graphing exponential functions. 


* Graphing Exponential Functions 


Solving Exponential Equations 
Applications of Exponential Functions 
Continuously Compound Interest 
Radioactive Decay and Exponential Growth 


Key Concepts 
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* One-to-One Property of Exponential 
Equations: 

For a>0O anda#=1, 
A=AOert 

* Compound Interest: For a principal, P, 
invested at an interest rate, r, for t years, the 
new balance, A, is 
A=P(1+1rn)ntwhen compoundedntimes a year. 
A= Pertwhen compounded continuously. 

* Exponential Growth and Decay: For an 
original amount, AO that grows or decays at a 
rate, r, for a certain time t, the final amount,A, 
is A=AOert. 


Practice Makes Perfect 
Graph Exponential Functions 


In the following exercises, graph each exponential 
function. 


f(x) = 2x 


f(x) =(12)x 


f(x) = (16)x 


In the following exercises, graph each exponential 
function. 


f(x) =3x+2 


f(x) =2x+3 


f(x) =(12)x-4 


f(x) =ex+1 


In the following exercises, match the graphs to one 
of the following functions: @ 2x © 2x+1 © 2x-1 


@ 2x+2 © 2x-2 ® 3x 


© 


Use exponential models in applications 


In the following exercises, use an exponential model 
to solve. 


Edgar accumulated $5,000 in credit card debt. 
If the interest rate is 20% per year, and he does 
not make any payments for 2 years, how much 
will he owe on this debt in 2 years by each 
method of compounding? 

@ compound quarterly 

© compound monthly 

© compound continuously 


@ $7,387.28 © $7,434.57 © $7,459.12 


Rochelle deposits $5,000 in an IRA. What will 
be the value of her investment in 25 years if the 
investment is earning 8% per year and is 
compounded continuously? 


$36,945.28 


A researcher at the Center for Disease Control 
and Prevention is studying the growth of a 
bacteria. He starts his experiment with 100 of 
the bacteria that grows at a rate of 6% per 
hour. He will check on the bacteria every 8 
hours. How many bacteria will he find in 8 
hours? 


159 bacteria 


For the following exercises, match each function 
with one of the graphs in [link]. 


SY 


f(x )=2 (0.69 ) x 


f(x )=2 (0.81 )x 


A 


f(x )=2(1.59)x 


For the following exercises, each graph is a 
transformation of y= 2x. Write an equation 
describing the transformation. 


y=-2x+3 


Glossary 


asymptote 
A line which a graph of a function approaches 
closely but never touches. 


exponential function 
An exponential function, where a>0 and 
a1, is a function of the form f(x) = ax. 


natural base 
The number e is defined as the value of 
(1+ 1n)n, as n gets larger and larger. We say, 
as n increases without bound, 
e = 2.718281827... 


natural exponential function 
The natural exponential function is an 
exponential function whose base is e: 
f(x) =ex. The domain is (— -,°°) and the 
range is (0, °°). 


Logarithmic Functions (4.2) 
By the end of this section, you will be able to: 


* Convert between exponential and logarithmic 
form 

Evaluate logarithmic functions 

* Graph Logarithmic functions 

* Solve logarithmic equations 

* Use logarithmic models in applications 


This Module supports section 4.2 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


. Concert Exponential to Logarithmic Functions 
[link] 

. Evaluate Logarithmic Functions [link] 

. Basic Log Properties [link] 

. Graphing Logarithmic Functions [link] 

. Domain of Logarithmic Functions [link] 

. Transformations of Logarithmic Functions 
link] 

. Summary of Transformations of Logarithms 
link] 

. Natural and Common Logarithms [link] 

. Applications with Logarithms [link] 

. Key Concepts [link] 


Function and Inverse Recap 


Horizontal Line Test: If every horizontal line, 
intersects the graph of a function in at most 
one point, it is a one-to-one function. 

Inverse of a Function Defined by Ordered 
Pairs: If f(x) is a one-to-one function whose 
ordered pairs are of the form (x,y), then its 
inverse function f—1(x) is the set of ordered 
pairs (y,x). 

Inverse Functions: For every x in the domain 
of one-to-one function f and f—1, 

f—1(f(x)) =xf(f-—1(x))=x 

How to Find the Inverse of a One-to-One 
Function: 


Substitute y for f(x). Interchange the variables x 
and y. Solve for y. Substitute f—1(x) for y. 


The inverse function ‘undoes’ what the original 
function did to a value in its domain in order to 
get back to the original x-value. This holds for 
all x in the domain of f. Informally, this 
means that inverse functions “undo” each 
other. However, only one-to-one functions have 
inverses that are functions. 


We have spent some time finding the inverse of 
many functions. It works well to ‘undo’ an operation 
with another operation. Subtracting ‘undoes’ 
addition, multiplication ‘undoes’ division, taking the 


square root ‘undoes’ squaring. 


As we studied the exponential function, we saw that 
it is one-to-one as its graphs pass the horizontal line 
test. This means an exponential function does have 
an inverse. If we try our algebraic method for 
finding an inverse, we run into a problem. 


Rewrite withy = f(x).Interchange the 
variablesxandy.f(x) = axy = axx = aySolve fory.Oops! 
We have no way to solve fory! 


To deal with this we define the logarithm function 
with base a to be the inverse of the exponential 
function f(x) = ax. We use the notation f 

— 1(x) =logax and say the inverse function of the 
exponential function is the logarithmic function. 


Logarithmic Function 
The function f(x) =logax is the logarithmic 


function with base a, where a>0, x>0, anda+1. 
=logaxis equivalent tox = ay 


Convert Between Exponential and 
Logarithmic Form 


Since the equations y = logax and x =ay are 
equivalent, we can go back and forth between them. 
This will often be the method to solve some 
exponential and logarithmic equations. To help with 
converting back and forth let’s take a close look at 
the equations. See [link]. Notice the positions of the 
exponent and base. 


If we realize the logarithm is the exponent it makes 
the conversion easier. You may want to repeat, 
“base to the exponent give us the number.” 


Can we take the logarithm of a negative 
number? 

o. Because the base of an exponential function is 
always positive, no power of that base can ever be 


negative. We can never take the logarithm of a 
negative number. Also, we cannot take the logarithm 
of zero. Calculators may output a log of a negative 
number when in complex mode, but the log of a 
negative number is not a real number. 


Convert to logarithmic form: © 23=8, © 
512 — 5, and © (12)x— 116: 


Convert to logarithmic form: © 32=9 © 
(2a (©) (8) es ey 


@ log39=2 
® log77 =12 © log13127 =x 


Convert to logarithmic form: © 43 =64 © 
413=43 © (12)x=132 


@ log464=3 


® log443=13 © log12132=x 


In the next example we do the reverse—convert 
logarithmic form to exponential form. 


Convert to exponential form: @ 2=log864, © 
0=log41, and © —3=10g1011000. 


Convert to exponential form: @ 3=10g464 © 
0=logx1 © —2=1og101100 


® 1=x0 © 1100=10-2 


Evaluate Logarithmic Functions 


We can solve and evaluate logarithmic equations by 
using the technique of converting the equation to its 
equivalent exponential equation. 


Find the value of x: @ logx36=2, © log4x=3, 


and © log1218 =x. 


@ 

logx36 =2 Convert to exponential form.x2 = 36 
Solve the quadratic.x = 6,x = — 6 The base of a 
logarithmic function must be positive, so we 
eliminatex = — 6.x = 6Therefore,log636 = 2. 


® 
log4x =3 Convert to exponential form.43 =x 
Simplify.x = 64Therefore,log464 =3. 


© 


log1218=x Convert to exponential form. 
(12)x = 18 Rewrite18as(12)3.(12)x =(12)3 
With the same base, the exponents must be 
equal.x = 3Therefore,log1218 =3 


Find the value of x: @ logx64=2 © log5x=3 
© log1214=x 


When see an expression such as log327, we can find 
its exact value two ways. By inspection we realize it 
means “3 to what power will be 27”? Since 33 = 27, 
we know 1log327 =3. An alternate way is to set the 
expression equal to x and then convert it into an 
exponential equation. 


Now consider solving log 7 49 and _ log 3 27 
mentally. 


* We ask, “To what exponent must 7 be raised in 
order to get 49?” We know 7 2 =49. 
Therefore, log 7 49=2 


* We ask, “To what exponent must 3 be raised in 
order to get 27?” We know 33 =27. 
Therefore, log 3 27=3 


Even some seemingly more complicated logarithms 
can be evaluated without a calculator. For example, 
let’s evaluate log 2349 mentally. 


* We ask, “To what exponent must 23 be 
raised in order to get 49? ” Weknow 22 
=4 and 32 =9,so (23)2=49. 
Therefore, log23(49)=2. 


Find the exact value of each logarithm without 
using a calculator: 


@ log525, 
® log93, and © log2116. 


@ 

log525 5 to what power will be25?log525 = 2 
Or Set the expression equal tox.log525 =x 
Change to exponential form.5x = 25 Rewrite 
25 as52.5x =52 With the same base the 
exponents must be 

equal.x = 2Therefore,log525 = 2. 


© 


log93Set the expression equal tox.log93 =x 
Change to exponential form.9x =3 Rewrite 9 
as32.(32)x =31 Simplify the 

exponents.32x = 31 With the same base the 
exponents must be equal.2x = 1Solve the 
equation.x = 12Therefore,log93 = 12. 


© 

log2116 Set the expression equal 

tox.log2116 =x Change to exponential 
form.2x = 116 Rewrite 16 as24.2x=124 

2x = 2 —4 With the same base the exponents 
must be equal.x = — 4Therefore,log2116= — 4. 


Find the exact value of each logarithm without 
using a calculator: 

@ log12144 

® log42 

© log2132 


® 
ON Ol 


Basic Log Properties 


Now that we have learned about exponential and 
logarithmic functions, we can introduce some of the 
properties of logarithms. These will be very helpful 
as we continue to solve both exponential and 
logarithmic equations. 


The first two properties derive from the definition of 
logarithms. Since a0=1, we can convert this to 
logarithmic form and get logal =0. Also, since 

al =a, we get logaa=1. 


Properties of Logarithms 
logal = Ologaa=1 


In the next example we could evaluate the 
logarithm by converting to exponential form, as we 
have done previously, but recognizing and then 
applying the properties saves time. 


Evaluate using the properties of logarithms: © 
log81 and © log66. 


@ 
log81Use the property,logal = 0.0log81 =0 


® 
log66Use the property,logaa=1.1log66=1 


Evaluate using the properties of logarithms: © 
log131 © log99. 


The next two properties can also be verified by 
converting them from exponential form to 
logarithmic form, or the reverse. 


The exponential equation alogax =x converts to the 
logarithmic equation logax = logax, which is a true 
statement for positive values for x only. 


The logarithmic equation logaax =x converts to the 


exponential equation ax =ax, which is also a true 
statement. 


These two properties are called inverse properties 
because, when we have the same base, raising to a 
power “undoes” the log and taking the log “undoes” 
raising to a power. These two properties show the 
composition of functions. Both ended up with the 
identity function which shows again that the 
exponential and logarithmic functions are inverse 
functions. 


Inverse Properties of Logarithms 


For a>0,x>0 and a=1, 
alogax = xlogaax =x 


In the next example, apply the inverse properties of 
logarithms. 


Evaluate using the properties of logarithms: © 
4log49 and © 1log335. 


4log49 Use the property,alogax = x.94log49 =9 


® 
log335 Use the property,alogax = x.510g335=5 


Evaluate using the properties of logarithms: © 
5log515 © 1log774. 


Notice that the graphs of f(x )= 2x and g(x)= 
log 2 (x ) are reflections about the line y=x. 


Graph Logarithmic Functions 


To graph a logarithmic function y = logax, it is 
easiest to convert the equation to its exponential 
form, x =ay. Generally, when we look for ordered 
pairs for the graph of a function, we usually choose 
an x-value and then determine its corresponding y- 
value. In this case you may find it easier to choose 
y-values and then determine its corresponding x- 
value. 


We begin with the parent function y= log a(x ). 
Because every logarithmic function of this form is 
the inverse of an exponential function with the form 
y= ax, their graphs will be reflections of each 
other across the line y=x. To illustrate this, we can 
observe the relationship between the input and 
output values of y= 2x and its equivalent x= log 
2 (y) in [link]. 


— 8-2 1/—9 1 2 3 
1 2 4 8 


Using the inputs and outputs from [link], we can 
build another table to observe the relationship 
between points on the graphs of the inverse 
functions f(x)= 2x and g(x)= log 2 (x). See 
[link]. 


f(x) = (3, (-2, (-1, (0,1 (1,2) (2,4)(3,8) 
e(x=(18,(14,(1 2, (1,0) (21 9042)(8,3) 
log 2 —-3) -2) -1) 


(x) 


As we’d expect, the x- and y-coordinates are 
reversed for the inverse functions. [link] shows the 
graph of f and g. 


o g(x) = logs (x) 


Graph y =log2x. 


To graph the function, we will first rewrite the 
logarithmic equation, y =log2x, in exponential 
form, 2y =x. 


We will use point plotting to graph the 
function. It will be easier to start with values 
of y and then get x. 
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Graph: y = log3x. 


The graphs of y=log2x, and y=log3x, are the shape 
we expect from a logarithmic function where a>1. 


We notice that for each function the graph contains 
the point (1,0). This make sense because 0 = logal 
means a0 =1 which is true for any a. 


The graph of each function, also contains the point 
(a,1). This makes sense as 1 =logaa means al =a. 
which is true for any a. 


Notice too, the graph of each function y = logax also 
contains the point (1a, —1). This makes sense as 
—1=logala means a—1=1a, which is true for any 
a. 


Look at each graph again. Now we will see that 


many characteristics of the logarithm function are 
simply ’mirror images’ of the characteristics of the 
corresponding exponential function. 


What is the domain of the function? The graph 
never hits the y-axis. The domain is all positive 
numbers. We write the domain in interval notation 
as (0,°°). 


What is the range for each function? From the 
graphs we can see that the range is the set of all real 
numbers. There is no restriction on the range. We 
write the range in interval notation as (— ~,°). 


When the graph approaches the y-axis so very 
closely but will never cross it, we call the line x=0, 
the y-axis, a vertical asymptote. 


Properties of the Graph of y=logax when a>1 
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Our next example looks at the graph of y = logax 
when 0<a<1. 


Graph y =log13x. 


To graph the function, we will first rewrite the 
logarithmic equation, y =log13x, in 
exponential form, (13)y =x. 


We will use point plotting to graph the 
function. It will be easier to start with values 
of y and then get x. 
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The graphs of all have the same basic shape. While 
this is the shape we expect from a logarithmic 
function where 0<a<1. 


We notice, that for each function again, the graph 
contains the points,(1,0),(a,1),(1a, —1). This make 
sense for the same reasons we argued above. 


We notice the domain and range are also the same— 
the domain is (0, ) and the range is (— ~, °°). The 
y-axis is again the vertical asymptote. 
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We talked earlier about how the logarithmic 
function f— 1(x) =logax is the inverse of the 
exponential function f(x) =ax. The graphs in [link] 
show both the exponential (blue) and logarithmic 
(red) functions on the same graph for both a>1 and 
U<a< 1. 


Notice how the graphs are reflections of each other 
through the line y=x. We know this is true of 
inverse functions. Keeping a visual in your mind of 
these graphs will help you remember the domain 
and range of each function. Notice the x-axis is the 
horizontal asymptote for the exponential functions 
and the y-axis is the vertical asymptote for the 
logarithmic functions. 


Domain of Logarithmic Functions 


Recall that the exponential function is defined as 
y= bx for any real number x and constant b>0, 
b+#1, where 


* The domain of y is ( —~,- ). 
* The range of y is (0, ). 


In the last section we learned that the logarithmic 
function y= log b (x ) is the inverse of the 
exponential function y= bx. So, as inverse 
functions: 


* The domain of y= log b (x ) is the range of 
y= bx: (0, ). 

* The range of y= log b(x ) is the domain of 
y= bx: (-~,- ). 


Transformations of the parent function y= log b (x 
) behave similarly to those of other functions. Just 
as with other parent functions, we can apply the 
four types of transformations—shifts, stretches, 
compressions, and reflections—to the parent 
function without loss of shape. 


In the previous section we saw that certain 
transformations can change the range of y= bx. 
Similarly, applying transformations to the parent 
function y= log b (x ) can change the domain. 
When finding the domain of a logarithmic function, 
therefore, it is important to remember that the 
domain consists only of positive real numbers. That is, 
the argument of the logarithmic function must be 
greater than zero. 


For example, consider f(x)= log 4 (2x—3 ). This 
function is defined for any values of x such that the 


argument, in this case 2x—3, is greater than zero. 
To find the domain, we set up an inequality and 
solve for x: 

2x —3>0 Show the argument greater than zero. 
2x >3 Add 3. x>1.5 Divide by 2. 


In interval notation, the domain of f(x)= log 4 ( 2x 
—3) is (1.5, ). 


Given a logarithmic function, identify the 
domain. 


1. Set up an inequality showing the argument 
greater than zero. 

2. Solve for x. 

3. Write the domain in interval notation. 


Identifying the Domain of a Logarithmic 
Shift 


What is the domain of f(x)= log 2 (x +3)? 


The logarithmic function is defined only when 
the input is positive, so this function is defined 
when x+3>0. Solving this inequality, 
x+3>0 The input must be positive. x 


— 3 Subtract 3. 


The domain of f(x)= log 2 (k+3) is ( —3,¢ 
ys 


Identifying the Domain of a Logarithmic 
Shift and Reflection 


What is the domain of f(x) =log(5 — 2x)? 


The logarithmic function is defined only when 
the input is positive, so this function is defined 


when 5-2x>0. Solving this inequality, 

5 —2x>0 The input must be positive. —2x> 
— 5 Subtract 5. x< 5 2 Divide by —2 and 
switch the inequality. 


The domain of f(x) =log(5—2x) is (-~,52 
ye 


Graphing Transformations of Logarithmic 
Functions 


As we mentioned in the beginning of the section, 
transformations of logarithmic graphs behave 
similarly to those of other parent functions. We can 
shift, stretch, compress, and reflect the parent 
function y= log a(x ) without loss of shape. 


Graphing a Horizontal Shift of f(x) = loga(x) 


When a constant c is added to the input of the 
parent function f(x)=lo g a (x), the result is a 
horizontal shift c units in the opposite direction of 
the sign on c. To visualize horizontal shifts, we can 
observe the general graph of the parent function 
f(x) = log a(x ) and for c>0 alongside the shift 
left, g(x) = log a (x+c ), and the shift right, h(x) = 
log a (x—c ). See [link]. 


Shift left Shift right 
G(x) = logy(x + c) h(x) = loga(x — c) 


=X 


' h(x) = log, (x — c) 


*The asymptote changes to x = —c. «The asymptote changes to x = c. 
«The domain changes to (—c, ~). «The domain changes to (c, *). 
The range remains (—2., ). The range remains (—:, *). 


Horizontal Shifts of the Parent Function f(x)= log 


a(x) 
For any constant c, the function f(x)= log a(x+c 


) 


shifts the parent function y= log a(x ) left c 


units if c>0. 

shifts the parent function y= log a(x ) right 
c units if c<0. 

has the vertical asymptote x= —c. 

has domain ( —c,°° ). 

has range ( —~, ). 


Given a logarithmic function with the form 
f(x) = log a (x+c), graph the translation. 


1. Identify the horizontal shift: 


1. If c>0, shift the graph of f(x)= loga (x 
) left c units. 

2. If c<O, shift the graph of f(x)= log a(x 
) right c units. 


2. Draw the vertical asymptote x= —c. 

3. Identify three key points from the parent 
function. Find new coordinates for the shifted 
functions by subtracting c from the x 
coordinate. 

4. Label the three points. 

5. The Domain is ( —c,- ), the range is ( 


—co,co ), and the vertical asymptote is x= 
iC: 


Graphing a Horizontal Shift of the Parent 
Function y = loga(x) 


Sketch the horizontal shift f(x)= log 3 (k—2) 


alongside its parent function. Include the key 
points and asymptotes on the graph. State the 
domain, range, and asymptote. 


Since the function is f(x)= log 3 (x—2), we 
notice x+( —2 )=x-2. 


Thus c= —2, so c<O. This means we will 
shift the function f(x)= log 3 (x) right 2 units. 


The vertical asymptote is x= —(—2) or x=2. 


Consider the three key points from the parent 
function, (13,-—1), (1,0), and (3,1 ). 


The new coordinates are found by adding 2 to 
the x coordinates. 


Labeltie poms. 730 —4 (5,05). ancdn oo, 
). 


The domain is ( 2,0 ), the range is ( — °°, °° 
), and the vertical asymptote is x=2. 


Graphing a Vertical Shift of y = loga(x) 


When a constant d is added to the parent function 
f(x) = log a (x ), the result is a vertical shift d units 
in the direction of the sign on d. To visualize 
vertical shifts, we can observe the general graph of 
the parent function f(x)= log a (x ) alongside the 
shift up, g(x)= log a(x )+d and the shift down, 
h(x) = log a (x )—d. See [link]. 


Shift up Shift down 
(x) = log,(x) + d h(x) = log,(x) — d 


g(x) = log, (x) + d 


F(x) = logy (x) 


f(x) = log, (x) 


h(x) = logy (x) — d 


«The asymptote remains x = 0. *The asymptote remains x = 0. 
«The domain remains to (0, ~). «The domain remains to (0, ~). 
*The range remains (—, ~). *The range remains (—~, *). 


ertical Shifts of the Parent Function y= loga(x 
) 
For any constant d, the function f(x)= log a (x 
pera 


shifts the parent function y= loga(x) up d 
units if d>0. 

shifts the parent function y= log a(x ) down 
d units if d<0. 

has the vertical asymptote x=0. 

has domain (0,°° ). 

has range ( —~, ). 


Given a logarithmic function with the form 
f(x) = log a (x )+d, graph the translation. 


1. Identify the vertical shift: 


* If d>0, shift the graph of f(x)= log a(x 
) up d units. 

* If d<O, shift the graph of f(x)= loga(x 
) down d units. 


. Draw the vertical asymptote x=0. 

. Identify three key points from the parent 
function. Find new coordinates for the shifted 
functions by adding d to the y coordinate. 

. Label the three points. 

. The domain is (0, ), the range is ( — ~,° 
), and the vertical asymptote is x=0. 


Graphing a Vertical Shift of the Parent 
Function y = loga(x) 


Sketch a graph of f(x)= log 3 (x)—2 
alongside its parent function. Include the key 
points and asymptote on the graph. State the 
domain, range, and asymptote. 


Since the function is f(x)= log 3 (x)—2, we 
will notice d=-2. Thus d<0O. 


This means we will shift the function f(x) = 
log 3 (x) down 2 units. 


The vertical asymptote is x=0. 


Consider the three key points from the parent 
function, (13,-—1),( 1,0), and (3,1 ). 


The new coordinates are found by subtracting 
2 from the y coordinates. 


labelthe pointss( 1 3.— >), (1h — 2) andi (3: 
—1). 


The domain is ( 0,-° ), the range is ( — %, 00 
), and the vertical asymptote is x=0. 


y = logs (x) 


The domain is ( 0,°° ), the range is ( — »,°° 
), and the vertical asymptote is x=0. 


Graphing Stretches and Compressions of y = 
loga(x) 


When the parent function f(x)= log a(x ) is 
multiplied by a constant a>0, the result is a 
vertical stretch or compression of the original graph. 
To visualize stretches and compressions, we set 

a>1 and observe the general graph of the parent 
function f(x)= log a(x ) alongside the vertical 
stretch, g(x)=a log a (x ) and the vertical 
compression, h(x)= 1 a log a (x ). See [link]. 


Vertical Stretch Vertical Compression 
g(x) = alog,(x), a> 1 h(x) = Flog,(x), a> 1 


g(x) = alogy (x) 


f(x) = logy (x) F(x) = logy (x) 


Hlog, (x) 


«The asymptote remains x = 0. *The asymptote remains x = 0. 
The x-intercept remains (1, 0). The x-intercept remains (1, 0). 
¢The domain remains (0, *). *The domain remains (0, *). 
*The range remains (—:, %). *The range remains (—, ~). 


ertical Stretches and Compressions of the Parent 
Function y= loga(x) 
For any constant a>1, the function f(x)=a log a ( 


x ) 


stretches the parent function y= log a(x ) 
vertically by a factor of a if a>1. 


compresses the parent function y= loga(x ) 
vertically by a factor of a if O<a<1. 

has the vertical asymptote x=0. 

has the x-intercept (1,0 ). 

has domain (0, ° ). 

has range ( — ~,° ). 


Given a logarithmic function with the form 
f(x) =a log a (x ), a>0, graph the translation. 


1. Identify the vertical stretch or compressions: 


- If |a|>1, the graph of f(x)= log a(x) 
is stretched by a factor of a units. 

- If |a|<1, the graph of f(x)= log a(x) 
is compressed by a factor of a units. 


4. Draw the vertical asymptote x=0. 

5. Identify three key points from the parent 
function. Find new coordinates for the shifted 
functions by multiplying the y coordinates by 
a. 


6. Label the three points. 
7. The domain is ( 0,°° ), the range is ( — ©, 
), and the vertical asymptote is x=0. 


Graphing a Stretch or Compression of the 
Parent Function y = loga(x) 


Sketch a graph of f(x)=2 log 4 (x) alongside 


its parent function. Include the key points and 
asymptote on the graph. State the domain, 
range, and asymptote. 


Since the function is f(x) =2 log 4 (x), we will 
notice a=2. 


This means we will stretch the function f(x) = 
log 4 (x) by a factor of 2. 


The vertical asymptote is x=0. 


Consider the three key points from the parent 
function, (14,-1),( 1,0), and ( 4,1 ). 


The new coordinates are found by multiplying 
the y coordinates by 2. 


Label the points (14,—2),( 1,0), and (4,2 
): 


The domain is (0,  ), the range is ( — ~, 
), and the vertical asymptote is x=0. See 
[link]. 


f(x) = 2 log, (x) 


y = log, (x) 


mo, 4 


The domain is (0,°° ), the range is ( — 9,0 
), and the vertical asymptote is x=0. 


Combining a Shift and a Stretch 


Sketch a graph of f(x) =5log(x+2). State the 
domain, range, and asymptote. 


Remember: what happens inside parentheses 
happens first. First, we move the graph left 2 
units, then stretch the function vertically by a 
factor of 5, as in [link]. The vertical asymptote 


will be shifted to x= —2. The x-intercept will 
be (—1,0). The domain will be ( —2,° ). 
Two points will help give the shape of the 
graph: (—1,0) and (8,5). We chose x=8 as 
the x-coordinate of one point to graph because 
when x=8, x+2=10, the base of the 
common logarithm. 
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y = log(x) 


The domain is ( —2,- ), the range is ( 
—co,co ), and the vertical asymptote is x= 
=e. 


Graphing Reflections of f(x) = loga(x) 


When the parent function f(x)= log a(x ) is 


multiplied by —1, the result is a reflection about 
the x-axis. When the input is multiplied by —1, the 
result is a reflection about the y-axis. To visualize 
reflections, we restrict a>1, and observe the 
general graph of the parent function f(x)= log a(x 
) alongside the reflection about the x-axis, g(x) = 
—log a(x) and the reflection about the y-axis, 
h(x)= loga( —x). 


Reflection about the x-axis Reflection about the y-axis 
G(x) = log,(x), b > 1 h(x) = log,(—x), b > 1 


F(x) = logy (x) 


g(x) = logs (x) 


The reflected function is decreasing as x moves The reflected function is decreasing as x moves 
from zero to infinity. from negative infinity to zero. 

*The asymptote remains x = 0. *The asymptote remains x = 0. 

The x-intercept remains (1, 0). The x-intercept changes to (—1, 0). 

*The key point changes to (b~+, 1) *The key point changes to (—b, 1) 

«The domain remains (0, ~). «The domain changes to (—=, 0). 

“The range remains (—=, %). *The range remains (—~<, *). 


Reflections of the Parent Function y= log a(x) 
The function f(x)= —loga(x) 


- reflects the parent function y= loga(x ) 
about the x-axis. 
* has domain, (0, ), range, ( — ©, ), and 


vertical asymptote, x =0, which are 
unchanged from the parent function. 


The function f(x)= log a( —x) 


¢ reflects the parent function y= loga(x) 
about the y-axis. 

¢ has domain ( — ~,0 ). 

* has range, ( — ~,° ), and vertical asymptote, 
x= 0, which are unchanged from the parent 
function. 


Given a logarithmic function with the parent 
function f(x)= log a (x ), graph a translation. 
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He 


Graphing a Reflection of a Logarithmic 
Function 


Sketch a graph of f(x) =log(—x) alongside its 


parent function. Include the key points and 
asymptote on the graph. State the domain, 
range, and asymptote. 


Before graphing f(x) =log(—x), identify the 
behavior and key points for the graph. 


* Since a=10 is greater than one, we know 
that the parent function is increasing. 
Since the input value is multiplied by —1, 
f is a reflection of the parent graph about 
the y-axis. Thus, f(x) =log(—x) will be 
decreasing as x moves from negative 
infinity to zero, and the right tail of the 
graph will approach the vertical 
asymptote x=0. 

‘The interceprisa( — 1,0) )- 

* We draw and label the asymptote, plot 
and label the points, and draw a smooth 
curve through the points. 


f(x) = log (—x) y = log (x) 
(—10, 0) (10, 0) 


The domain is ( — ~,0 ), the range is ( 
—oo,co ), and the vertical asymptote is x=0. 


Summarizing Translations of the Logarithmic 
Function 


Now that we have worked with each type of 
translation for the logarithmic function, we can 
summarize each in [link] to arrive at the general 
equation for translating exponential functions. 


Translations of the 
Parent Function y= log 
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General equation for all 
translations 


Translations of Logarithmic Functions 
Il translations of the parent logarithmic function, 
y= log a(x), have the form 
f(x)=a log a(x+c)+d 
where the parent function, y= log a(x ),a>1, is 


¢ shifted vertically up d units. 

¢ shifted horizontally to the left c units. 

* stretched vertically by a factor of | a | if | a | 
> 0. 

* compressed vertically by a factor of | a | if 

Ores tan lice de 

reflected about the x-axis when a<0O. 


For f( x )=log( —x ), the graph of the parent 
function is reflected about the y-axis. 


Finding the Vertical Asymptote of a 
Logarithm Graph 


What is the vertical asymptote of f(x) = —2 log 
3 (x+4)+5? 


The vertical asymptote is at x= — 4. 


Analysis 


The coefficient, the base, and the upward 
translation do not affect the asymptote. The shift of 
the curve 4 units to the left shifts the vertical 
asymptote to x= — 4. 


What is the vertical asymptote of 
f(x) =3+1n(x-1)? 


Finding the Equation from a Graph 


Find a possible equation for the common 
logarithmic function graphed in [link]. 


f(x) 


This graph has a vertical asymptote at x =-2 
and has been vertically reflected. We do not 
know yet the vertical shift or the vertical 
stretch. We know so far that the equation will 
have form: 

f(x) = —alog(x+2)+k 


It appears the graph passes through the points 
(-1,1 ) and (2,-1 ). Substituting (-1,1 ), 
1= —alog(—1+2)+k Substitute (— 1,1). 
1 = —alog(1) +k Arithmetic. 1 =k log(1) =0. 


Next, substituting in ( 2,-1 ) , 
—1=—alog(2+2)+1 Plug in (2,-—1). -—2= 


—alog(4) Arithmetic. a= 2 log(4) Solve for a. 
This gives us the equation f(x) =— 2 log(4) 
logGc-- 2); 1: 
nalysis 
We can verify this answer by comparing the 


function values in [link] with the points on the 
graph in [link]. 


1 Q 1 2 2 
ley 0 9.54061 —1,g01d 
; A 5 6 7 g 
fx) ___ = 1.5850-1.8074-2 __ — 2.1699 2.321 


Give the equation of the natural logarithm 
graphed in [link]. 


f(x) = 2In(x+3)-1 


Natural and Common Logarithms 


When we talked about exponential functions, we 
introduced the number e. Just as e was a base for an 
exponential function, it can be used a base for 
logarithmic functions too. The logarithmic function 
with base e is called the natural logarithmic 
function. The function f(x) =logex is generally 
written f(x) =Inx and we read it as “el en of x.” 


Natural Logarithmic Function 
The function f(x) =Inx is the natural logarithmic 
function with base e, where x>0. 
=Inxis equivalent tox=ey 
We read In( x ) as, “the logarithm with base e of 


x ” or “the natural logarithm of x. ” 

The logarithm y is the exponent to which e must 
be raised to get x. 

Since the functions y=e x and y=In(x ) are 
inverse functions, In( e x )=x for all x and e = 
lnGe) x for x= 0: 


Sometimes we may see a logarithm written without 
a base. In this case, we assume that the base is 10. 
In other words, the expression log( x ) means log 
10 (x ). We call a base-10 logarithm a common 
logarithm function and the base is not shown. 


Common Logarithmic Function 
The function f(x) =logx is the common 
logarithmic function with base10, where x>0. 


=log( x ) is equivalent to 10 y =x 
We read log( x ) as, “the logarithm with base 10 


99 


of x or lovibase10/0f x.” 


To solve logarithmic equations, one strategy is to 
change the equation to exponential form and then 
solve the exponential equation as we did before. As 
we solve logarithmic equations, y= logax, we need 
to remember that for the base a, a>0O and a#1. 
Also, the domain is x>0. Just as with radical 
equations, we must check our solutions to eliminate 
any extraneous solutions. 


Given a common logarithm of the form y= log( 
x ), evaluate it mentally. 


1. Rewrite the argument x as a power of 10: 10 
yo 

2. Use previous knowledge of powers of 10 to 
identify y by asking, “To what exponent must 
10 be raised in order to get x? ” 


Solve: @ loga49=2 and © Inx=3. 


@ 


loga49 = 2Rewrite in exponential 


form.a2 = 49Solve the equation using the 
square root property.a= + 7The base cannot 
be negative, so we eliminatea= —7.a=7,a= 
— 7Check.a = 7loga49 = 2l0g749 = ?272 =? 
4949=49V 


© 


Inx = 3 Rewrite in exponential form.e3 =x 
Check. x= e 3 Inx=3 Ine3 = ?3e3 =e3V 


Solve: @ loga121=2 © Inx=7 


Solve: @ loga64=3 © Inx=9 


® x=e9 


Solve: @ log2(3x—5)=4 and © Ine2x=4. 


@ 

log2(3x — 5) =4 Rewrite in exponential 
form.24 = 3x —5 Simplify.16 =3x—5 Solve the 
equation.21 = 3x 7 =x Check. x =7log2(3x 

— 5) =4 log2(3-7 — 5) = ?4 log2(16) =?4 24=? 
16 16=16V7 


® 

Ine2x = 4 Rewrite in exponential form.e4 = e2x 
Since the bases are the same the exponents are 
equal.4 = 2x Solve the equation.2 =x Check. 

x = 2Ine2x = 4 Ine2:2 = 24 Ine4 = 24 e4 =e4V 


Solve: @ log2(5x—1)=6 © Ine3x=6 


Solve: @ log3(4x+3)=3 ®© Ine4x=4 


Use Logarithmic Models in Applications 


There are many applications that are modeled by 
logarithmic equations. We will first look at the 
logarithmic equation that gives the decibel (dB) 
level of sound. Decibels range from 0, which is 
barely audible to 160, which can rupture an 
eardrum. The 10—12 in the formula represents the 
intensity of sound that is barely audible. 


PO 


Decibel Level of Sound 
The loudness level, D, measured in decibels, of a 


sound of intensity, J, measured in watts per square 
inch is 
D = 10log(I10— 12) 


Extended exposure to noise that measures 85 
dB can cause permanent damage to the inner 
ear which will result in hearing loss. What is 
the decibel level of music coming through ear 
phones with intensity 10 —2 watts per square 
inch? 


Substitute in the 
intensity level, I. 


a) 
Simplify. 


Since log1010=10. 


Multiply. 


The decibel level of 
music coming through 
earphones is 100 dB. 


What is the decibel level of one of the new 
quiet dishwashers with intensity 10 —7 watts 
per square inch? 


The quiet dishwashers have a decibel level of 
50 dB. 


What is the decibel level heavy city traffic 
with intensity 10 —3 watts per square inch? 


The decibel level of heavy traffic is 90 dB. 


The magnitude R of an earthquake is measured by a 
logarithmic scale called the Richter scale. The model 
is R=loglI, where I is the intensity of the shock 
wave. This model provides a way to measure 
earthquake intensity. 


Earthquake Intensity 
The magnitude R of an earthquake is measured by 
R=loglI, where I is the intensity of its shock wave. 


In 1906, San Francisco experienced an intense 
earthquake with a magnitude of 7.8 on the 
Richter scale. Over 80% of the city was 
destroyed by the resulting fires. In 2014, Los 
Angeles experienced a moderate earthquake 
that measured 5.1 on the Richter scale and 
caused $108 million dollars of damage. 
Compare the intensities of the two 
earthquakes. 


To compare the intensities, we first need to 
convert the magnitudes to intensities using the 
log formula. Then we will set up a ratio to 
compare the intensities. 


Convert the magnitudes to intensities.R = logI 
1906 earthquake7.8 = logI Convert to 
exponential form.I= 107.8 2014 

earthquake5.1 =logI Convert to exponential 
form.I[=105.1 Form a ratio of the 

intensities. Intensityfor1 906Intensityfor2014 
Substitute in the values.107.8105.1 Divide by 
subtracting the exponents.102.7 Evaluate.501 
The intensity of the 1906 earthquakewas about 
501 times the intensity ofthe 2014 earthquake. 


In 1906, San Francisco experienced an intense 
earthquake with a magnitude of 7.8 on the 
Richter scale. In 1989, the Loma Prieta 
earthquake also affected the San Francisco 
area, and measured 6.9 on the Richter scale. 
Compare the intensities of the two 
earthquakes. 


The intensity of the 1906 earthquake was 
about 8 times the intensity of the 1989 


earthquake. 


Access these online resources for additional 
instruction and practice with evaluating and 
graphing logarithmic functions. 


¢ Re-writing logarithmic equations in 
exponential form 

¢ Simplifying Logarithmic Expressions 

¢ Graphing logarithmic functions 

¢ Using logarithms to calculate decibel levels 


Access these online resources for additional 
instruction and practice with graphing logarithms. 


¢ Graph an Exponential Function and 
Logarithmic Function 

* Match Graphs with Exponential and 
Logarithmic Functions 

¢ Find the Domain of Logarithmic Functions 


Key Concepts 
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Decibel Level of Sound: The loudness level, D, 
measured in decibels, of a sound of intensity, I, 
measured in watts per square inch is 
D=10log(I10 — 12). 

Earthquake Intensity: The magnitude R of an 
earthquake is measured by R=loglI, where I is 
the intensity of its shock wave. 


Definition of the For x>0,b>0,b+#1, 


logarithmic function y= log b (x ) if and only 
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Definition of the natural For x>0, y=In(x ) and 
logarithm only ife y =x. 


Practice Makes Perfect 


Convert Between Exponential and Logarithmic 
Form 


In the following exercises, convert from exponential 
to logarithmic form. 


25 = 32 


log232=5 


93=125 


log5125=3 


10—2=1100 


log1100= —2 


x13=63 


logx63 =13 


17x=175 


log17175=x 


(13)4=181 


log13181=4 


4-3=164 


log4164= —3 


In the following exercises, convert each logarithmic 
equation to exponential form. 


6 =log264 


64= 26 


5 =logx32 


32=x%5 


0=log71 


3 =1og101,000 


1,000 = 103 


x = loge43 


43 =ex 


Evaluate Logarithmic Functions 


In the following exercises, find the value of x in 
each logarithmic equation. 


logx121=2 


log3x= —5 


x=1243 


log1981=x 


x=-2 


In the following exercises, find the exact value of 
each logarithm without using a calculator. 


log636 


log51 


log273 


13 


log124 


log3127 


3 


For the following exercises, evaluate the natural 
logarithmic expression without using a calculator. 


In(1) 


25In(e25) 


10 


Graph Logarithmic Functions 


In the following exercises, graph each logarithmic 
function. 


y = log4x 


y =log15x 


y = log0.6x 


For the following exercises, state the domain and 
range of the function. 


h(x)=In( 12 -x) 


Domain: ( — ©, 1 2); Range: ( —~,- ) 


h(x) =In( 4x +17 )-5 


Domain: ( — 174, ); Range: ( — ©, ) 


For the following exercises, state the domain and 
the vertical asymptote of the function. 


f(x) = log b (k—5) 


Domain: (5, ); Vertical asymptote: x=5 


f(x) =log(3x + 1) 


Domain: ( — 13, ); Vertical asymptote: x= 
—-13 


g(x) = —In(8x+9)-7 


Domain: ( —3, ); Vertical asymptote: x= —3 


For the following exercises, write a logarithmic 
equation corresponding to the graph shown. 


Use y= log 2 (x) as the parent function. 


f(x) = log 2 (—(x-1)) 


Use f(x)= log 4 (x) as the parent function. 


f(x) =3 log 4 (x+2) 


Solve Logarithmic Equations 


In the following exercises, solve each logarithmic 
equation. 


loga81=2 


a=9 


loga24=3 


a= 243 


Inx =4 


x=e4 


log2(6x+2)=5 


x=5 


log3(5x — 4) =4 


x=17 


log4(3x — 2)=2 


Ine2x = 6 


log(x2 —25)=2 


X= —55,X=95 


log3(x2+ 2)=3 


x= —5,x=5 


Use Logarithmic Models in Applications 


In the following exercises, use a logarithmic model 
to solve. 


What is the decibel level of a whisper with 
intensity 10—10 watts per square inch? 


A whisper has a decibel level of 20 dB. 


What is the decibel level of the noise from a 
motorcycle with intensity 10 —2 watts per 
square inch? 


What is the decibel level of the sound of a 
garbage disposal with intensity 10 —2 watts per 
square inch? 


The sound of a garbage disposal has a decibel 
level of 100 cB. 


The Los Angeles area experiences many 
earthquakes. In 1994, the Northridge 
earthquake measured magnitude of 6.7 on the 
Richter scale. In 2014, Los Angeles also 
experienced an earthquake which measured 5.1 
on the Richter scale. Compare the intensities of 
the two earthquakes. 


The intensity of the 1994 Northridge 
earthquake in the Los Angeles area was about 
40 times the intensity of the 2014 earthquake. 


Glossary 


common logarithmic function 
The function f(x) =logx is the common 
logarithmic function with base10, where 
x>0. 
y =logxis equivalent tox = 10y 


logarithmic function 
The function f(x) =logax is the logarithmic 
function with base a, where a>0,x>0, and 
al. 
y =logaxis equivalent tox =ay 


natural logarithmic function 
The function f(x) =1nx is the natural 
logarithmic function with base e, where x>0. 
y =Inxis equivalent tox=ey 


Properties of Logarithms (4.3) 
By the end of this section, you will be able to: 


* Use the properties of logarithms 
* Use the Change of Base Formula 


This Module supports section 4.3 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


1. Properties of Logarithms [link] 

2. Expand and Condense Logarithms [link] 
3. Change of Base Formula [link] 

4. Key Concepts [link] 


Now that we have learned about exponential and 
logarithmic functions, we can introduce some of the 
properties of logarithms. These will be very helpful 
as we continue to solve both exponential and 
logarithmic equations. In the previous section we 
already introduced Basic property and inverse 
property, which we will review below. 


Properties of Logarithms 

The first two properties derive from the definition 
of logarithms. Since a0 =1, we can convert this to 
logarithmic form and get logal =0. Also, since 

al =a, we get logaa=1. 

logal = Ologaa=1 


Inverse Properties of Logarithms 

These two properties are called inverse properties 
because, when we have the same base, raising to a 
power “undoes” the log and taking the log 
“undoes” raising to a power. These two properties 
show the composition of functions. Both ended up 
with the identity function which shows again that 
the exponential and logarithmic functions are 
inverse functions. 

For a>0,x>0 anda#=1, 

alogax = xlogaax =x 


Use the Properties of Logarithms 


Recall that the logarithmic and exponential 
functions “undo” each other. This means that 
logarithms have similar properties to exponents. Our 


definition of logarithm shows us that a logarithm is 
the exponent of the equivalent exponential function. 
The properties of exponents have related properties 
for logarithms. There are three more properties of 
logarithms that will be useful in our work. 


Before we can solve an equation like log 3 (3x )+ 
log 3 (.2x+5 )=2 , we need a method for 
combining terms on the left side of the equation. 
Recall that we use the Product Property of Exponents, 
am-an=am-+n, we see that to multiply the same 
base, we add the exponents. We have a similar 
property for logarithms, called the Product 
Property of Logarithms, which tells us that to take 
the log of a product, we add the log of the factors. 
Because logs are exponents, and we multiply like 
bases, we can add the exponents. 


Product Property of Logarithms 
If M>0,N>0,a>0 and a#1, then, 
loga( MN) = logaM + logaN 


The logarithm of a product is the sum of the 
logarithms. 


We use this property to write the log of a product as 
a sum of the logs of each factor. 


Given the logarithm of a product, use the 
product rule of logarithms to write an 
equivalent sum of logarithms. 


1. Factor the argument completely, expressing 
each whole number factor as a product of 
primes. 

2. Write the equivalent expression by summing 
the logarithms of each factor. 


Use the Product Property of Logarithms to 
write each logarithm as a sum of logarithms. 


Simplify, if possible: @ log37x and © 
log464xy. 


@ 

log37x Use the Product 

Property,loga(M:N) = logaM 

+ logaN.log37 + log3x log37x = log37 + log3x 


® 

log464xy Use the Product 
Property,loga(M:N) = logaM 

+ logaN.log464 + log4x + log4y Simplify by 
evaluatinglog464.3 + log4x + log4y 
log464xy =3 + log4x + log4y 


Use the Product Property of Logarithms to 
write each logarithm as a sum of logarithms. 
Simplify, if possible. 


@ log99x © log327xy 


@ 1+log9x 
® 3+log3x+log3y 


Using the Product Rule for Logarithms 


Expand log 3 ( 30x( 3x+4 ) ). 


We begin by factoring the argument 
completely, expressing 30 as a product of 
primes. 

log 3 ( 30x( 3x +4 ) )= log 3 (2°3-5-x-( 3x +4 
)) 


Next we write the equivalent equation by 
summing the logarithms of each factor. 

log 3 (30x( 3x+ 4) )= log 3(2)+ log3(3 
)+ log 3(5)+ log 3 (x )+ log 3(3x+4) 


Quotient Property 

Similarly, in the Quotient Property of Exponents, 
aman =am—n, we see that to divide the same base, 
we subtract the exponents. The Quotient Property 
of Logarithms, logaMN = logaM — logaN tells us to 
take the log of a quotient, we subtract the log of the 
numerator and denominator. 


Quotient Property of Logarithms 
If M>0,N>0,a>0 and a#1, then, 
logaMN = logaM — logaN 


The logarithm of a quotient is the difference of the 
logarithms. 
Note that logaM — logaN + loga(M —N). 


We use this property to write the log of a quotient 
as the difference of the logs of each factor. 


Given the logarithm of a quotient, use the 
quotient rule of logarithms to write an 
equivalent difference of logarithms. 


1. Express the argument in lowest terms by 
factoring the numerator and denominator and 
canceling common terms. 


2. Write the equivalent expression by subtracting 
the logarithm of the denominator from the 
logarithm of the numerator. 

3. Check to see that each term is fully expanded. 
If not, apply the product rule for logarithms to 
expand completely. 


Use the Quotient Property of Logarithms to 
write each logarithm as a difference of 
logarithms. Simplify, if possible. 

@ log557 and © logx100 


@ 
log557 Use the Quotient 


Property,logaMN = logaM 
— logaN.log55 —log57 Simplify.1 —1log57 
log557 = 1 —log57 


® 

logx100Use the Quotient 

Property,logaMN = logaM — logaN.logx 
—log100 Simplify.logx — 2 logx100 =logx — 2 


Use the Quotient Property of Logarithms to 
write each logarithm as a difference of 
logarithms. Simplify, if possible. 


@ log434 © logx1000 


@ log43-—1 © logx—3 


Use the Quotient Property of Logarithms to 
write each logarithm as a difference of 
logarithms. Simplify, if possible. 


@ 1og254 © log1l0y 


@ log25-—2 © 1-logy 


Using the Quotient Rule for Logarithms 


Expand log 2 ( 15x(x—1) (3x+4)(2—x) ). 


First we note that the quotient is factored and 
in lowest terms, so we apply the quotient rule. 


log 2 (15x(x—1) (3x+ 4)(2—x) )= log 2 ( 
15x(x—1) )— log 2 ( (8x+4)(2—x) ) 


Notice that the resulting terms are logarithms 
of products. To expand completely, we apply 
the product rule, noting that the prime factors 
of the factor 15 are 3 and 5. 

log 2 (15x(x—1))— log 2 ((8x+ 4)(2—x))=[ 
log 2 (3)+ log 2 (5)+ log 2 (x)+ log 2 (x 
—1)]—-[ log 2 (3x+ 4)+ log 2 (2—x)] = log 2 
(3)+ log 2 (5)+ log 2 (x) + log 2 (x—1)- log 
2 (3x+ 4)— log 2 (2—x) 


Analysis 

There are exceptions to consider in this and 
later examples. First, because denominators 
must never be zero, this expression is not 
defined for x= — 43 and x=2. Also, since 
the argument of a logarithm must be positive, 
we note as we observe the expanded 
logarithm, that x>0,x>1,x>—-— 43, and 

x <2. Combining these conditions is beyond 
the scope of this section, and we will not 
consider them here or in subsequent exercises. 


Power Property 

We’ve explored the product rule and the quotient 
rule, but how can we take the logarithm of a power, 
such as x 2? The third property of logarithms is 


related to the Power Property of Exponents, 
(am)n=am-n, we see that to raise a power to a 
power, we multiply the exponents. 

log b( x2) = log b( xx) = log bx+ logbx =2 
log bx 


Notice that we used the product property for 
logarithms to find a solution for the example above. 
By doing so, we have derived the Power Property 
of Logarithms, logaMp = plogaM, which tells us to 
take the log of a number raised to a power, we 
multiply the power times the log of the number. 


Power Property of Logarithms 


If M>0,a>0,a#1 and p is any real number then, 
logaMp = plogaM 


We use this property to write the log of a number 
raised to a power as the product of the power times 
the log of the number. We essentially take the 
exponent and throw it in front of the logarithm. 


Use the Power Property of Logarithms to write 
each logarithm as a product of logarithms. 


Simplify, if possible. 
@ log543 and © logx10 


@® 

log543 Use the Power 
Property,logaMp = plogaM.3log54 
log543 = 3log54 


® 

logx10 Use the Power 
Property,logaMp = plogaM.10logx 
logx10 = 10logx 


Use the Power Property of Logarithms to write 
each logarithm as a product of logarithms. 
Simplify, if possible. 


@ 1og754 © logx100 


@ 4log75 © 100-logx 


Expand and Condense Logarithms 


We summarize the Properties of Logarithms here for 
easy reference. While the natural logarithms are a 
special case of these properties, it is often helpful to 
also show the natural logarithm version of each 


property. 


Properties of Logarithms 
If M>0,a>0,a#1 and p is any real number then, 
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Now that we have the properties we can use them to 
“expand” a logarithmic expression. This means to 
write the logarithm as a sum or difference and 
without any powers. 


Taken together, the product rule, quotient rule, and 
power rule are often called “laws of logs.” 
Sometimes we apply more than one rule in order to 
simplify an expression. For example: 

log b (6x y ) = log b (6x )— log by = log b6+ 
log bx— log by 


We generally apply the Product and Quotient 
Properties before we apply the Power Property. 
Remember, however, that we can only do this with 
products, quotients, powers, and roots—never with 
addition or subtraction inside the argument of the 
logarithm. 


Use the Properties of Logarithms to expand the 


logarithm log4(2x3y2). Simplify, if possible. 


log4(2x3y2) Use the Product 
Property,logaM:N = logaM 

+ logaN.log42 + log4x3 + log4y2 Use the 
Power Property,logaMp = plogaM,on the last 
two terms.log42 + 3log4x + 2log4y 


Simplify.12 + 3log4x + 2log4y 
log4(2x3y2) = 12 + 3log4x + 2log4y 


Use the Properties of Logarithms to expand the 
logarithm log2(5x4y2). Simplify, if possible. 


log25 + 4log2x + 2log2y 


Expanding Logarithms Using Product, 
Quotient, and Power Rules 


Rewrite In( x 4 y 7 ) as asum or difference of 
logs. 


First, because we have a quotient of two 
expressions, we can use the quotient rule: 
In(x 4y 7 )=In(x 4y )—In(7) 


Then seeing the product in the first term, we 
use the product rule: 
In( x 4 y )—In(7) =In( x 4 )+In(y) —1n(”) 


Finally, we use the power rule on the first 


term: 
In( x 4 )+In(y) —In(7) = 4In(x) + In(y) — In(7) 


Expand log(x2y3z4). 


2logx + 3logy — 4logz 


Expanding Complex Logarithmic 
Expressions 


Expand log 6(64x3(4x+1)(2x-1)). 


We can expand by applying the Product and 
Quotient Rules. 

log 6 (64 x 3 (4x+1) (2x—1) ) = log 6 64+ 
log 6x3 + log 6 (4x+1)-— log 6 (2x—1) 
Apply the Quotient Rule. = log 626 + log 6 
x 3 + log 6 (4x+1)— log 6 (2x—1) Simplify 
by writing 64 as 26. =6 log 62+3log6x+ 
log 6 (4x +1)— log 6 (2x—1) Apply the Power 
Rule. 


When we have a radical in the logarithmic 
expression, it is helpful to first write its radicand as 
a rational exponent. 


Using the Power Rule for Logarithms to 
Simplify the Logarithm of a Radical 
Expression 


Expand log( x ). 


log(x ) =logx( 12) = 1 2 logx 


Use the Properties of Logarithms to expand the 
logarithm log2x33y2z4. Simplify, if possible. 


log2x33y2z4 Rewrite the radical with a 
rational exponent.log2(x33y2z)14 Use the 
Power 

Property,logaMp = plogaM. 14log2(x33y2z) Use 
the Quotient Property,logaM-N = logaM 

— logaN.14(log2(x3) — log2(3y2z)) Use the 
Product Property,logaM-:N = logaM + logaN,in 
the second 

term.14(log2(x3) — (log23 + log2y2 + log2z)) 


Use the Power 

Property,logaMp = plogaM, inside the 
parentheses. 14(3log2x — (log23 + 2log2y 

+ log2z)) Simplify by distributing. 14(3log2x 
— log23 — 2log2y — log2z) 

log2x33y2z4 = 14(3log2x — log23 — 2log2y 

— log2z) 


Use the Properties of Logarithms to expand the 
logarithm log4x42y3z25. Simplify, if possible. 


15(4log4x — 12 — 3log4y — 2log4z) 


Expand In( x23). 


Can we expand In( x 2 + y 2 )? 
o. There is no way to expand the logarithm of a sum 


or difference inside the argument of the logarithm. 


Condense Logarithms 

The opposite of expanding a logarithm is to 
condense a sum or difference of logarithms that 
have the same base into a single logarithm. We 
again use the properties of logarithms to help us, 
but in reverse. 


To condense logarithmic expressions with the same 
base into one logarithm, we start by using the 
Power Property to get the coefficients of the log 
terms to be one and then the Product and Quotient 
Properties as needed. 


Given a sum, difference, or product of 
logarithms with the same base, write an 
equivalent expression as a single logarithm. 


1. Apply the power property first. Identify terms 
that are products of factors and a logarithm, 
and rewrite each as the logarithm of a power. 


2. Next apply the product property. Rewrite 
sums of logarithms as the logarithm of a 
product. 

3. Apply the quotient property last. Rewrite 
differences of logarithms as the logarithm of a 


quotient. 


Use the Properties of Logarithms to condense 
the logarithm log43 + log4x — log4y. Simplify, 
if possible. 


The log expressions all have the same base, 
4.log43 + log4x —log4y The first two terms are 
added, so we use the Product Property,logaM 
+ logaN = logaM-N.log43x — log4y Since the 
logs are subtracted, we use the Quotient 
Property,logaM — logaN = logaMN.log43xy 
log43 + log4x — log4y = log43xy 


Use the Properties of Logarithms to condense 
the logarithm log25 + log2x — log2y. Simplify, 
if possible. 


Use the Properties of Logarithms to condense 
the logarithm log36 — log3x — log3y. Simplify, 
if possible. 


log36xy 


Use the Properties of Logarithms to condense 
the logarithm 2log3x+ 4log3(x+ 1). Simplify, 
if possible. 


The log expressions have the same base, 
3.2log3x + 4log3(x + 1) Use the Power 
Property,logaM 

+ logaN = logaM-N.log3x2 + log3(x+ 1)4 The 
terms are added, so we use the 
ProductProperty,logaM 

+ logaN = logaM-N.log3x2(x + 1)4 2log3x 

+ 4log3(x + 1) =log3x2(x+1)4 


Use the Properties of Logarithms to condense 


the logarithm 3log2x + 2log2(x— 1). Simplify, 
if possible. 


log2x3(x —1)2 


Condensing Complex Logarithmic 
Expressions 


Condense lee Gx 2-2 log 2 x le) 
loge 2 Gx ou): 


We apply the power rule first: 

log 2(x2)+ 12 log2(x-—1)-3 log 2((x 
+3)2)= log2(x2)+ log 2(x—-1)- log 
2((x+3)6) 


Next we apply the product rule to the sum: 
log 2(x2)+ log 2(x—-1)- log2((x+3) 
6 )= log 2(x2x-1)- log2((x+3)6) 


Finally, we apply the quotient rule to the 
difference: 

log 2(x2x-1)- log 2((x+3)6)= log 2 
x2x-1(x+3)6 


Use the Change-of-Base Formula 


Most calculators can evaluate only common and 
natural logs. In order to evaluate logarithms with a 
base other than 10 or e, we use the change-of-base 
formula to rewrite the logarithm as the quotient of 
logarithms of any other base; when using a 
calculator, we would change them to common or 
natural logs. We will show how this is derived by 
using the one-to-one property and power rule for 
logarithms. 


Suppose we want to evaluatelogaM.logaM 

Lety = logaM.y = logaM Rewrite the expression in 
exponential form.ay =M Take thelogbof each side 
by applying the one-to-one property.logbay = logbM 
Use the Power Property.ylogba =logbM Solve 
fory.y =logbMlogba 

Substitutey = logaM.logaM = logbMlogba 


The Change-of-Base Formula introduces a new base 
b. This can be any base b we want where b>0,b#1. 
Because our calculators have keys for logarithms 
base 10 and base e, we will rewrite the Change-of- 
Base Formula with the new base as 10 or e. 


Change-of-Base Formula 


The change-of-base formula can be used to 


evaluate a logarithm with any base. 

For any logarithmic bases a,b and M>0, 

logaM = logbMlogbalogaM = logMlogalogaM = InMIrfe 
new basebnew base 10new basee 


Given a logarithm with the form log b M, use 
the change-of-base formula to rewrite it as a 
quotient of logs with any positive base n, 
where n#1. 


1. Determine the new base n, remembering that 
the common log, log( x ), has base 10, and the 
natural log, In( x ), has base e. 

2. Rewrite the log as a quotient using the 
change-of-base formula 


1. The numerator of the quotient will be a 
logarithm with base n and argument M. 

2. The denominator of the quotient will be a 
logarithm with base n and argument b. 


Changing Logarithmic Expressions to 
Expressions Involving Only Natural Logs 


Change log 53 to a quotient of natural 
logarithms. 


Because we will be expressing log 53 asa 
quotient of natural logarithms, the new base, 
n=e, 


We rewrite the log as a quotient using the 


change-of-base formula. The numerator of the 
quotient will be the natural log with argument 
3. The denominator of the quotient will be the 
natural log with argument 5. 

log bM = InMInb_ log 53 = In3 In5 


When we use a calculator to find the logarithm 
value, we usually round to three decimal places. 
This gives us an approximate value and so we use 
the approximately equal symbol (=~). 


Rounding to three decimal places, approximate 
log435. 


Use the Change-of-Base 
Formula. 


Identify a and M. 
Choose 10 for b. 


Enter the expression 
log35log4 in the 

ca 

using the log button for 
base 10. Round to 
three decimal places. 


Using the Change-of-Base Formula with a 
Calculator 


Evaluate log 2 (10) using the change-of-base 
formula with a calculator. 


According to the change-of-base formula, we 
can rewrite the log base 2 as a logarithm of 
any other base. Since our calculators can 


evaluate the natural log, we might choose to 
use the natural logarithm, which is the log 
base e. 

log 2 10= In10 In2 Apply the change of base 
formula using base e. = 3.3219 Use a 
calculator to evaluate to 4 decimal places. 


Rounding to three decimal places, approximate 
log342. 


Access these online resources for additional 
instruction and practice with using the properties 
of logarithms. 


¢ The Properties of Logarithms 

* Using Properties of Logarithms to Expand Logs 

* Using Properties of Logarithms to Condense 
Logs 

* Change of Base 


Key Concepts 


* Properties of Logarithms 
logal = Ologaa=1 
* Inverse Properties of Logarithms 


© Fora>0,x>0anda¥l 
alogax = xlogaax =x 


¢ Product Property of Logarithms 


O If M>0,N>0,a>0 and a+1, then, 
logaM-N = logaM + logaN 
The logarithm of a product is the sum of 
the logarithms. 


* Quotient Property of Logarithms 


O If M>0,N>0,a>0 and a1, then, 
logaMN = logaM — logaN 
The logarithm of a quotient is the 
difference of the logarithms. 


* Power Property of Logarithms 


© If M>0,a>0,a#1 and p is any real 
number then, 
logaMp = plogaM 
The log of a number raised to a power is 


the product of the power times the log of 
the number. 


* Properties of Logarithms Summary 
If M>0,a>0,a~1 and p is any real number 


aL. 7. 
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Inverse alogax =x elnx =x Inex=x 
Dunnautina lanaav —w 
a VP = tivv I1Vour a +4 
Product loga(M-N) = logala{M-N) = InM 
Property of | +logaN + InN 
Legarithms 
Quotient logaMN = logaMlinMN = InM 
Property of | —logaN —InN 
Logarithms 
Power logaMp = plogaNhMp = pInM 
Property of 
Logarithms 


Change-of-Base Formula 

For any logarithmic bases a and b, and M>0, 

logaM = logbMlogbalogaM = logMlogalogaM = InMIna 
new basebnew base 10new basee 


Practice Makes Perfect 


Use the Properties of Logarithms 


In the following exercises, use the properties of 
logarithms to evaluate. 


@ log121 © Ine 


OROR! 


@ 5log510 © 1og4410 


@10© 10 


@ 6log615 © log88 — 4 


@15 © —4 


@ 10log3 © logl10—1 


@3© -1 


@ eln3 ® Ine7 


@®3@7 


In the following exercises, use the Product Property 
of Logarithms to write each logarithm as a sum of 
logarithms. Simplify if possible. 


log58y 


log58 + log5y 


log381xy 


4+log3x + log3y 


log1000y 


3+ logy 


In the following exercises, use the Quotient Property 
of Logarithms to write each logarithm as a sum of 
logarithms. Simplify if possible. 


log656 


log65—1 


log5125x 


3 —log5x 


log10,000y 


4—logy 


Ine416 


4—1n16 


In the following exercises, use the Power Property of 
Logarithms to expand each. Simplify if possible. 


log2x5 


5log2x 


logx—3 


— 3logx 


log5x3 


13log5x 


Inx43 


43lnx 


In the following exercises, use the Properties of 
Logarithms to expand the logarithm. Simplify if 
possible. 


log2(3x5y3) 


log23 + 5log2x + 3log2y 


log5(214y3) 


14log521 + 3log5y 


log54ab3c4d2 


log54 +log5a+ 3log5b 
+ 4log5c — 2log5d 


log3x2327y4 


23log3x — 3 — 4log3y 


log33x + 2y25z2 


12log3(3x + 2y2) —log35 — 2log3z 


log53x24y3z3 


13(10g53 + 2log5x — log54 
— 3log5y — log5z) 


In the following exercises, use the Properties of 
Logarithms to condense the logarithm. Simplify if 
possible. 


log4 +log25 


log25 —log2(x — 1) 


log25x—1 


log52 —log5x — log5y 


log52xy 


6log3x + Ylog3y 


log3x6y9 


log(x2 + 2x +1)—2log(x +1) 


3lnx + 4Iny — 2Inz 


Inx3y4z2 


2log(2x + 3) + 12log(x + 1) 


log(2x + 3)2x+1 


Use the Change-of-Base Formula 


In the following exercises, use the Change-of-Base 
Formula, rounding to three decimal places, to 
approximate each logarithm. 


log546 


2.079 


log1593 


1.674 


log321 


5.542 


For the following exercises, rewrite each expression 
as an equivalent ratio of logs using the indicated 
base. 


log 7 (15 ) to base e 


log 7(15)= In(15)In(7) 


Glossary 


change-of-base formula 
a formula for converting a logarithm with any 
base to a quotient of logarithms with any 
other base. 


power property for logarithms 
a rule of logarithms that states that the log of 
a power is equal to the product of the 
exponent and the log of its base 


product property for logarithms 
a rule of logarithms that states that the log of 
a product is equal to a sum of logarithms 


quotient property for logarithms 
a rule of logarithms that states that the log of 
a quotient is equal to a difference of 
logarithms 


Systems of Linear Equations with Two Variables 
(5.1) 
By the end of this section, you will be able to: 


* Determine whether an ordered pair is a 
solution of a system of equations 

* Solve a system of linear equations by graphing 

* Solve a system of equations by substitution 

* Solve a system of equations by elimination 

* Choose the most convenient method to solve a 
system of linear equations 


This Module supports section 5.1 of Mat 1023. 

In case you missed something in class, or just 
ant to review a specific topic covered in this 

Module, here is a list of topics covered: 


. Ordered Pairs and Systems of Equations [link] 

. Solve by Graphing [link] 

. Solve by Substitution Method [link] 

. Solve by Addition/Elimination Method [link] 

. Choose the Method to Solve Systems of 
Equations [link] 

. Key Concepts [link] 


Determine Whether an Ordered Pair is a 
Solution 


In Solving Linear Equations, we learned how to 
solve linear equations with one variable. Now we 
will work with two or more linear equations 
grouped together, which is known as a system of 
linear equations. 


System of Linear Equations 


hen two or more linear equations are grouped 
together, they form a system of linear equations. 


An example of a system of two linear equations is 
shown below. We use a brace to show the two 
equations are grouped together to form a system of 
equations. 

{2x+y=7x—2y=6 


A linear equation in two variables, such as 2x 
+y=7, has an infinite number of solutions. Its 
graph is a line. Remember, every point on the line is 
a solution to the equation and every solution to the 
equation is a point on the line. 


To solve a system of two linear equations, we want 
to find the values of the variables that are solutions 


to both equations. In other words, we are looking for 
the ordered pairs (x,y) that make both equations 
true. These are called the solutions of a system of 
equations. 


Solutions of a System of Equations 
The solutions of a system of equations are the 


values of the variables that make all the equations 
true. A solution of a system of two linear equations 
is represented by an ordered pair (x,y). 


To determine if an ordered pair is a solution to a 
system of two equations, we substitute the values of 
the variables into each equation. If the ordered pair 
makes both equations true, it is a solution to the 
system. 


Determine whether the ordered pair is a 
solution to the system {x—y= —12x—y= —5. 


Cn 1) O71 473) 


Determine whether the ordered pair is a 
solution to the system {3x +y=0x+2y= —5. 


Solve a System of Linear Equations by 
Graphing 


In this section, we will use three methods to solve a 
system of linear equations. The first method we’ll 
use is graphing. 


The graph of a linear equation is a line. Each point 
on the line is a solution to the equation. For a 
system of two equations, we will graph two lines. 
Then we can see all the points that are solutions to 
each equation. And, by finding what the lines have 
in common, we’ll find the solution to the system. 


Most linear equations in one variable have one 
solution, but we saw that some equations, called 
contradictions, have no solutions and for other 
equations, called identities, all numbers are 
solutions. 


Similarly, when we solve a system of two linear 
equations represented by a graph of two lines in the 
same plane, there are three possible cases, as shown. 


Each time we demonstrate a new method, we will 
use it on the same system of linear equations. At the 
end of the section you'll decide which method was 
the most convenient way to solve this system. 


How to Solve a System of Equations by 
Graphing 


Solve the system by graphing {2x + y=7x 
— 2y=6. 


Solve a system of linear equations by graphing. 


Graph the first equation. Graph the second 
equation on the same rectangular coordinate 
system. Determine whether the lines intersect, are 
parallel, or are the same line. Identify the solution 
to the system. 


¢ If the lines intersect, identify the point of 
intersection. This is the solution to the system. 

¢ If the lines are parallel, the system has no 
solution. 

* If the lines are the same, the system has an 
infinite number of solutions. 


Check the solution in both equations. 


In the next example, we’ll first re-write the 
equations into slope—intercept form as this will 
make it easy for us to quickly graph the lines. 


Solve the system by graphing: {3x + y= — 12x 


+y=0. 


We'll solve both of these equations for y so 
that we can easily graph them using their 
slopes and y-intercepts. 


ES 
Solve the first equation 


for y 
NS 2 
Find the slope and y- 


intercept. 


ee eee ees ee 
Solve the second 


equation for y. 


SS Se a 
Find the slope and y- 


intercept. 


Graph the lines. 


Determine the point of The lines intersect at 
intnraonntinn C11 9) 


1 
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Check the solution in 
both equations. 


[—__1=_1/____| 0f0/ 
The solution is (—1,2). 


In all the systems of linear equations so far, the lines 
intersected and the solution was one point. In the 
next two examples, we'll look at a system of 
equations that has no solution and at a system of 
equations that has an infinite number of solutions. 


Solve the system by graphing: {y = 12x — 3x 
— 2y=4. 


To graph the first 
equation, we will use 


sl 


Saas Ts a 
To graph the second 
equation, we will use 


LLY LLL L SS 7 We 


ee SS 
Graph the lines. 


i 
Determine the points ofThe lines are parallel. 


intersection. Since no point is on 
both lines, there is no 
ordered pair that 
makes both equations 
true. There is no 
solution to this system. 


Solve the system by graphing: {y= —14x+ 2x 
+ 4y= —8. 


no solution 


Sometimes the equations in a system represent the 
same line. Since every point on the line makes both 
equations true, there are infinitely many ordered 
pairs that make both equations true. There are 
infinitely many solutions to the system. 


Solve the system by graphing: {y = 2x — 3 — 6x 
+ 3y=-9. 


Find the slope and y- 


ae of the first 


Find the intercepts of 


the second equation. 


eS 
Graph the lines. 


ee 
The lines are the same! 


Since every point on 
the line makes both 
equations true, there 
are infinitely many 


ordered pairs that 
make both equations 
true. 

There are infinitely 
many solutions to this 
system. 


If you write the second equation in slope- 
intercept form, you may recognize that the 
equations have the same slope and same y- 
intercept. 


When we graphed the second line in the last 
example, we drew it right over the first line. We say 
the two lines are coincident. Coincident lines have 
the same slope and same y-intercept. 


Coincident Lines 


Coincident lines have the same slope and same y- 
intercept. 


The systems of equations in [link] and [link] each 
had two intersecting lines. Each system had one 
solution. 


In [link], the equations gave coincident lines, and so 
the system had infinitely many solutions. 


The systems in those three examples had at least 
one solution. A system of equations that has at least 
one solution is called a consistent system. 


A system with parallel lines, like [link], has no 
solution. We call a system of equations like this 
inconsistent. It has no solution. 


Consistent and Inconsistent Systems 
A consistent system of equations is a system of 


equations with at least one solution. 
An inconsistent system of equations is a system 
of equations with no solution. 


We also categorize the equations in a system of 
equations by calling the equations independent or 
dependent. If two equations are independent, they 
each have their own set of solutions. Intersecting 
lines and parallel lines are independent. 


If two equations are dependent, all the solutions of 
one equation are also solutions of the other 
equation. When we graph two dependent equations, 
we get coincident lines. 


Let’s sum this up by looking at the graphs of the 
three types of systems. See below and [link]. 


T san nn Tae 4 een + 4s. ~~ N-1121 Onsen ni Anne 
LLliweyp ALLLELOCULL] 15 GFaLrtaiiwui WULTIVCIUCLIL 
Number of 1 point No solution Infinitely 
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Consistent:/ Consistent Inconsistert Consistent 
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Dependent/ Independent Independent Dependent 
independent 


Without graphing, determine the number of 
solutions and then classify the system of 
equations. 


@ {y=3x—-16x-2y=12 © {2x+y=—-—3x 
—5y=5 


@ We will compare the slopes and intercepts 
of the two lines. 


The first equation is already in slope-intercept 
form.{y = 3x — 16x— 2y = 12y=3x-1 


Write the second equation in slope-intercept 
form.Find the slope and intercept of each 
line.6x — 2y=12—2y= —6x+12—2y—-2= 
—6x+ 12-—2y =3x —- 6y = 3x—- ly=3x 
—6m=3m=3b= — 1b= — 6Since the slopes 
are the same andy-intercepts aredifferent, the 
lines are parallel. 


A system of equations whose graphs are 
parallel lines has no solution and is 
inconsistent and independent. 


© We will compare the slope and intercepts of 
the two lines. 


{2x +y = —3x—5y=5Write both equations in 
slope-intercept form.2x + y = —3x—5y=5y= 
AX = 3 OV — =X toa oy o— x 
+5-—5y=15x-—1Find the slope and intercept 
of each line.y = — 2x —-3y=15x—-1m= 

— 2m=15b= — 3b= — 1Since the slopes are 
different, the lines intersect. 


A system of equations whose graphs are 
intersect has 1 solution and is consistent and 


independent. 


Without graphing, determine the number of 
solutions and then classify the system of 
equations. 


@ {y= —2x—44x+ 2y=9 © {3x+ 2y=22x 
+y=1 


@ no solution, inconsistent, independent © 
one solution, consistent, independent 


Solving systems of linear equations by graphing is a 
good way to visualize the types of solutions that 
may result. However, there are many cases where 
solving a system by graphing is inconvenient or 
imprecise. If the graphs extend beyond the small 
grid with x and y both between — 10 and 10, 
graphing the lines may be cumbersome. And if the 
solutions to the system are not integers, it can be 
hard to read their values precisely from a graph. 


Solve a System of Equations by 
Substitution 


We will now solve systems of linear equations by 
the substitution method. 


We will use the same system we used first for 
graphing. 
{2x+ y=7x—2y=6 


We will first solve one of the equations for either x 
or y. We can choose either equation and solve for 
either variable—but we'll try to make a choice that 
will keep the work easy. 


Then we substitute that expression into the other 
equation. The result is an equation with just one 
variable—and we know how to solve those! 


After we find the value of one variable, we will 
substitute that value into one of the original 
equations and solve for the other variable. Finally, 
we check our solution and make sure it makes both 
equations true. 


How to Solve a System of Equations by 
Substitution 


Solve the system by substitution: {2x + y=7x 


Solve the system by substitution: {2x ++y= 
—14x+ 3y=3. 


Solve a system of equations by substitution. 


Solve one of the equations for either variable. 
Substitute the expression from Step 1 into the other 
equation. Solve the resulting equation. Substitute 
the solution in Step 3 into either of the original 
equations to find the other variable. Write the 
solution as an ordered pair. Check that the ordered 
pair is a solution to both original equations. 


Be very careful with the signs in the next example. 


Solve the system by substitution: {4x 


+ 2y = 46x—-y=8. 


We need to solve one equation for one 
variable. We will solve the first equation for y. 


Solve the first equation 
fo 
Su 
yi 
eq 


Replace the y with 
= xa 


Solve the equation for 
x: 


Substitute x = 54 into 


Se 5 _ 
The ordered pair is 
(EA _19) 
LY Ts Lay. 

Check the ordered pair 

in both equations. 


The solution is (54, 
—12). 


Solve the system by substitution: {x —4y= 
ar epcan t= 10) 


Solve a System of Equations by Addition 
(also called Elimination) 


We have solved systems of linear equations by 
graphing and by substitution. Graphing works well 
when the variable coefficients are small and the 
solution has integer values. Substitution works well 
when we can easily solve one equation for one of 
the variables and not have too many fractions in the 
resulting expression. 


The third method of solving systems of linear 
equations is called the Addition (Elimination) 
Method. When we solved a system by substitution, 
we started with two equations and two variables 
and reduced it to one equation with one variable. 
This is what we’ll do with the elimination method, 
too, but we’ll have a different way to get there. 


The Elimination Method is based on the Addition 
Property of Equality. The Addition Property of 
Equality says that when you add the same quantity 
to both sides of an equation, you still have equality. 
We will extend the Addition Property of Equality to 
say that when you add equal quantities to both sides 
of an equation, the results are equal. 


For any expressions a, b, c, and d. 
ifa = bandc = dthena+c=b-+d. 


To solve a system of equations by elimination, we 
start with both equations in standard form. Then we 
decide which variable will be easiest to eliminate. 
How do we decide? We want to have the 
coefficients of one variable be opposites, so that we 
can add the equations together and eliminate that 
variable. 


Notice how that works when we add these two 
equations together: 
{3x + y =52x — y= 0———_5 x = 5 


The y’s add to zero and we have one equation with 
one variable. 


Let’s try another one: 
{x+ 4y =22x+5y=-2 


This time we don’t see a variable that can be 
immediately eliminated if we add the equations. 


But if we multiply the first equation by — 2, we will 
make the coefficients of x opposites. We must 
multiply every term on both sides of the equation by 


Then rewrite the system of equations. 


Now we see that the coefficients of the x terms are 
opposites, so x will be eliminated when we add 
these two equations. 


Once we get an equation with just one variable, we 
solve it. Then we substitute that value into one of 
the original equations to solve for the remaining 
variable. And, as always, we check our answer to 
make sure it is a solution to both of the original 
equations. 


Now we'll see how to use elimination to solve the 
same system of equations we solved by graphing 
and by substitution. 


How to Solve a System of Equations by 
Elimination 


Solve the system by elimination: {2x + y =7x 
—2y=6. 


The steps are listed here for easy reference. 


Solve a system of equations by elimination. 


Write both equations in standard form. If any 
coefficients are fractions, clear them. Make the 
coefficients of one variable opposites. 


* Decide which variable you will eliminate. 
¢ Multiply one or both equations so that the 
coefficients of that variable are opposites. 


Add the equations resulting from Step 2 to 
eliminate one variable. Solve for the remaining 
variable. Substitute the solution from Step 4 into 
one of the original equations. Then solve for the 
other variable. Write the solution as an ordered 
pair. Check that the ordered pair is a solution to 
both original equations. 


Now we'll do an example where we need to 
multiply both equations by constants in order to 
make the coefficients of one variable opposites. 


Solve the system by elimination: {4x 


— 3y=97x+2y= —6. 


In this example, we cannot multiply just one 
equation by any constant to get opposite 
coefficients. So we will strategically multiply 
both equations by different constants to get 
the opposites. 


Both equations are in 
standard form. 


will 
multiply the first 
equation by 2 and the 


onnnnNn A annisantinn hr 2 
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Simplify. 


Add the two equatioris 
to eliminate y. 


Substitute x =0 into 
one of the original 


Solve for y. 


Write the solution as The ordered pair is (0, 


Usl VLUULLveu JES EESO wy 


Check that the ordered 
pair is a solution to 
both original 
equations. 


[oo 
The solution is (0, —3). 


Solve each system by elimination: { 7x 
+ 8y = 43x —5y=27. 


When the system of equations contains fractions, we 
will first clear the fractions by multiplying each 
equation by the LCD of all the fractions in the 
equation. 


Solve the system by elimination: {x 


+ 12y = 632x+ 23y =172. 


In this example, both equations have fractions. 
Our first step will be to multiply each equation 
by the LCD of all the fractions in the equation 
to clear the fractions. 


er ee ee 
To clear the fractions, 
multiply each 


eq 


Simplify. 


Ay — 
Now we are ready to 
eliminate one 

of the variables. Notice 
that both equations are 
in 


We can eliminate y by 
multiplying the to 


€q 


Simplify and add. 


Su 

on 

eq 
Sy ee 


Solve for y. 


Exe ae ee 
Write the solution as_ The ordered pair is 
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Check that the ordered 
pair is a solution to 
both original 
equations. 


EY (i ES} 
The solution is (3,6). 


Solve each system by elimination: { 13x 
~—12y=134x—-y=52. 


When we solved the system by graphing, we saw 
that not all systems of linear equations have a single 
ordered pair as a solution. When the two equations 
were really the same line, there were infinitely 
many solutions. We called that a consistent system. 
When the two equations described parallel lines, 
there was no solution. We called that an 
inconsistent system. 


The same is true using substitution or elimination. If 
the equation at the end of substitution or 
elimination is a true statement, we have a consistent 
but dependent system and the system of equations 
has infinitely many solutions. If the equation at the 
end of substitution or elimination is a false 
statement, we have an inconsistent system and the 
system of equations has no solution. 


Solve the system by elimination: {3x 
+ 4y =12y=3— 34x. 


{3x + 4y =12y =3 — 34x Write the second 
equation in standard form.{3x + 4y = 1234x 

+ y=3 Clear the fractions by multiplying 
thesecond equation by 4.{3x + 4y =124(34x 

+ y) = 4(3) Simplify.{3x + 4y =123x+ 4y=12 
To eliminate a variable, we multiply thesecond 
equation by —1.Simplify and add.{3x 

+ 4y=12-3x-—4y=—-12 0=0 


This is a true statement. The equations are 
consistent but dependent. Their graphs would 
be the same line. The system has infinitely 
many solutions. 


After we cleared the fractions in the second 
equation, did you notice that the two 
equations were the same? That means we have 
coincident lines. 


Solve the system by elimination: { x 
+ 2y =6y= —12x+3. 


infinitely many solutions 


Choose the Most Convenient Method to 
Solve a System of Linear Equations 


When you solve a system of linear equations in in an 
application, you will not be told which method to 
use. You will need to make that decision yourself. 

So you'll want to choose the method that is easiest 
to do and minimizes your chance of making 
mistakes. 

Choose the Most Convenient Method to Solve a 
System of Linear EquationsGraphing 
Substitution—— Elimination —lUse 
when you need aUse when one equation isUse when 
the equations are picture of the situation.already 
solved or can bein standard form. easily solved for 
onevariable. 


For each system of linear equations, decide 
whether it would be more convenient to solve 
it by substitution or elimination. Explain your 
answer. 


@ {3x+ 8y=407x—4y = —32 © {5x 
+ 6y = 12y=23x-1 


@® 
{3x + 8y = 407x— 4y= — 32 


Since both equations are in standard form, 
using elimination will be most convenient. 


® 
{5x + 6y = 12y=23x—-1 


Since one equation is already solved for y, 
using substitution will be most convenient. 


For each system of linear equations decide 
whether it would be more convenient to solve 
it by substitution or elimination. Explain your 
answer. 


@ {4x-—5y= —323x+2y=—-1 © {x=2y 
—13x—5y=—7 


@) Since both equations are in standard form, 
using elimination will be most convenient. © 
Since one equation is already solved for x, 
using substitution will be most convenient. 


Key Concepts 


* How to solve a system of linear equations 
by graphing. 


Graph the first equation. Graph the second 
equation on the same rectangular coordinate 
system. Determine whether the lines intersect, 
are parallel, or are the same line. Identify the 
solution to the system. 

If the lines intersect, identify the point of 
intersection. This is the solution to the system. 
If the lines are parallel, the system has no 
solution. 

If the lines are the same, the system has an 
infinite number of solutions. Check the solution 
in both equations. 


* How to solve a system of equations by 
substitution. 


Solve one of the equations for either variable. 
Substitute the expression from Step 1 into the 
other equation. Solve the resulting equation. 
Substitute the solution in Step 3 into either of 
the original equations to find the other 
variable. Write the solution as an ordered pair. 
Check that the ordered pair is a solution to 
both original equations. 


* How to solve a system of equations by 
Addition(elimination). 


Write both equations in standard form. If any 
coefficients are fractions, clear them. Make the 
coefficients of one variable opposites. 

Decide which variable you will eliminate. 
Multiply one or both equations so that the 
coefficients of that variable are opposites. Add 
the equations resulting from Step 2 to eliminate 
one variable. Solve for the remaining variable. 
Substitute the solution from Step 4 into one of 
the original equations. Then solve for the other 
variable. Write the solution as an ordered pair. 
Check that the ordered pair is a solution to 
both original equations. 

Choose the Most Convenient Method to Solve a 
System of Linear EquationsGraphing 
Substitution—— ——Flimination 

—Use when you need apicture of 
the situation.Use when one equation isalready 
solved or can beeasily solved for 
onevariable.Use when the equations arein 
standard form. 


Practice Makes Perfect 


Determine Whether an Ordered Pair is a 
Solution of a System of Equations 


In the following exercises, determine if the 
following points are solutions to the given system of 
equations. 


{2x —6y=03x—-4y=5 


@ (3,1) 


@ yes © no 


{x+y=2y=34x 


@ (87,67) 
® (1,34) 


@ yes © no 


Solve a System of Linear Equations by Graphing 


In the following exercises, solve the following 
systems of equations by graphing. 


{3x+y= —32x+3y=5 


( 7 2,3) 


{y=x+2y=—2x+2 


(0,2) 


{y=32x+ly=-12x+5 


(2,4) 


{—2x+ 3y=3x+ 3y=12 


(3,3) 


{—2x+ 4y=4y=12x 


no solution 


{x= —3y+ 42x+6y=8 


infinite solutions 


Without graphing, determine the number of 
solutions and then classify the system of equations. 


{y=23x+1-2x+3y=5 


No solutions, inconsistent, independent 


{5x + 3y=42x—-—3y=5 


1 point, consistent and independent 


{5x —2y=10y=52x—-5 


infinite solutions, consistent, dependent 


Solve a System of Equations by Substitution 


In the following exercises, solve the systems of 
equations by substitution. 


{2x+y=—23x-y=7 


(15 a 4) 


{x—3y = —92x+5y=4 


( = 3,2) 


{—2x+2y=6y= —-3x+1 


(1723572) 


{3x+4y=ly=-—25x+2 


(= 5,4) 


{y =x-—6y= —32x+4 


(4, > 2) 


{y= —23x+52x+ 3y=11 


none 


Solve a System of Equations by Addition/ 
Elimination 


In the following exercises, solve the systems of 
equations by elimination. 


{6x—5y= —12x+y=13 


(4,5) 


{5x—3y= —12x-y=2 


(7,12) 


{11x+9y= —57x+5y=—-1 


(2; . 3) 


{x+ 12y=3215x—-15y=3 


(6/ —9,24/7) 


{13x —y= —323x+ 52y=3 


( oT D2) 


{x—4y= —1-3x+12y=3 


infinitely many 


{4x + 3y =220x+ 15y=10 


infinitely many 


Choose the Most Convenient Method to Solve a 
System of Linear Equations 


In the following exercises, decide whether it would 
be more convenient to solve the system of equations 
by substitution or elimination. 


@{y=7x—53x-—2y=16 
®{12x —5y = —423x+7y=—-15 


@® substitution © elimination 


@{14x-—15y = —307x+ 2y=10 
®{x=9y-—112x—7y = — 27 


® elimination © substituion 


Glossary 


coincident lines 


Coincident lines have the same slope and 
same y-intercept. 


consistent and inconsistent systems 
Consistent system of equations is a system of 
equations with at least one solution; 
inconsistent system of equations is a system of 
equations with no solution. 


solutions of a system of equations 
Solutions of a system of equations are the 
values of the variables that make all the 
equations true; solution is represented by an 
ordered pair (x,y). 


system of linear equations 
When two or more linear equations are 
grouped together, they form a system of 
linear equations. 


